On the classification of some totally umbilical
submanifolds of C-manifolds
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Abstract. In this paper, we give some classifications of submanifolds
of C' -manifolds, particularly totally umbilical slant submanifolds and to-
tally umbilical C' R-submanifolds of globally framed type. Firstly, we show
that a totally umbilical slant submanifold M of a C-manifold M is either
an anti-invariant submanifold or an s-dimensional submanifold. Then
we prove that every totally umbilical proper slant submanifold of a C' -
manifold is totally geodesic. Last, we give the characterization of a totally
umbilical globally framed C R-submanifold M of a C-manifold M.
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Key words: Slant submanifold; totally umbilical; totally geodesic; minimal subman-
ifold; globally framed C R-submanifold; C-manifold.

1 Introduction

The submanifold theory is an important research topic in Differential Geometry since
the famous Nash’s embedding theorem. In time, several authors introduced some
different classes of submanifolds. In this work, we particularly focus on the slant
submanifolds and C'R-submanifolds.

The notion of slant submanifolds in the complex spaces was initiated by Chen ([7],
[8]). A slant submanifold is a natural generalization of both holomorphic and totally
real submanifolds. Since then, many researchers focused on this area and proved
the existence of these submanifolds in different known spaces ([5], [14], [19], [17]).
Recently, the first author defined the slant submanifolds of globally framed metric
f-manifolds in his Ph.D. thesis [1].

On the other hand, in 1978, Bejancu introduced the notion of C'R -submanifolds
of a Kahler manifold as a natural generalization of both the holomorphic and totally
real submanifolds of a Kéhler manifold. [2]. Then, a lot of researchers studied on the
C R-submanifolds using different structures ([3], [9], [10], [18]).

In the present paper, firstly, we consider slant submanifolds of C' -submanifolds and
we give some classifications of these type submanifolds under some certain conditions.
Secondly, we prove that a globally C'R-submanifold of a C-submanifold is totally
geodesic or the anti-invariant distribution D' is s-dimensional or a mean curvature
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vector H € T'(u1), where i denotes the orthogonal complementary distribution of p D+
in T+-M. Finally, we give some non-trivial examples.

2 Preliminaries

Let M be a (2n + s)-dimensional manifold and ¢ is a non-null (1, 1) tensor field on
M. If ¢ satisfies

(2.1) >+ =0,

then ¢ is called an f-structure and M is called a f-manifold [20]. If ranky = 2n,
namely s = 0, ¢ is called an almost complex structure, and if ranky = 2n + 1,
namely s = 1, then ¢ reduces an almost contact structure [12], where rankey is
always a constant [16].

On an f-manifold M, the operators P; and P, are defined by

(22) P1:_<)025 P2:@2+Ia
which satisfy

(23) P1+P2:Ia P12:P1a P22:P2;
P =Pio=¢, Pyp=pP,=0.

These properties show that P; and P, are the complement projection operators. So

there are D and D+ distributions with respect to P; and P, operators, respectively
[21]. Also, we have dim (D) = 2n and dim (D+) =s.

Suppose that M is a (2n + s)-dimensional f-manifold and ¢ is a (1, 1) tensor

field, & is a vector field and 7’ is 1-form for each 1 < k < s on M, respectively. If
(¢, &, n*) satisfies

(2.4) (&) = 8,

and

(2.5) =T+ "o,
k=1

then (gp, &k, 0P ) is called a globally framed f-structure or simply framed f-structure
and M is called a globally framed f-manifold or simply framed f-manifold [15]. For
a framed f-manifold M, the following properties are satisfied [15].

(2.7) n*op=0.
On a framed f-manifold M, if there exists a Riemannian metric satisfying

(2.8) " (X) = g(X, &),
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and

S

(2.9) g(eX, oY) =g(X, V)= > " (X)n*(V),
k=1

for all vector fields X, Y on M, then M is called a framed metric f-manifold [11].
On a framed metric f -manifold, the fundamental 2-form ® can be defined by

(2.10) (X, Y)=g(X, ¢Y),

for all vector fields X, Y € x (M) [11]. For a framed metric f-manifold, if

(2.11) Ny +2) dnf ¢,
k=1

holds, then M is called a normal framed metric f-manifold, where N, denotes the
Nijenhuis torsion tensor of ¢ [13].

