On curvature-type invariants in
hyperbolic Kéhler spaces (1)

Nevena Pusié¢

Abstract. In our previous paper [10], we considered (F, g)-holomorphically-
structurally semi-symmetric and F—holomorphically-structurally semi-
symmetric connections on hyperbolic Kéhlerian spaces. Under certain
assumptions, each of these two types of connections had curvature-type
invariants. The case of g—holomorphically-structurally semi-symmetric
connection, like on anti-Kéahlerian and product spaces, exhibits a promi-
nent complexity. In this work, we provide the construction of a curvature-
type invariant for such a connection.
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1 Introduction

Numerous works were dedicated to the study of hyperbolic Kéhlerian spaces and of
their related structures ([2]-[10]). The present paper investigates such spaces, follow-
ing the idea from [1]. A hyperbolic Kéhlerian space is an even-dimensional space
endowed with an involutive and a skew-symmetric structure. On such space, like on
the standard (or elliptic) Kéhlerian space, it is impossible to introduce a conformal
transformation in a natural way.

The metric tensor (g;;) and the structure tensor (F}) on a hyperbolic Kéhlerian
space are satisfying the following conditions:

FjF{gis = —gj, FjF/ =0}, Vi Fj=0,

where the symbol % denotes the covariant derivative with respect to Levi-Civita
connection.

The scalar square of any tangent vector of such a space is opposite to the scalar
square of its image by the structure. So, such a space can be considered as a product
of a space with positive definite and a space with negative definite metrics. Moreover,
as the structure has n (even dimension of the space) eigenvectors, they have to be
null-vectors (isotropic).
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Since there is no way to define a conformal transformation of such a space just by
exponential change of its metrics, we introduce the following transformation:

- _ _2p B i 2p
gj; =€ gjiaFj_FjaFji—e Fj;.

Then it is easy to obtain a metric connection (for §) with torsion tensor ?;i = 2Fyq4°,

where (*) ¢% = p, F? and py, is a gradient vector field, %. The coefficients of such
a connection are

(1.1) =ik} +ou6h + piSk — gikp’ + Flaw + Flgj + Fjrd'-

Taking into account (*), such a connection is also an F'—connection. We call such
a connection a conformal connection on a hyperbolic Kéhlerian space. The author
has investigated properties of this and similar connection and its curvature tensor in
[4, 5, 6]. Also, some similar problems had been solved in [1, 2]. In [3, 7, 8, 9] we inves-
tigated properties of metric and F'—connections, which were holomorphically semi-
symmetric on anti-K&hler and product space. Some of these connections (namely, F’
and (F, g)) have invariants of curvature-type which are equal to conformal invariants
of such spaces. g—holomorphically semi-symmetric connection had different invariants
in both cases. But, both anti-K&hler and product spaces have symmetric structure
tensors. As the structure of hyperbolic Kéhlerian space is skew-symmetric, its ge-
ometry is rather different. In our previous paper [10], we have found curvature-type
invariant tensors of F' and the (F,g)—holomorphically-structurally semi-symmetric
connections. They are different between themselves and different from the curvature-
type invariant of the connection (1.1) in this paper.

Here we are going to construct a curvature-type invariant of g—holomorphically-
structurally semi-symmetric connection. This task is the most difficult one.

2 The curvature of g—holomorphically-structurally
semi-symmetric connections

In our previous paper [10], we have constructed connections whose coefficients were
consisting of the following addends: Christoffel symbols, p;d; and p’g;x, where p; is a
gradient (”generator”) and g; F, ,i, tijk, where ¢; = F}'p,. We have found conditions
for such connections to be metric and to be F-connection.

