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Abstract. In our previous paper [10], we considered (F, g)-holomorphically-
structurally semi-symmetric and F−holomorphically-structurally semi-
symmetric connections on hyperbolic Kählerian spaces. Under certain
assumptions, each of these two types of connections had curvature-type
invariants. The case of g−holomorphically-structurally semi-symmetric
connection, like on anti-Kählerian and product spaces, exhibits a promi-
nent complexity. In this work, we provide the construction of a curvature-
type invariant for such a connection.
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1 Introduction

Numerous works were dedicated to the study of hyperbolic Kählerian spaces and of
their related structures ([2]-[10]). The present paper investigates such spaces, follow-
ing the idea from [1]. A hyperbolic Kählerian space is an even-dimensional space
endowed with an involutive and a skew-symmetric structure. On such space, like on
the standard (or elliptic) Kählerian space, it is impossible to introduce a conformal
transformation in a natural way.

The metric tensor (gij) and the structure tensor (F i
j ) on a hyperbolic Kählerian

space are satisfying the following conditions:

F t
jF

s
i gts = −gji, F t

jF
i
t = δij ,

◦
∇k F i

j = 0,

where the symbol
◦
∇ denotes the covariant derivative with respect to Levi-Civita

connection.
The scalar square of any tangent vector of such a space is opposite to the scalar

square of its image by the structure. So, such a space can be considered as a product
of a space with positive definite and a space with negative definite metrics. Moreover,
as the structure has n (even dimension of the space) eigenvectors, they have to be
null-vectors (isotropic).
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Since there is no way to define a conformal transformation of such a space just by
exponential change of its metrics, we introduce the following transformation:

gji = e2pgji;F
i

j = F i
j ;F ji = e2pFji.

Then it is easy to obtain a metric connection (for g) with torsion tensor S
a

ji = 2Fjiq
a,

where (*) qa = pbF
ab and pk is a gradient vector field, ∂p

∂xk . The coefficients of such
a connection are

(1.1) Γi
jk =

{
i
jk

}
+ pkδ

i
j + pjδ

i
k − gjkp

i + F i
j qk + F i

kqj + Fjkq
i.

Taking into account (*), such a connection is also an F−connection. We call such
a connection a conformal connection on a hyperbolic Kählerian space. The author
has investigated properties of this and similar connection and its curvature tensor in
[4, 5, 6]. Also, some similar problems had been solved in [1, 2]. In [3, 7, 8, 9] we inves-
tigated properties of metric and F−connections, which were holomorphically semi-
symmetric on anti-Kähler and product space. Some of these connections (namely, F
and (F, g)) have invariants of curvature-type which are equal to conformal invariants
of such spaces. g−holomorphically semi-symmetric connection had different invariants
in both cases. But, both anti-Kähler and product spaces have symmetric structure
tensors. As the structure of hyperbolic Kählerian space is skew-symmetric, its ge-
ometry is rather different. In our previous paper [10], we have found curvature-type
invariant tensors of F and the (F, g)−holomorphically-structurally semi-symmetric
connections. They are different between themselves and different from the curvature-
type invariant of the connection (1.1) in this paper.

Here we are going to construct a curvature-type invariant of g−holomorphically-
structurally semi-symmetric connection. This task is the most difficult one.

2 The curvature of g−holomorphically-structurally
semi-symmetric connections

In our previous paper [10], we have constructed connections whose coefficients were
consisting of the following addends: Christoffel symbols, pjδ

i
k and pigjk, where pj is a

gradient (”generator”) and qjF
i
k, q

iFjk, where qj = F a
j pa. We have found conditions

for such connections to be metric and to be F -connection.
The connection which is metric, but not F -connection, according to these results,

will have coefficients

(2.1) Γi
jk =

{
i
jk

}
+ pjδ

i
k − pigjk − qjF

i
k − qiFjk.