If a globally framed metric f-manifold satisfies d® = 0 and dn* = 0 for each
1 < k < s, then it is called a C-manifold. On a C-manifold M,

(2.12) (Vxe)Y =0,

holds for each vector fields X, Y € x (M) [4].

Now, let M be a submanifold immersed in M. We denote the induced metric on
M by g. Let TM be the Lie algebra of vector fields in M and T+M the set of all
vector fields normal to M. Denote by V and V the Levi-Civita connections of M and

M, respectively. Then, the Gauss and Weingarten formulas are given by

(2.13) VxY =VxY +h(X,Y)
and
(2.14) VxV =-AyX + V3V

respectively, for any X, Y € TM and any V € T+M. Here, V= is the normal
connection in the normal bundle, A is the second fundamental form of M and Ay is
the Weingarten endomorphism associated with V' [6]. On the other hand, there is a
relation between Ay and h in the following [6]

(2.15) gAvX, V) =g (h(X,Y), V).

1
The mean curvature vector H is defined by H = —traceh, where m is the dimen-

m
sion of M. M is said to be minimal, totally geodesic or totally umbilical if H vanishes
identically, h = 0 and

(2.16) h(X, Y)=g(X, Y)H,
respectively [6]. Furthermore, the second fundamental form h satisfies [6]

(2.17) (Vxh) (Y, Z)=Vxh(Y, Z)—h(VxY, Z)—h(Y, VxZ).
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3 Submanifolds of globally framed metric f-manifolds

In this section, we recall some basic properties of submanifolds of a globally framed
metric f-manifold. We give the following definition, corollary and propositions from

[1].

Definition 3.1. Let M be a globally framed metric f-manifold and M a submanifold
of M. For all X € T'(T'M), we can write

(3.1) 90X =TX + NX,

where T'X and N X are called the tangent and normal components of ¢ X, respectively.
Similarly, for each V € T" (TJ-M ), we have

(3.2) eV =tV +nV,
where tV is the tangent component and nV is the normal component of pV.

Corollary 3.1. Let M be a globally framed metric f-manifold and M a submanifold
of M. Then the following identities hold

(3.3) T2 = —I+3%_ nff @& —tN, NT+nN =0,

(3.4) Tt+tn=0, Nt+n?=-I,
where I denotes the identity transformation.

Proposition 3.2. Let M be a globally framed metric f-manifold and M a submanifold
of M. Then, T and n are the skew-symmetric tensor fields.

Proposition 3.3. Let M be a globally framed metric f-manifold and M is a sub-
manifold of M. Then, for X e T (TM) and V €T (TLM), we have

(3.5) g(NX, V) =—g(X, tV),
which gives the relation between N and t.

Proposition 3.4. Let M be a globally framed metric f-manifold and M is a subman-
ifold of M. Then, for X, Y € T'(TM) and V € T (TJ-M), the following identities
hold:

(3.6) (Vxp)Y =VxpY —oVxY
(3.7) (VxT)Y = VxTY - TVxY,
(3.8) (VxN)Y = VyNY — NV,

(3.9) (Vxt) V = VxtV —tVxV,
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(3.10) (Vxn)V =VynV — nVyV,

(3.11) (VxT)Y + (VyT) X = AnxY + Ayy X +2th (X, Y),

(3.12) (VxN)Y + (VyN) X =2nh(X, Y)—h(X, TY) - h(Y, TX),
(3.13) (Vxt)V =A,wX —TAy X,

(3.14) (Vxn)V =—h(tV, X) - NAyX,

where h is the second fundamental form, V is the Levi-Civita connection and Ay is
the shape operator corresponding to the normal vector field V.

4 Geometry of slant submanifolds of C'-manifolds

Firstly, we recall the following two definitions, theorem and corollary from [1].

Definition 4.1. Let M be a globally framed metric f-manifold and M a submanifold
of M. Then, the tangent bundle TM of M can be decomposed as

S
(4.1) TM = Dy ® &,
k=1

where for each 1 < k < s the & is the distribution spanned by the structure vector
fields &, and Dy is the complementary of distribution & in T'M, which isknown as
the slant distribution on M.