The connection which is metric, but not F-connection, according to these results,
will have coefficients

(2.1) L=k} +pidk = P'gik — i Fi — ¢ Fye.
Its torsion will be
T}y, = pidi. — by — ¢ Ff, + qnF) — 24" Fyy.

and we shall call such a connection a g-holomorphically-structurally semi-symmetric
connection. The reasons for titles "holomorphically” and ”semi-symmetric” are ob-
vious. The adverb ”structurally” is used because the last addend in (2.1), which is
skew-symmetric, depends on the structure tensor and cannot be eliminated.
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We can calculate components of the curvature tensor of the connection given by
the coefficients (2.1). If we denote
Sij = —pipj + @ug; + 3PP 9155
SwFf = —pg; + apj — 3psp°Fj,
and
28 F} = =2p;qi + 2q;pi — psp° Fji;
2(pigj — pjqi) = 2SjaF{" + psp® Fli.

We obtain, after lowering the upper index
(2.2)

Rijri = Kijri + Gre %l Pj — 9ui %k Dj + gij %k Di — Jkj %l Di—
—Fl %z q; + Fi; %z g — Fy; %k g + Fy %k q; + 98517 — 91:Sk; — 9k St + 915k
+FiSia ) — FijSiaF + FiiSkaFy — FliSka ' + 2Fp1Sja B + psp® Fyi .-

Now the tensor (2.2) should be skew-symmetric in first two indices. If we change their

places, we shall obtain that there holds
(2.3)

Rjiki = Kjikl + gk Vi pi - i Vi pi + gii Vi Pj — Gki Vi Dj
—Fy; %l qi + F; %l q; — Fi %k q; + Fij %k qi + 9r;Sti — 915Ski + 91iSk; — 9riSij
+FijSiaFy — FriSiaFj' + FiiSkaF} — FijSka F + 2F51Sia F' + psp®Fij P
Every term from (2.2) has its pair in the expression (2.3) with opposite sign, if we

take into account skew-symmetry of the tensor Si,F}'.
We have proved that there holds the following

Lemma 2.1. The curvature tensor of g—holomorphically-structurally semi-symmetric
connection with gradient generator on hyperbolic Kdhlerian space is skew-symmetric
in the first two indices.

Now we want the components of the curvature tensor of this connection to be
invariant under changing places of first and second pair of indices. If we change
places of these pairs of indices, we shall obtain

Rriij = Kiiji + gri Vi b1 — gjk Vi D1+ 951 Vi Pk — it Vi Pj
[e] o [e] o

P Via+FyVia—FjiVia+ Fjr Viq

+9ikS51 — ik Su + 9515k — gu Sk + FirSia b — FySja Iy

+Fj1Sia by — FipSio FY + 2FS1o F} + psp® Fii Fij.

If we compare the upper relation with (2.2), we can notice that all the terms containing

of just metric tensor and tensors V p and S are same. So, we can substract them and
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also the last members on both sides. The rest of members will give us

—Fi(Vj @+ Vi 4;) + Fa(Vj ae+ Vi ¢5) — Fu(Vi ar+ Vi @)
(Vi ait Vi @) + Fir(Sja B + SiaF}) — Fu(SjaF + SkaF)
+Fj1(SiaF¢ + SkaFf) — Fii(SiaF + Sia F})

= 2F148o FE — 28, S FL.

On the left side, every of last four members vanishes because the tensor SkaFj‘? is
skew-symmetric. Then, there holds

- ik(%j q+ Vi q;) + Fil(%j qr+ Vi q) — Fjl(%i qr+ Vi i)
+F3(Vi qt Vi ;) = 2FuSjaF? — 281 Fy.
We shall transvect the upper equation by F*¢ and obtain
_n(%j q+ %z q;) + (%j Q+ %l q) — Fjl(%z’ po FAFk + %k paFPFM)
-‘r(%j Qi+ %z qj) = 2F F*S;  F* — 2F;; 9, FAFF.
From the upper equation, we obtain
(2 = n)(V; @ Vi 45) = Fiu(Vi o= Vi ")
= =28 Fy" — 25, F.
or
%j at v q; = %(Sjaﬂ"’ + S F}) =0,
since the tensor ), F}' is skew-symmetric. So, we have proved

Lemma 2.2. If the curvature tensor of holomorphically-structurally semi-symmetric
connection on a hyperbolic Kdhlerian space is invariant under changing places of the
first and second pair of indices, then there holds

(2.4) Via =—Vig;.

