Special odd-dimensional spaces with a symmetric
affine connection
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Abstract. Odd-dimensional spaces endowed with a symmetric affine con-
nection and an additional tensor structure are studied. The structure
under consideration is defined by the directional vector fields of a given
net. Equiaffine and Riemannian subspaces containing such structures are
characterized. A connection with torsion which preserves by parallel trans-
lation the additional structure is defined and studied.
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1 Introduction

Spaces with symmetric affine connections, Weyl spaces and Riemannian spaces with
additional tensor structures: almost product, almost paracontact and almost contact
are studied in [1, 2, 3, 4, 5, 9, 10, 11, 12].

By help of n independent vector fields, in [13, 14, 15], an apparatus for the study
of spaces with a symmetric affine connection and special compositions or nets is
constructed. This apparatus is applied to the study of triples of compositions in [2]
and almost paracontact and almost contact structures in [10].

In the present work, by help of the same apparatus, we study special odd-dimensional
spaces endowed with a symmetric affine connection and a covariantly constant affi-
nor. This affinor is defined by 2n independent vector fields and their reciprocal
covectors. The obtained results are applied to equiaffine and Riemannian spaces.
A non-symmetric affine connection which preserves by covariant differentiation the
considered affinor structure is defined and studied.

2 Preliminaries

Let As,4+1 be a space endowed with a symmetric affine connection V. The Christoffel
symbols of V are denoted by I' 5. Also, let us introduce the following notations

a, By, 0,v,0,T=1,2,....2n+ 1, ai,ag,...,asp11 =1,2,...,2n+1;

(21) 61752)"'1627%%1 =12..,2n+1, 7;7j7k7‘9:172a"'a2n'
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Let v° be independent vector fields. The net defined by v” is denoted by {v}. The

reciprocal covector fields %5 of the vector fields v” are determined by
«@

(2.2) Pli=t = v Vo = 0%,

where ¢% is the identity affinor.
Let {v} be the coordinate net. Then we have [13, 14]:

«

v (1,0,0,..,0), 4% (0,1,0,...,0) ey 0% (0,0,...,0,1);
(2.3)
2n+1

v
2
B0 (0,1,0,...,0) ..., 521 (0,0,...,0,1).

1
vq (1,0,0,...,0),
In addition to the usual coordinates 2% (o = 1,2, ...,2n+1), in A, 11 we introduce
coordinates with respect to the coordinate net {v} which will be denoted by 2. Then,
«

. 12 20+l
for an arbitrary vector field v® we have v®(u,u, ...,  u ).

The following derivative equations are known to be valid [15]:
(2.4) Voo’ =T, 0%, Vo i =—T, b5
In accordance to [14, 15], in the parameters of the coordinate net we have
(2.5) ”Z“U =17,

In the space As,41, we consider a composition X, x X, of two basic manifolds
X, and X, (p+ ¢ = 2n + 1), i.e. their topological product. Two positions (tangent
spaces) denoted by P(X,) and P(X,) pass thought each point of the space As,11
[6, 7]. According to [6], the coordinates u are adapted to the composition X, x X,.

It is known that a composition is completely defined by the affinor field a2, satis-
fying the condition agag = 0% [6].

The integrability condition of a? is given by azVia a’;] —adVig a’;] =016, 7.

Let us consider the following affinor

(2.6) a = uﬂéa — 0”7 T, .

By (2.2) and (2.6) it follows that agag = 0Y. Hence the affinor (2.6) defines a
composition X5, X X;. The projecting affinors are given by: 2(?& = pﬁzz;a and clzg =
2111271:1 [13, 14]. Obviously, v* € P(X2,) and QUil € P(Xy).

The composition Xa, x X is of the type (c,c) if the positions P(Xs,) and P(X;)
are translated parallelly along any line in the space Ag,41 [7]. According to [7], the
composition Xa, X X is of the type (c,c) if and only if in the adapted coordinates
the following conditions are valid:

(2.7) P2 =Tl g, =0.
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3 Spaces A,,.1 with additional affinor structures

Let As,+1 be a space with a asymmetric affine connection. Let us consider the
following affinor

(3.1) Agsz%a+vB%a+...+ VP %Z+v5va.
1 2 1 2n

2n+1 2n+1
a1 fao pQs v _ SV v B o B _
At A ALY AL, =05 LU0, Va s AazzH =0, Ag "vg =0.