Its torsion will be

T i
jk = pjδ

i
k − pkδ

i
j − qjF

i
k + qkF

i
j − 2qiFjk.

and we shall call such a connection a g-holomorphically-structurally semi-symmetric
connection. The reasons for titles ”holomorphically” and ”semi-symmetric” are ob-
vious. The adverb ”structurally” is used because the last addend in (2.1), which is
skew-symmetric, depends on the structure tensor and cannot be eliminated.
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We can calculate components of the curvature tensor of the connection given by
the coefficients (2.1). If we denote

Slj = −plpj + qlqj +
1
2psp

sglj ,

SlaF
a
j = −plqj + qlpj − 1

2psp
sFlj ,

and

2SjaF
a
i = −2pjqi + 2qjpi − psp

sFji;

2(piqj − pjqi) = 2SjaF
a
i + psp

sFji.

We obtain, after lowering the upper index
(2.2)

Rijkl = Kijkl + gki
◦
∇l pj − gli

◦
∇k pj + glj

◦
∇k pi − gkj

◦
∇l pi−

−Fki

◦
∇l qj + Fkj

◦
∇l qi − Flj

◦
∇k qi + Fli

◦
∇k qj + gkiSlj − gliSkj − gkjSli + gljSki

+FkiSlaF
a
j − FkjSlaF

a
i + FljSkaF

a
i − FliSkaF

a
j + 2FklSjaF

a
i + psp

sFjiFkl.

Now the tensor (2.2) should be skew-symmetric in first two indices. If we change their
places, we shall obtain that there holds
(2.3)

Rjikl = Kjikl + gkj
◦
∇l pi − glj

◦
∇k pi + gli

◦
∇k pj − gki

◦
∇l pj

−Fkj

◦
∇l qi + Fki

◦
∇l qj − Fli

◦
∇k qj + Flj

◦
∇k qi + gkjSli − gljSki + gliSkj − gkiSlj

+FkjSlaF
a
i − FkiSlaF

a
j + FliSkaF

a
j − FljSkaF

a
i + 2FklSiaF

a
j + psp

sFijFkl.

Every term from (2.2) has its pair in the expression (2.3) with opposite sign, if we
take into account skew-symmetry of the tensor SiaF

a
j .

We have proved that there holds the following

Lemma 2.1. The curvature tensor of g−holomorphically-structurally semi-symmetric
connection with gradient generator on hyperbolic Kählerian space is skew-symmetric
in the first two indices.

Now we want the components of the curvature tensor of this connection to be
invariant under changing places of first and second pair of indices. If we change
places of these pairs of indices, we shall obtain

Rklij = Kklji + gki
◦
∇j pl − gjk

◦
∇i pl + gjl

◦
∇i pk − gil

◦
∇k pj

−Fik

◦
∇j ql + Fil

◦
∇j qk − Fjl

◦
∇i qk + Fjk

◦
∇i ql

+gikSjl − gjkSil + gjlSik − gilSjk + FikSjaF
a
l − FilSjaF

a
k

+FjlSiaF
a
k − FjkSiaF

a
l + 2FijSlaF

a
k + psp

sFlkFij .

If we compare the upper relation with (2.2), we can notice that all the terms containing

of just metric tensor and tensors
◦
∇ p and S are same. So, we can substract them and
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also the last members on both sides. The rest of members will give us

−Fik(
◦
∇j ql+

◦
∇l qj) + Fil(

◦
∇j qk+

◦
∇k qj)− Fjl(

◦
∇i qk+

◦
∇k qi)

+Fjk(
◦
∇i ql+

◦
∇l qi) + Fik(SjaF

a
l + SlaF

a
j )− Fil(SjaF

a
k + SkaF

a
j )

+Fjl(SiaF
a
k + SkaF

a
i )− Fjk(SiaF

a
l + SlaF

a
i )

= 2FklSjaF
a
i − 2FijSlaF

a
k .