In the future calculations, we shall suppose that the relation (2.4) is satisfied.

3 Two ways to relate %s p® and pgp®

We shall use the formula (2.2). After contraction of this formula by g*, we obtain

Rix=Kjp—(n—3) Vi pj — grj Vs D° — F;?Fjb Va Po—
—(n —2)Skj — grjSs — PsP°Gkj-
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We shall express %k p; from the last formula and obtain

(3.1) Vi pj = 75[Kjk — Rjk — grj Vs pS*F;?F}’ Va Do
—(n —2)Skj — gr; S5 — psp°grj)-

This formula is recurrent. There will hold
Va Py = [Kba Rba -
_(n - 2)Sab - gabS;9 - pspsgab]

o o
gaszpsngFlfVT’ps

and, consequently
1 g Fan % S
n—3 abL’f i S p

(Rba Kba)F]gFJb +

-y Fb Va Dy =
+ﬁF;F;Flst Vi bt B3 S FLE)
FFEF) gab g + g FLE)
= 5 (Roa — Kua) F{F) — 5915 Vs P+ Vi D5

psp®
n— 3gk]

3%k — gk S5 —
Skj, which yields from the fact of skew-

We have used the equality SqpFy F)
symmetry of the tensor S;,F7. If we substitute the upper equality into (3.1), we

— Ky) FPF?

obtain
Vk by = ni(Kjk R]k) - ﬁgkj Vs p® + ﬁ(Rba
=52 Ski — a9k s

T 37

ﬁgkj Vs p® + ﬁ Vi Dj
sp° —2 1 s
- (S_%)zgkj - Zﬁskj - mgkjsj - ipggkj

Here we shall also use the relation which we can obtain from upper equality, and get

ViD= mse—n ik — Rjk)
(3.2) m(Kba - Rba)F;?F}’
e 4gkj Vs P’ — = 2Skj ni4gkj5§ - ﬁpspsgk]\

If we transvect (3.2) by ¢’*, we obtain
T T el (K — B) = 52 Ve p’

e T

Vs p® = [(

Since S = "5=p,p®, we obtain that there holds
(33) Vor' = g (K- B) = 2y
. sp—2(n_2) D) PsD -



116 Nevena Pusi¢

There is also another way to find the relationship between %S p® and psp°® and,
using (3.1), express them through some scalar functions which are not depending on
the generator. As we just have one relationship between these scalar functions, we
really need another one. For this purpose, we shall introduce two new tensors, namely

Rji = RijuF"; K= Ky "
Then, we shall transvect the formula (2.2) by F* and obtain

Rjk = Kjr + (n—4) Vi ¢j — Frj Vs D° — (n = 2)Ska I} + Fij S5 + psp® Fij,

as the tensor Sy, F}' is skew-symmetric and as there holds the upper relation between
S% and psp®; then there will hold

Rjx — K, %sps n—2 n—2
Fij+ 228 F* — =) p* Fy.
n=1 poatk TSkl = o P iy

From the upper equality, we get

[}
Vi q; =

Etk _Ftht - Vs ps
n—4 7 n—4

o n—2 n—2
(3.4) Vi pj = Grj + msk]’ + )pspsgkj-

2(n—4
If we transvect this equality by ¢*7, we obtain, after introducing the following notation
fi = Eijkj; I? = ijij

that there holds

% s_R_K_ n % §+n—259+n(n—2) s
P T Ty T Vel T T T o PP
We shall get on the left side
2(n—2)% s
Th_4 s D
and on the right side
R_E?}n_m ., nn=2) &_E_qun_m2 i
n—4 g PP 2(n—4)psp_n—4 n—4a PP

So, we obtain that there holds

R-K (n-2)

Comparing this with (3.3), we shall obtain that there holds
1 ~ =

— = (K-R+K-R)=(n-2)pyp°

s K~ R+ K== (-2
and consequently,

1 ~ =

3.6 sp°’=———-(K— R+ K —R).
(3.6) PP’ = 50— 2)2( + )

Substituting this result into (3.5), we infer

(3.7) Vs p° = (K-R—K+R).