Theorem 4.1. Let M be a globally framed metric f-manifold and M a submanifold
of M. Then, M is a slant submanifold if and only if there exists a constant u € [0, 1]
such that

(4.2) T? = —p (I—ZM@@).
k=1

Moreover, if 0 is the slant angle of M, then p = cos? 6.

Corollary 4.2. Let M be a slant submanifold of a globally framed metric f-manifold
M with a slant angle 0. Then for any vector fields X, Y € T'(TM), we find

(4.3) g(TX, TY) = cos* 0 {g (X, Y)— Z n* (X)nk (Y)}
k=1

(4.4) g(NX, NY) = sin* {g (X, Y)Y o (00t <Y>} -
k=1
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Definition 4.2. Suppose that M is a submanifold of a globally framed metric f-
manifold M and tangent to the structure vector fields & for each 1 < k < s. For

each nonzero vector X tangent to M at p, we denote by 6 (X) with 0 < 6 (X) < g,

the angle between X and T,M, known as the Wirtinger angle of X. If the 6 (X) is
constant, that is, independent of the choice of p € M and X € T,M — {&;}, for each
1 <k < s, then M is said to be a slant submanifold and the constant angle 6 is called
a slant angle of the slant submanifold.

Here, if # = 0, M is an invariant submanifold and if § = g, then M is an anti-

invariant submanifold. A slant submanifold is proper slant if it is neither an invariant
nor an anti-invariant submanifold.
Now, we give the main results for this section. Firstly, we prove the following.

Theorem 4.3. Let M be a totally umbilical slant submanifold of a C-manifold M.
Then at least one of the following statements holds.

i) M is an anti-invariant submanifold.

1) M is an s-dimensional submanifold.

iit) If M is a proper slant submanifold, then H € T (u), where H is the mean
curvature vector of the submanifold of M and 1 denotes the orthogonal complementary
distribution of @D+ in T+M.

Proof. Let M be a totally umbilical slant submanifold of a C-manifold M. Then we
have

(4.5) WTX,TY)=g(TX, TY)H,

for any X, Y € I'(T'M) . From (2.13) and (4.3), we obtain that

(4.6)  VoxTX —VrxTX = cos®0 {g (X, X)+ > 0" (x)n" (X)} H.
k=1

Using (3.1) and since M is a C-manifold, we deduce that

(47)  ©VrxX —VoxNX — VpxTX = cos? 0 {||X|2 +> 0" (X)]z} H.
k=1

On the other hand, using (2.13) and (2.14) then we derive

(4.8) oVrxX +¢h(X, TX)+ AnxTX —VFyNX — VrxTX
= cos?0 {||X|2 +> [ (X)]Q} H.
k=1

Thus by (3.1) and (2.16), we get

(4.9)  TVrxX +NVrxX +g(TX, X)pH + AnxTX — VayNX — VoxTX

= cos?f {||X|2 +Y [ (X)]Z} H.
k=1
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Considering the normal components of the last equation, we have
- 2
(4.10) NVrxX — VEgNX = cos? {|X||2 + > [ (X)] } H.
k=1
Moreover, using (4.4), we deduce
(4.11) g(NX, NX)=Sin29{g(X, X)—Zn’“(X)n’“(X)},
k=1

for any vector field X € I (T'M). Taking the covariant derivative of the above equation
with respect to T'X, we conclude

29 (M4 X, NX) = 2sin29g(ﬁTXX X)

—2sin? 92{77 9 (VrxX, &) +n"(X)g (X, Vox&)}.

In view of the property of metric connection V, since the last two terms of the right-
hand side are cancelling each other, then we get

(4.13) 9 (VrxNX, NX) =2sin*0g (Vrx X, X).
Now, by using (2.13) and (2.14), we obtain
(4.14) 9 (VixNX, NX) =2sin’0g (Vrx X, X).