On the left side, every of last four members vanishes because the tensor SkaF
a
j is

skew-symmetric. Then, there holds

−Fik(
◦
∇j ql+

◦
∇l qj) + Fil(

◦
∇j qk+

◦
∇k qj)− Fjl(

◦
∇i qk+

◦
∇k qi)

+Fjk(
◦
∇i ql+

◦
∇l qi) = 2FklSjaF

a
i − 2FijSlaF

a
k .

We shall transvect the upper equation by F ki and obtain

−n(
◦
∇j ql+

◦
∇l qj) + (

◦
∇j ql+

◦
∇l qj)− Fjl(

◦
∇i paF

a
k F

ki+
◦
∇k paF

a
i F

ki)

+(
◦
∇j ql+

◦
∇l qj) = 2FklF

kiSjaF
a
i − 2FijSlaF

a
k F

ki.

From the upper equation, we obtain

(2− n)(
◦
∇j ql+

◦
∇l qj)− Fjl(

◦
∇i p

i−
◦
∇k pk)

= −2SjaF
a
l − 2SlaF

a
j .

or
◦
∇j ql+

◦
∇l qj =

2

n− 2
(SjaF

a
l + SlaF

a
j ) = 0,

since the tensor SlaF
a
j is skew-symmetric. So, we have proved

Lemma 2.2. If the curvature tensor of holomorphically-structurally semi-symmetric
connection on a hyperbolic Kählerian space is invariant under changing places of the
first and second pair of indices, then there holds

(2.4)
◦
∇j ql = −

◦
∇l qj .

In the future calculations, we shall suppose that the relation (2.4) is satisfied.

3 Two ways to relate
◦
∇s p

s and psp
s

We shall use the formula (2.2). After contraction of this formula by gil, we obtain

Rjk = Kjk − (n− 3)
◦
∇k pj − gkj

◦
∇s p

s − F a
k F

b
j

◦
∇a pb−

−(n− 2)Skj − gkjS
s
s − psp

sgkj .
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We shall express
◦
∇k pj from the last formula and obtain

(3.1)

◦
∇k pj =

1
n−3 [Kjk −Rjk − gkj

◦
∇s p

s − F a
k F

b
j

◦
∇a pb

−(n− 2)Skj − gkjS
s
s − psp

sgkj ].

This formula is recurrent. There will hold

◦
∇a pb =

1
n−3 [Kba −Rba − gab

◦
∇s p

s − F r
aF

s
b

◦
∇r ps

−(n− 2)Sab − gabS
s
s − psp

sgab]

and, consequently

−F a
k F

b
j

◦
∇a pb =

1
n−3 (Rba −Kba)F

a
k F

b
j + 1

n−3gabF
a
k F

b
j

◦
∇s p

s

+ 1
n−3F

r
aF

s
b F

a
k F

b
j

◦
∇r ps +

n−2
n−3SabF

a
k F

b
j

+F a
k F

b
j gab

Ss
s

n−3 + psp
s

n−3 gabF
a
k F

b
j

= 1
n−3 (Rba −Kba)F

a
k F

b
j − 1

n−3gkj
◦
∇s p

s + 1
n−3

◦
∇k pj

−n−2
n−3Skj − 1

n−3gkjS
s
s −

psp
s

n−3 gkj .

We have used the equality SabF
a
k F

b
j = −Skj , which yields from the fact of skew-

symmetry of the tensor SjaF
a
i . If we substitute the upper equality into (3.1), we

obtain

◦
∇k pj =

1
n−3 (Kjk −Rjk)− 1

n−3gkj
◦
∇s p

s + 1
(n−3)2 (Rba −Kba)F

a
k F

b
j

− 1
(n−3)2 gkj

◦
∇s p

s + 1
(n−3)2

◦
∇k pj − n−2

(n−3)2Skj − 1
(n−3)2 gkjS

s
s

− psp
s

(n−3)2 gkj −
n−2
n−3Skj − 1

n−3gkjS
s
s −

psp
s

n−3 gkj .