According to (2.2), (2.3) and (3.1), in the parameters of the coordinate net {v}, the

2n x 2n real matrix (A7) is given by

0

S O =

o= O o
— o o o
o o oo
S oo
o o oo

(3.2) (A7) =

(63

[an}
en}
—
en}

We prove the following

Theorem 3.1. The condition

(3.3) V,A2 =0

holds if and only if the coefficients of the derivative equations (2.4) satisfy

1 2 3 2n i 2n+1
To=Ty=Ty=..=T,, T, =T, =0,
1 2 3 2n 2n+1 i
1 2 3 2n
T,=Te=T,=..= 1T,
QnU 1 7 2 7 anf
2 3 4 2n 1
TO':TO':TU: _TO'_TO')
2n 1 2 2n—2  2n-—1

(34) 3 4 5 2n 2 1
TO':TO':TU: —To—To:Taa
2n 1 2 2n—3 2n—-1 2n—2
4 5 6 2n 3 2 1
TU:TO':TU: :TO'_TO':TO':TO'7
2n 1 2 2n—3 2n—-1 2n—2 2n-3
2n—1 2n 1 2 2n—2
T, =T,=T,=T;=..= 1T, .
2n 1 2 3 2n—1

Proof. According to (2.4) and (3.1), equality (3.3) takes the form

v 2 2 v v 3 3 v
T, P04 — TovPvg + TovPv, — TovPy, + .4
(3 5) 1 v v 1 2 v v 2
’ v 52n 2n 8 v v 8 1 1 8.V
+ T, vPvy, — Ty v° vy + T ovPvy —TovPv, =0.
2n—1V v 2n—1 2n v v 2n
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The independence of the covector fields Vo implies that (3.5) is equivalent to the
following equalities:

v 1 2 3 4 2n

R L A L L i

v 1 2 3 4 2n

Tov? =TopP =Tot? =Totf =Tt —.. = To 0 =0,
Ju“avﬁfjl’gvﬁf%gvﬁf%ovﬁf%gvﬁf fQTnU P =0,

(36) 2 v 3 2n 31 3 3 3 3 2n—1
v 1 2 3 4 2n
Jo v =Top? =Tot! =TotP = Totf —.. = Ty 07 =0,

2 3 4 2n 1
T, P+ T, 0P+ Ty vP 4+ ..+ Ty, P + T, vP=0.
2n+11 2n+12 2n+13 2n+12n—1  2n412n
Since the vector fields v® are independent, equalities (3.6) are equivalent to conditions
1%

(3.4) which proves the statement. O

Let us introduce the following notations: T, = ¢, T2, =&, . ..., 2t = g
F<171 = Po-
Corollary 3.2. Equality (3.3) holds if and only if in the parameters of the coordinate
net {v} the Christoffel symbols satisfy
«@

leyl = ng == Fggn = Pos Ffv2n+1 = Fi?“ =0,
F<172n = Fgl = ng == F?fgnfl = SlOm
Fc272n = Fil = FiZ == 1—‘37217%2 = 1—‘[1727171 = éaa
(3'7) Fg% = F§1 = Fg? == Fg'gnfi% = ngnq = FL17'2TL72 = éw
F§2n = Fg'l = ng == Fggnfll = Fiznq = F§2n72 = F}Ians = :éa”
P2l op2e —rl o2 = =22
o2n ol o2 o3 o2n—1 a

Proof. In the parameters of the coordinate net {v} equality (2.5) holds which implies
the equivalence of (3.4) and (3.7). O

Corollary 3.3. If (3.3) holds, the composition Xa, x X1 defined by the affinor (2.6)
is of the type (c,c).