4(n —2)
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4 The invariant of g—holomorphically-structurally
semi-symmetric connections

From (3.2), it is easy to get that there holds
Vi Pi= o Kk — Rin) — grgymmay (Ko — Rua) FLF
— L0k %s p*— 228, — ﬁpspsgkf
If we use the expression (3.6), we obtain
Vi pj = e=n (Kjk — Rjk)
(4.1) ~ o (Kba — Roa) FEFY — 723005 Ve p°

—hmi% — ey K~ B+ K = R)gy,

where %k p; has been given by another expression, (3.4). We can give another form
o (3.4), taking into account (3.6):

° _
o Ru—Kik it Vsp
Vi pj = n—4 FJ n—4 Gkj

(4.2) 1 o 2
timnmmy K — B+ K — R)gk; + =1 Skj-

Now, we are getting

Skj = aia=ayr (Eji — Rj) + 55,5 (Kek — Re) F}

(4.3)

_%(Kba - Rba)F]?FJb

2(n—2) 4(n 2)2 7 (K — R+K R)gka

Now we can calculate %k pj. By using the expressions (4.2), (4.3), (4.1), (3.6) and
(3.7), we obtain that there holds:

Vi pj = stsyo=ny ik — Rijk) = s=gy (Kun — Rux) Fy
— st (Ko — Roa) F{F? — b (K — R— K + R)gu.
From the upper equality, we easily obtain
Vi q; = F; Vi ps = s (Ksk = R F} — o575 (K — Rjn)
s (K — Ria) P + qosion (K — R— K + R)F.

Also, we shall need the expression for Skq F":

Skaqu = 2(2:2)2 (Ksk - RSIC)F$ + 2(n. 1, 2)

(Kja = Rja) P + qrigys (K — R+ K- R)F,w

(Kjx — Rjk)
(4.4)

1
T 2(n—2)2
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From (2.2), it is obvious that we can express the curvature tensor of such connection

in the form
(45) Rijri =  Kijki + gribij — G1iPkj + 91iPki — GkjPli
—Friqiy + Frjqii — Fiiqri + Frigry + 2F0 S50 Ff + psp® Fi Fia,

where the new abbreviations denote
Dij :%l p; + Si; (symmetric)
qij :%l q5 — SlaFJfl (skew-symmetric).
Then, we can easily obtain
Poi = oyl — 32 (K — Rjn)
(4.6) —(n = 2)(Ku — R F} — (n — 3)(Kya — Roa) F{L FY
(55K~ R) = §(K ~ R))gz)
and, consequently,
W @ = Gl = 3)(Kak — Rax) Ff — (n — 2)(n — 3)(K i
| ) = (K = Ria) P+ (555 = 223(K — ) B

Moreover, we can easily calculate the sum of the last two terms on the right-hand
side of (4.5). From (4.4) and (3.6), we obtain

(280 Ff + psp® Fji) Fra
(4.8) = Gmgpzl(n = 3)(Kyj — Roj)Ff Fia + (n — 2)(Kij — Rij) Fu
—(Kia — Ria) F*Fya + (K — R+ K — R)F;Fy].
If we substitute (4.6), (4.7) and (4.8) into (4.5), we shall obtain that there holds
Rijii = Kijii + sty [(n = 3)2(Kj — Rju) — (n — 2)(Ky — Ru)F}

—(n — 3)(Kpa — Roa) FPF? — (253 (K — R) — L(K — R))gy;]

— ot (= 32 (Ek — Rji) — (n = 2)(K — Ru) Ff

(0= 3)(Kpa — Roa) FEF? — (%52(K — R) — 3(K — ))ns]