Here we shall also use the relation which we can obtain from upper equality, and get

(3.2)

◦
∇k pj =

n−3
(n−2)(n−4) (Kjk −Rjk)

− 1
(n−2)(n−4) (Kba −Rba)F

a
k F

b
j

− 1
n−4gkj

◦
∇s p

s − n−2
n−4Skj − 1

n−4gkjS
s
s − 1

n−4psp
sgkj .

If we transvect (3.2) by gjk, we obtain

◦
∇s p

s = [ n−3
(n−2)(n−4) +

1
(n−2)(n−4) ](K −R)− n

n−4

◦
∇s p

s

−n−2
n−4S

s
s − n

n−4S
s
s − n

n−4psp
s.

Since Ss
s = n−4

2 psp
s, we obtain that there holds

(3.3)
◦
∇s p

s =
1

2(n− 2)
(K −R)− n− 2

2
psp

s.
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There is also another way to find the relationship between
◦
∇s ps and psp

s and,
using (3.1), express them through some scalar functions which are not depending on
the generator. As we just have one relationship between these scalar functions, we
really need another one. For this purpose, we shall introduce two new tensors, namely

Rjk = RijklF
il; Kjk = KijklF

il.

Then, we shall transvect the formula (2.2) by F il and obtain

Rjk = Kjk + (n− 4)
◦
∇k qj − Fkj

◦
∇s p

s − (n− 2)SkaF
a
j + FkjS

s
s + psp

sFkj ,

as the tensor SkaF
a
j is skew-symmetric and as there holds the upper relation between

Ss
s and psp

s; then there will hold

◦
∇k qj =

Rjk −Kjk

n− 4
+

◦
∇s p

s

n− 4
Fkj +

n− 2

n− 4
SkaF

a
j − n− 2

2(n− 4)
psp

sFkj .

From the upper equality, we get

(3.4)
◦
∇k pj =

Rtk −Ktk

n− 4
F t
j −

◦
∇s p

s

n− 4
gkj +

n− 2

n− 4
Skj +

n− 2

2(n− 4)
psp

sgkj .

If we transvect this equality by gkj , we obtain, after introducing the following notation˜̃
R = RjkF

kj ;
˜̃
K = KjkF

kj

that there holds

◦
∇s p

s =
˜̃
R− ˜̃

K

n− 4
− n

n− 4

◦
∇s p

s +
n− 2

n− 4
Ss
s +

n(n− 2)

2(n− 4)
psp

s.

We shall get on the left side
2(n− 2)

n− 4

◦
∇s p

s

and on the right side˜̃
R− ˜̃

K

n− 4
+

(n− 2)

2
psp

s +
n(n− 2)

2(n− 4)
psp

s =
˜̃
R− ˜̃

K

n− 4
+

(n− 2)2

n− 4
psp

s.

So, we obtain that there holds

(3.5)
◦
∇s p

s =
˜̃
R− ˜̃

K

2(n− 2)
+

(n− 2)

2
psp

s.

Comparing this with (3.3), we shall obtain that there holds

1

2(n− 2)
(K −R+

˜̃
K − ˜̃

R) = (n− 2)psp
s

and consequently,

(3.6) psp
s =

1

2(n− 2)2
(K −R+

˜̃
K − ˜̃

R).

Substituting this result into (3.5), we infer

(3.7)
◦
∇s p

s =
1

4(n− 2)
(K −R− ˜̃

K +
˜̃
R).
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4 The invariant of g−holomorphically-structurally
semi-symmetric connections

From (3.2), it is easy to get that there holds

◦
∇k pj =

n−3
(n−2)(n−4) (Kjk −Rjk)− 1

(n−2)(n−4) (Kba −Rba)F
a
k F

b
j

− 1
n−4gkj

◦
∇s p

s − n−2
n−4Skj − n−2

2(n−4)psp
sgkj .