Taking the inner product of (4.10) with NX, then we derive
(4.15)

9(NVrxX, NX)—g(VrxNX, NX) = cos’ 0 {||X||2 + [ (X)]z} g(H, NX)
k=1

for any vector field X € I'(T'M) . Then from (4.4) and (4.14), we get
(4.16)

—sin ezn g(VrxX, &) = cos®0 {|X||2+Z[n’“ (X)]Q}g(H, NX
k=1

From (2.13), we get
(4.17)

—sin 9277 9 (VrxX, &) = cos? 0{||X|| +Z X)] }g(H, NX).

k=1

The fact that V is the metric connection, then the last equation can be written as
(4.18)

—sin 9217 9 (X, Vrx&) = cos? 0{||X|| +Z X)] }g(H, NX).

k=1
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For each 1 < k < s, since M is a C-manifold. thus we have Vyx&, = 0 and using
this fact, the left hand side of the above equation vanishes identically, then we get

(4.19) cos29{|X||2+Z[nk (X)]Q}g(H, NX)=0.
k=1

So, from (4.19), we deduce that either § = g or X =&, or H €T (u), where p is the
invariant normal subbundle orthogonal to NT' M. Thus, the proof is completed. [

Theorem 4.4. Every totally umbilical proper slant submanifold M of a C-manifold
M is totally geodesic, if VxH € T (), for X € T (TM).

Proof. By the fact that M is a C-manifold, then we get

(4.20) VxpY = pVxY,

for any X, Y € I'(TM) . Using (4.20) and from (2.13) and (3.1), we obtain

(4.21) VxTY +VxNY =TVxY + NVxY +ph(X, Y),

for any X, Y € T'(T'M) . Then taking in account of (2.13), (2.14) and (2.16), we have
(4.22) VxTY +h (X, TY) — Any X + VENY = TVxY + NVyY +g(X, V) pH.

Taking the inner product of (4.22) with ¢H and using H € T' () and in view of
Theorem 2, we conclude

(4.23) g(h(X, TY), oH)+ g (VxNY, ¢H) = g(X, Y)g(¢H, ¢H).
Then by using (2.9) and (2.16), we get

(4.24) g(X, TY) g (H, ¢H)+g (VxNY, pH) = g(X, Y) |H|?,

which means

(4.25) g (VXNY, oH) = g(X, Y)[|H|.

Now, considering

(4.26) ﬁx(pH = (pﬁxH,

for any X € T'(TM). From (2.14), we have

(4.27) ~AonX +VxpH = ¢ (~AnX + V% H).

Thus, by using (3.1) and (3.2), we obtain

(4.28) ~AonX +VxpH = —-TAyX — NAgX +tVxH +nV%H.

Taking the inner product with NY, for any Y € I' (T’ M), then we derive

(4.29) 9 (VxeH, NY)=—g(NAyX, NY)+g(nVxH, NY).
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As nV%H €T (i), then from (4.4) the above equation takes the form
(4.30) 9 (VxeH, NY) = —sin®0 {g (ApX, Y)— an (AgX)nk (Y)} .
k=1

Using (2.14), (2.15) and (2.16), we deduce
(431)  g(VxeH, NY) = —sin®0 {g (X, )= 3o (X <Y>} 1H]*.
The last equation can be written as
4.32) g (v)izvy, ng) = —sin?0 {g (X, Y) - Zsjnk' (X) 7t (Y)} IH|? .
Now using H € T' (i), then by (2.14), we get

(4.33) g (VXNY, pH) = —sin0 {g (X, V)= 0" ()" (Y)} |H|*.
k=1
Finally, by using (4.25) and (4.33), we conclude

(4.34) {0052 0g (X, Y) + sin? eink (X)n" (Y)} |H|* = o,
k=1

which implies that either H = 0 or § = tan™? (\/g (X, Y)/ > nfF(X)nP (Y)) :
This is not possible, because the slant angle § € (0, 7/2). Hence, M is totally
geodesic in M. O

5 Globally framed C'R-submanifolds of C-manifolds

In this section, we focus on the globally framed C R-submanifolds. Firstly, we recall
the definition and then we give some basic properties.

Definition 5.1. Let M be a globally framed metric f-manifold and M be an isometric
immersed submanifold of M. If there is a differentiable distribution D : p — D, C
T,M on M satisfying the following conditions, then M is called a globally framed
C R-submanifold of M[1].

1) For each 1 <k < s,& € D.

2) D is invariant under ¢ tensor field, i.e., for any point p € My (D)) C T,M.