+ gt [(n = 3)2(Ki — Rix) — (n — 2)(Kux — Ru)FY
—(n— 3)(Kbo — Roo) FEFY — (%53(K — R) — 1(K — R))gu

— ot (= 3)* (K — Ra) — (n = 2)(Ky — Ru) F}

(0~ 3)(Kba — Roa) FPFY — (“53(K — R) — 3(K — R))gu]
it [0 — 3)(Ku — Ra)F} — (n — 2)(n — 3)(Ky — Ry)
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Rix)

3)(Kjx — Rjk)

(Kju — Rya)Ff + (K552 — n53(K — R)F|
+ ity [(n = 3) (K — Ra) ¥ — (n = 2)(n = 3)(Ky — Ra)
(Fia — Ria)Ff + (552 — 253(K — R))Fy)
— i [(n = 3) (K — Ra) F} — (n = 2)(n — 3) (K iy —
(K~ Ria) F + (K52 — 253(K — R))Fi
+ s [(n = 3) Kok — Rak) Fy — (n — 2)(n —
(Ko — Ria)Ff + (558 — n23(K — R)Fy|
oz l(n = 3)(Kyy — Ryy)FY + (n — 2)(Kyj — Rij)
~(Kia — Ria) F + (K — R+ K- R) Fji] Fua.

119

If we divide the members of such formula (Levi-Civita and g connection) on different
sides, we get

Rijri + m[(n —3)%(griRij — g1iRi; + qijRix — gijRir)
—(n — 2)(9ki§tlFf — gziﬁthf + g1 Ren F} — guj RuFY})
—(n = 3)Rya(F{' FYgri — FEF g1 + FEF g1 — FPF gry)

(n—3)R — R)(grigij — 9uign;)

—(

(n 3)(FkiRlejS —
+(n—-2)(n—
+(FriRjo F

+HR -

+ gz [(n — 3) Ry Fy +

= Kij + Gmgpamn (7

(n = 3)R)(FiiFy; —

FyjRa P + FijRo Y — Fii R FY)

3)(FriRji — FxjRu + FijRi — FiiRjk)
— Py Rio B + FijRio Fy —

FliRjaFia)
Fyil;)]

(R + R)Fy]
—3)2(griK1j — q1iKxj + 91 K

(n — Q)Elj — RiaF]q +

—(n = 2)(griKuF} — guK i F) + 9 Kin Ff — gij KuFY)

—(n = 3)Kpa (F'F) gri — F{ F) g1 + FEFP 915 — F{'F) gij)

—((n = 3)K — K)(grigij — 1i9k;)

—(n = 3) (ki K F} — Fij Koy + Fiy Ko FY — Fii K Fy)
+(n—2)(n—3)(FriKj — FrjKu + Fi; Kix — FuK i)
H(FriKjoF — Fij Kio F* + Fi; Ko FYY — Fi, Ko FY)
+H(K — (n = 3)K)(FiFyj — FriFy))]

+aael(n

- 3)KSJF; + (n - 2)?74] -

— gri Ki)

KiaF{ + (K + K)Fji].
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Hence, we have proved that there holds the following:

Theorem 4.1. If the generator of a g—holomorhically-structurally semi-symmetric
connection is a gradient and if its curvature tensor is invariant under changing places
of the first and the second pair of indices, then the tensor on the left-hand side of
(4.9) does not depend on the choice of the generator.

5 On the first Bianchi identity

We suppose that the curvature tensor of a g—holomorphically-structurally semi-
symmetric connection on such a kind of space satisfies the first Bianchi identity.
We shall use it and will obtain, after dividing by 2,

0= —FVig+Fy;Vig—F; Vi g+ F; Vi g
—F Vi @i + Fji Vi g + FriSio Fy — 2Fy; 81, F
+2FSka B — FliSka F + 2FSja FY — FjiSia Fy!

(5.1)

+ipsp® (FjiFr + FuiFyy + FiiFj).