If we use the expression (3.6), we obtain

(4.1)

◦
∇k pj =

n−3
(n−2)(n−4) (Kjk −Rjk)

− 1
(n−2)(n−4) (Kba −Rba)F

a
k F

b
j − 1

n−4gkj
◦
∇s p

s

−n−2
n−4Skj − 1

4(n−2)(n−4) (K −R+
˜̃
K − ˜̃

R)gkj ,

where
◦
∇k pj has been given by another expression, (3.4). We can give another form

to (3.4), taking into account (3.6):

(4.2)

◦
∇k pj =

Rtk−Ktk

n−4 F t
j −

◦
∇sp

s

n−4 gkj

+ 1
4(n−2)(n−4) (K −R+

˜̃
K − ˜̃

R)gkj +
n−2
n−4Skj .

Now, we are getting

(4.3)

Skj =
n−3

2(n−2)2 (Kjk −Rjk) +
1

2(n−2) (Ktk −Rtk)F
t
j

− 1
2(n−2)2 (Kba −Rba)F

a
k F

b
j − 1

4(n−2)2 (K −R+
˜̃
K − ˜̃

R)gkj .

Now we can calculate
◦
∇k pj . By using the expressions (4.2), (4.3), (4.1), (3.6) and

(3.7), we obtain that there holds:

◦
∇k pj =

n−3
2(n−2)(n−4) (Kjk −Rjk)− 1

2(n−4) (Ktk −Rtk)F
t
j

− 1
2(n−2)(n−4) (Kba −Rba)F

a
k F

b
j − 1

4(n−2)(n−4) (K −R− ˜̃
K +

˜̃
R)gkj .

From the upper equality, we easily obtain

◦
∇k qj = F s

j

◦
∇k ps =

n−3
2(n−2)(n−4) (Ksk −Rsk)F

s
j − 1

2(n−4) (Kjk −Rjk)

− 1
2(n−2)(n−4) (Kja −Rja)F

a
k + 1

4(n−2)(n−4) (K −R− ˜̃
K +

˜̃
R)Fkj .

Also, we shall need the expression for SkaF
a
j :

(4.4)

SkaF
a
j = n−3

2(n−2)2 (Ksk −Rsk)F
s
j + 1

2(n−2) (Kjk −Rjk)

− 1
2(n−2)2 (Kja −Rja)F

a
k + 1

4(n−2)2 (K −R+
˜̃
K − ˜̃

R)Fkj .
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From (2.2), it is obvious that we can express the curvature tensor of such connection
in the form

(4.5)
Rijkl = Kijkl + gkiplj − glipkj + gljpki − gkjpli

−Fkiqlj + Fkjqli − Fljqki + Fliqkj + 2FklSjaF
a
i + psp

sFjiFkl,

where the new abbreviations denote

plj =
◦
∇l pj + Slj (symmetric)

qlj =
◦
∇l qj − SlaF

a
j (skew-symmetric).

Then, we can easily obtain

(4.6)

pkj =
1

(n−2)2(n−4) [(n− 3)2(Kjk −Rjk)

−(n− 2)(Ktk −Rtk)F
t
j − (n− 3)(Kba −Rba)F

a
k F

b
j

−(n−3
2 (K −R)− 1

2 (
˜̃
K − ˜̃

R))gjk]

and, consequently,

(4.7)
qkj =

1
(n−2)2(n−4) [(n− 3)(Ksk −Rsk)F

s
j − (n− 2)(n− 3)(Kjk

−Rjk)− (Kja −Rja)F
a
k + (K−R

2 − n−3
2 (

˜̃
K − ˜̃

R))Fkj ].

Moreover, we can easily calculate the sum of the last two terms on the right-hand
side of (4.5). From (4.4) and (3.6), we obtain

(4.8)

(2SjaF
a
i + psp

sFji)Fkl

= 1
(n−2)2 [(n− 3)(Ksj −Rsj)F

s
i Fkl + (n− 2)(Kij −Rij)Fkl

−(Kia −Ria)F
a
j Fkl + (K −R+

˜̃
K − ˜̃

R)FjiFkl].