Proof. By (3.3) and Corollary 3.2 it follows that in the parameters of the coordinate
net {v} equalities (2.7) hold true. According to [7], equalities (2.7) imply that the

composition X, x X7 is of the type (c,c). |
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Ezample 1. Let Apqq be an equiaffine space with main n-vector eg,g,...8;,,,- I
the parameters of the coordinate net {v}, the main density of As,41 is denoted by
«

e = e1a. an+1. According to [8], the space Ag, 1 is equaffine if and only if

(3.8) e, =0, Ine.
Let (3.3) be valid. Equalities (3.7) and (3.8) imply
lel = F222 = = Fzénn = %81 In €, F%Zi% 2n+1 — 8277«4-1 lnea
Fia2n+1 = FQT'LH =0,
2n—3 2n—2 2n—1
P1= P2 = 3 = P4 = . = P = Pomt = Pom = =01lne,
2n—3 2n—2 2n—1
(3.9) P2 =Py =Py =05 = = Pan1 = P = P1 = gmOalne,
2n
2 2n—3 2n—2 2n—1 1
03 = P = P =P = = Pm = P1 = P2 = 5,031ne,
1 2 3 2n—3 2n—2 an—1
Pon =P = Pg = P3 = .. = Pon—3 = P2an—-2 = P2an—-1 = Qnaznhle

By (3.9) for the Ricci tensor we have Ropt1,2n+1 = 0, Rignt1 = —0i(02nt16).
Ezample 2. Let Ag,y1 be a Riemannian space with metric tensor gog and Levi-

Civita connection V with Christoffel symbols I'}, ;. Let (3.3) be valid. By (3.7) and

Vont+19ij = Vigan+1,2n+1 = 0 it follows that in parameters in the coordinate net {g}

ntl
(3.10) 9ij = 9i; (W), Gont1,2n41 = Gont1,one1 (U ).

According to [8], we have
1 \/
(3.11) 0,y = 2 |7

where g is the determinant of (gog).
Let in the parameters of the coordinate net

(3.12) Jap =0, a#B; gi; #0, 1#j;  ganti2n41 > 0.

Because of (3.11) and (3.12) equalities (3.7) take the form
F%l = ﬁal In vV lgl, F%Q = i% In V |g\, ~-~7F§Z,2n = ﬁﬁ% In vV lgl,
FgZI% 2n+1 — 82n+1 In V |g|

By (3.10), (3.12) and (3.13) we get

(3.13)

o 2n+1
(3.14) Gii = el )5iz’7 Gont12ny1 = F(Tu ),

where ;; = +1, and f(%) and F(znzjl) are arbitrary functions. According to (3.12)
and (3.14), the line element of the space is given by

2n+1 2n+1

ds? = e/ (21 (du)? + e22(dit)2 + ... + cp2n(d1)2) + FCa (a7 )2,
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4 Transformations of connections in A,

Let Ag, 41 be a space with a symmetric affine connection endowed with the additional
structure defined by (3.1) and satisfying (3.3). Let us consider the following covector

field
2n+1

o S0

p=1
In the parameters of the coordinate net {v}, according to (2.3), we have w4 (1,1, ..., 1).

We consider the connection 'V with Christoffel symbols 'T'” s defined by
'T4s =Top+ Tl
where the deformation tensor T,/5 is given by

[e3%

(4.1) TV = wa A%

Let the indices 7,5 € {1,2,...,2n} whenever 7,5 € {2,3,...,2n, 1}. Because of (3.2)
and (3.7), in the parameters of the coordinate net we have

A=t A=0 ThG A= A5, =0
T ="T;-T=wa; T4 =T, -T4; =0, j#i
TonZH =! FZ%H =0; T5,2n+1 =1 F§,2n+1 =0.

According to (4.1) and 'V, AY = V, A% + TY, A5, — TF, AL, we obtain 'V, A%, =

ocatlpy
VoA ie. the affinor V,AY is invariant under the transformation of V into V.

Thus, 'V, A% = 0 if and only if V, A% = 0.
Let R, 5, and 1Ra o, e the curvature tensors of V and 1V, respectively. Then
the following relation is well-known

(4.2) "Rogh = Ropy + VaTh, — VT, + ThsThy — ThsTo,-
By (4.2) and (4.1) we obtain

(4.3) 'Ropy. = Ragy. + 2V qwp Ay

In the parameters of the coordinate net, by (4.3) we have

(4.4) 1Ra/3j.i = Raﬂj?v J#1i, 1Ro¢6§.i = Raﬁf? + Viawg).

The second of the equalities (4.4) implies

1 i1 J_ i J
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