If we transvect (5.1) by F*, taking into account skew-symmetry of the tensor SiaFE,
we obtain

0= (4=n)Vigj+ Fj Vs p® + (n—6)S,.F}

(5.2)
—2F;55 + 257 psp™ Fiy.

If we now transvect the equality (5.2) with F7!, we obtain

o . o n—2
0=(m—-4)V;p’ +nVsp*—2nS; — (n—6)S; +n psp°.
Then, taking into account that S¢ = "7_4psps, we obtain that there holds
° —3(n—-2)(n—4 n(n —2
2(n—2) Vs p® + ( 2)( )psps + %psps =0

or, since n > 2,

o 3n n
2V, p®— 7;03295 + 6psp® + §psps =0

and hence %s p* = ”Tffspsps. Then, if we use (3.3), we obtain

. S$—_— - @ (K-
and, consequently
o n—=6
(5.4) Vsp® = (K —R)
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After expanding the relation (5.2), we obtain

o 1 o n—2
Vig; = ——[F; Vs 0" = 281,57 + (n = 6)SiaFj' + ——psp” Fj].
By using the relations (5.3) and (5.4) and taking into account that S5 = 254p,p*, we
get

Vit = il (K - R)Fy — 565

+(n = 6)S1a ' + gy Fijl-

The upper relation yields %l q; = Z—:gSlaF]‘»‘, which leads to %l Dj = Z—:ZSZJ-. Then,

there will also hold

pij =Vip; + Sy = 228

[e]
Qi =Vi q; — S Fj = —ﬁslaFf
After substituting these equations into the expression (4.5), there holds

Rijri = Kijr + %(gki&j — 91iSkj + 91Ski — 9r;Sii)
(55) +ﬁ(FkiSlaFJq — F‘liSkGFja + FljSkaFia — ijSlaFia)

+2F S Y + %Fjibﬂkl-

Now we shall transvect the upper equality by ¢* and get

R = Kk + 2222 (Sy; — nSkj + Skj — 913

n

+ﬁ[51aF;iFf — FrjSiaF'* + FijSpa F' — Fii Ska Fi'g")

+2FF{Sja = 5oy (K — R)gk;-

If we take into account skew-symmetry of the structure tensor, symmetry of the tensor
Sk;, the value of 5% and the equality (5.3), we shall obtain

Rjr = K+ [—w — ﬁ + 2| Sk,

_WM(K - R)gkj - W(K - R)gkj-

The expression in the first parentheses will be

(2

—2(n? — 8n + 16)
n—4

Skj = —2(n — 4)Skj-

So, from the upper equation there holds Rj, = Kji, — %gk]— —2(n —4)Sk; and,

consequently
_ Kjr—R; K—-R .
Skj = zj(knfzﬁk ~ A(n—2)(n—a) 9ki;

_ Kuu—R, K—R
SkaFj = SH=5 ) + ey n=ay Fri-

Now, after substituting the last two relations into (5.5), there will hold:
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Rijr + ﬁ[ﬂmsz — qiiRej + 91 Rii — gij R — “=5 R(grigi; — G1i9k;)]

+ﬁ[RaIFJQFM — RopF'Fii + R Fi' Fiy — Ru B Flj

+ B (FriFij — FojFi)) + 25 (Raj Ff Fu + ﬁRFjiFkl)

= Kiju + ﬁ[gmfﬁj — 91K + 91; Kri — gr K
— 2= K (gkigi; — Guigk;)] + ﬁ[KalF]qui — Ka F{ Fii + Ko FY Fyj
—KuFFj + 25 (FuFy — FriFa)] + 25 (Ko Ff Fu + ﬁKFjiFkl)-

Theorem 5.1. If the generator of a g—holomorphically-structurally semi-symmetric
connection on a hyperbolic Kdhlerian space is a gradient and if its curvature tensor,
besides of invariance under changing places of the first and the second pair of indices,
satisfies the first Bianchi identity, then the tensor on the left-hand side of (5.6) does
not depend on the choice of the generator.
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