If we substitute (4.6), (4.7) and (4.8) into (4.5), we shall obtain that there holds

Rijkl = Kijkl +
gki

(n−2)2(n−4) [(n− 3)2(Kjl −Rjl)− (n− 2)(Ktl −Rtl)F
t
j

−(n− 3)(Kba −Rba)F
a
l F

b
j − (n−3

2 (K −R)− 1
2 (

˜̃
K − ˜̃

R))glj ]

− gli
(n−2)2(n−4) [(n− 3)2(Kjk −Rjk)− (n− 2)(Ktk −Rtk)F

t
j

−(n− 3)(Kba −Rba)F
a
k F

b
j − (n−3

2 (K −R)− 1
2 (

˜̃
K − ˜̃

R))gkj ]

+
glj

(n−2)2(n−4) [(n− 3)2(Kik −Rik)− (n− 2)(Ktk −Rtk)F
t
i

−(n− 3)(Kba −Rba)F
a
k F

b
i − (n−3

2 (K −R)− 1
2 (

˜̃
K − ˜̃

R))gki]

− gkj

(n−2)2(n−4) [(n− 3)2(Kil −Ril)− (n− 2)(Ktl −Rtl)F
t
i

−(n− 3)(Kba −Rba)F
a
l F

b
i − (n−3

2 (K −R)− 1
2 (

˜̃
K − ˜̃

R))gli]

− Fki

(n−2)2(n−4) [(n− 3)(Ksl −Rsl)F
s
j − (n− 2)(n− 3)(Kjl −Rjl)
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−(Kja −Rja)F
a
l + (K−R

2 − n−3
2 (

˜̃
K − ˜̃

R))Flj ]

+
Fkj

(n−2)2(n−4) [(n− 3)(Ksl −Rsl)F
s
i − (n− 2)(n− 3)(Kil −Ril)

−(Kia −Ria)F
a
l + (K−R

2 − n−3
2 (

˜̃
K − ˜̃

R))Fli]

− Flj

(n−2)2(n−4) [(n− 3)(Ksk −Rsk)F
s
i − (n− 2)(n− 3)(Kik −Rik)

−(Kia −Ria)F
a
k + (K−R

2 − n−3
2 (

˜̃
K − ˜̃

R))Fki]

+ Fli

(n−2)2(n−4) [(n− 3)(Ksk −Rsk)F
s
j − (n− 2)(n− 3)(Kjk −Rjk)

−(Kja −Rja)F
a
k + (K−R

2 − n−3
2 (

˜̃
K − ˜̃

R))Fkj ]

+ 1
(n−2)2 [(n− 3)(Ksj −Rsj)F

s
i + (n− 2)(Kij −Rij)

−(Kia −Ria)F
a
j + (K −R+

˜̃
K − ˜̃

R)Fji]Fkl.

If we divide the members of such formula (Levi-Civita and g connection) on different
sides, we get

(4.9)

Rijkl +
1

(n−2)2(n−4) [(n− 3)2(gkiRlj − gliRkj + gljRik − gkjRil)

−(n− 2)(gkiRtlF
t
j − gliRtkF

t
j + gljRtkF

t
i − gkjRtlF

t
i )

−(n− 3)Rba(F
a
l F

b
j gki − F a

k F
b
j gli + F a

k F
b
l glj − F a

l F
b
i gkj)

−((n− 3)R− ˜̃
R)(gkiglj − gligkj)

−(n− 3)(FkiRslF
s
j − FkjRslF

s
i + FljRskF

s
i − FliRskF

s
j )

+(n− 2)(n− 3)(FkiRjl − FkjRil + FljRik − FliRjk)

+(FkiRjaF
a
l − FkjRiaF

a
l + FljRiaF

a
k − FliRjaF

a
i )

+(R− (n− 3)
˜̃
R)(FliFkj − FkiFlj)]

+ 1
(n−2)2 [(n− 3)RsjF

s
i + (n− 2)Rij −RiaF

a
j + (R+

˜̃
R)Fji]

= Kijkl +
1

(n−2)2(n−4) [(n− 3)2(gkiKlj − gliKkj + gljKik − gkjKil)

−(n− 2)(gkiKtlF
t
j − gliKtkF

t
j + gljKtkF

t
i − gkjKtlF

t
i )

−(n− 3)Kba(F
a
l F

b
j gki − F a

k F
b
j gli + F a

k F
b
l glj − F a

l F
b
i gkj)

−((n− 3)K − ˜̃
K)(gkiglj − gligkj)

−(n− 3)(FkiKslF
s
j − FkjKslF

s
i + FljKskF

s
i − FliKskF

s
j )

+(n− 2)(n− 3)(FkiKjl − FkjKil + FljKik − FliKjk)

+(FkiKjaF
a
l − FkjKiaF

a
l + FljKiaF

a
k − FliKjaF

a
i )

+(K − (n− 3)
˜̃
K)(FliFkj − FkiFlj)]

+ 1
(n−2)2 [(n− 3)KsjF

s
i + (n− 2)Kij −KiaF

a
j + (K +

˜̃
K)Fji].
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Hence, we have proved that there holds the following:

Theorem 4.1. If the generator of a g−holomorhically-structurally semi-symmetric
connection is a gradient and if its curvature tensor is invariant under changing places
of the first and the second pair of indices, then the tensor on the left-hand side of
(4.9) does not depend on the choice of the generator.

5 On the first Bianchi identity

We suppose that the curvature tensor of a g−holomorphically-structurally semi-
symmetric connection on such a kind of space satisfies the first Bianchi identity.
We shall use it and will obtain, after dividing by 2,

(5.1)

0 = −Fki

◦
∇l qj + Fkj

◦
∇l qi − Flj

◦
∇k qi + Fli

◦
∇k qj

−Fkl

◦
∇j qi + Fji

◦
∇l qk + FkiSlaF

a
j − 2FkjSlaF

a
i

+2FljSkaF
a
i − FliSkaF

a
j + 2FklSjaF

a
i − FjiSlaF

a
k

+1
2psp

s(FjiFkl + FkiFlj + FliFjk).

If we transvect (5.1) by F ik, taking into account skew-symmetry of the tensor SjaF
a
k ,

we obtain

(5.2)
0 = (4− n)

◦
∇l qj + Flj

◦
∇s p

s + (n− 6)SlaF
a
j

−2FljS
s
s +

n−2
2 psp

sFlj .

If we now transvect the equality (5.2) with F jl, we obtain

0 = (n− 4)
◦
∇j p

j + n
◦
∇s p

s − 2nSs
s − (n− 6)Ss

s + n
n− 2

2
psp

s.

Then, taking into account that Ss
s = n−4

2 psp
s, we obtain that there holds

2(n− 2)
◦
∇s p

s +
−3(n− 2)(n− 4)

2
psp

s +
n(n− 2)

2
psp

s = 0

or, since n > 2,

2
◦
∇s p

s − 3n

2
psp

s + 6psp
s +

n

2
psp

s = 0

and hence
◦
∇s p

s = n−6
2 psp

s. Then, if we use (3.3), we obtain

(5.3) psp
s =

1

2(n− 2)(n− 4)
(K −R)

and, consequently

(5.4)
◦
∇s p

s =
n− 6

4(n− 2)(n− 4)
(K −R).
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After expanding the relation (5.2), we obtain

◦
∇l qj =

1

n− 4
[Flj

◦
∇s p

s − 2FljS
s
s + (n− 6)SlaF

a
j +

n− 2

2
psp

sFlj ].

By using the relations (5.3) and (5.4) and taking into account that Ss
s = n−4

2 psp
s, we

get
◦
∇l qj =

1
n−4 [

n−6
4(n−2)(n−4) (K −R)Flj − K−R

2(n−2)Flj

+(n− 6)SlaF
a
j + K−R

4(n−4)Flj ].

The upper relation yields
◦
∇l qj =

n−6
n−4SlaF

a
j , which leads to

◦
∇l pj =

n−6
n−4Slj . Then,

there will also hold

plj =
◦
∇l pj + Slj =

2(n−5)
n−4 Slj ;

qlj =
◦
∇l qj − SlaF

a
j = − 2

n−4SlaF
a
j .

After substituting these equations into the expression (4.5), there holds

(5.5)

Rijkl = Kijkl +
2(n−5)
(n−4) (gkiSlj − gliSkj + gljSki − gkjSli)

+ 2
(n−4) (FkiSlaF

a
j − FliSkaF

a
j + FljSkaF

a
i − FkjSlaF

a
i )

+2FklSjaF
a
i + K−R

2(n−2)(n−4)FjiFkl.

Now we shall transvect the upper equality by gil and get

Rjk = Kjk + 2(n−5)
n−4 (Skj − nSkj + Skj − gkjS

s
s ]

+ 2
(n−4) [SlaF

l
kF

a
j − FkjSlaF

la + FljSkaF
la − FliSkaF

a
j g

li]

+2F i
kF

a
i Sja − 1

2(n−2)(n−4) (K −R)gkj .

If we take into account skew-symmetry of the structure tensor, symmetry of the tensor
Skj , the value of Ss

s and the equality (5.3), we shall obtain

Rjk = Kjk + [− 2(n−2)(n−5)
n−4 − 4

n−4 + 2]Skj

− n−5
2(n−2)(n−4) (K −R)gkj − 1

2(n−2)(n−4) (K −R)gkj .

The expression in the first parentheses will be(
− 2(n− 2)(n− 5)

n− 4
− 4

n− 4
+ 2

)
Skj =

−2(n2 − 8n+ 16)

n− 4
Skj = −2(n− 4)Skj .

So, from the upper equation there holds Rjk = Kjk − K−R
2(n−2)gkj − 2(n− 4)Skj and,

consequently

Skj =
Kjk−Rjk

2(n−4) − K−R
4(n−2)(n−4)gkj ;

SkaF
a
j = Kak−Rak

2(n−4) F a
j + K−R

4(n−2)(n−4)Fkj .

Now, after substituting the last two relations into (5.5), there will hold:
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(5.6)

Rijkl +
n−5

(n−4)2 [gkiRlj − gliRkj + gljRki − gkjRli − n−4
n−2R(gkiglj − gligkj)]

+ 1
(n−4)2 [RalF

a
j Fki −RakF

a
j Fli +RakF

a
i Flj −RalF

a
i Flj

+ R
n−2 (FkiFlj − FkjFli)] +

1
n−4 (RajF

a
i Fkl +

1
(n−2)RFjiFkl)

= Kijkl +
n−5

(n−4)2 [gkiKlj − gliKkj + gljKki − gkjKli

−n−4
n−2K(gkiglj − gligkj)] +

1
(n−4)2 [KalF

a
j Fki −KakF

a
j Fli +KakF

a
i Flj

−KalF
a
i Flj +

K
n−2 (FkiFlj − FkjFli)] +

1
n−4 (KajF

a
i Fkl +

1
(n−2)KFjiFkl).

Theorem 5.1. If the generator of a g−holomorphically-structurally semi-symmetric
connection on a hyperbolic Kählerian space is a gradient and if its curvature tensor,
besides of invariance under changing places of the first and the second pair of indices,
satisfies the first Bianchi identity, then the tensor on the left-hand side of (5.6) does
not depend on the choice of the generator.
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[8] N. Pušić, A note on curvature-like invariants of some connections on locally
decomposable spaces, Publ. de l’ Inst. Math. N. S. 94(108), (2013), 219–228.
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