3) The orthogonal distribution D+ : p — DpL C T, M satisfies ¢ (le) - TPLM for
each point p € M.

If neither D = {0} nor D+ = {0}, then M is called a proper globally framed
C R-submanifold.
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Lemma 5.1. Let M be a_globally framed metric f-manifold and M be a globally
framed C R-submanifold of M. Then we have

(5.1) 0 =TE + N =0
and
(5.2) T =0, N&=0

foreachl <k<sand{, €I'(D)CT(TM) [1].

Definition 5.2. Let M be a globally framed metric f-manifold and M be a globally
framed C'R-submanifold of M. Also, let u be orthogonal distribution of ¢ (DL) in
T+M and then we have

(5.3) T+M =¢ (D)@ p, ple (D).
The dimension of (go (DJ-))J' is even since it is invariant subbundle [1].

Now, let M be a globally framed metric f-manifold and M a proper globally
framed CR-submanifold of M. Then, for any X € ' (T M), we have

(5.4) X=PX+PX+Y 0" (X)&,
k=1

where Py and P, are the orthogonal projections from TM to D and D, respectively.
For a globally framed C R-submanifold, from (3.1) and (5.4), we get

TX =P X, NX =pPX.

Let M be a globally framed C R-submanifold of a C-manifold M, then for any X, Y €
I'(D*) and Z € T'(TM), we deduce

9y X, Z) =g (h(X, Z), ¢Y).
By using (2.13), we get
g(Apy X, Z) =g (VzX, oY) =—g(pVzX, Y).
From (2.12), we have
g(Apy X, Z)=—g (vzg0X, Y) )
Hence, using (2.14), we obtain
g(Apy X, Z) =g(ApxZ, Y) =g (h(Y, Z), pX).
Now, from (2.13), we derive

9(Apy X, Z)=g(VyZ, oX)=—-g(Z, VyeX).
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Then, using (2.14), we have
g(Aey X, Z2) =g(AuxY, Z).
Thus, for a globally framed C'R-submanifold of a C-manifold we infer
(5.5) Ay X = A xY,
for all vector fields X, Y €T’ (DJ-) . On the other hand, we obtain

g([X7 Y]a SDZ) = Q(WXY*W}/X, QOZ)
= g(eVyX —VxY, Z),

for any vector field Z € T'(D @ (&) 1 < k < s and for all vector fields X, YV €
I' (D). Hence, from (2.12) and (3.6), we deduce

= g(AprX—A(pXYY, Z)

Thus, using (5.5), we obtain g ([X, Y], ¢Z) = 0 which means [X, Y] € I (D+) for
any X, Y el (DJ-) . This implies that D= is integrable.
Hence, we have the following theorem.

Theorem 5.2. Let M be a globally framed CR-submanifold of a C-manifold M.
Then, the distribution D+ is completely integrable.

Now, for all vector fields Z, W € T' (D @ (&) 1 <k <'s, we get
h(Z, TW) +VzTW =V zTW =V zpW.
Since M is a C-manifold, then using (2.12) and (3.6), we conclude
h(Z, TW) +VzTW = oV zW.
Now, in view of (2.13), (3.1) and (3.2), we have
h(Z, TW)+VzTW =TV ;W + NVW +th(Z, W) +nh(Z, W).

Considering the normal components of the last equation, we derive
(5.6) NV ;W =h(Z, TW) —nh(Z, W).
In a similar way, we get
(5.7) NVwZ =h(W, TZ) —nh(Z, W)
Hence from (5.6) and (5.7), we deduce
(5.8) N[Z, W|=h(Z, TW)—h(W, TZ).

Thus, we give the following theorem.
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Theorem 5.3. Let M be a globally framed C R-submanifold of a C-manifold M. Then
for each 1 < k < s, the distribution D @ (&) is integrable if and only if h (Z, TW) =
h(W, TZ) for any vector fields Z, W € T' (D @& (&)) .

Now, we give main theorem of this section in the following:

Theorem 5.4. Let M be a totally umbilical globally framed CR-submanifold of a
C-manifold M. Then at least one of the following statements is true

1) M is totally geodesic,

ii) dim (D+) = s,

1i1)the mean curvature vector H € T' (u) .

Proof. As M is a C-manifold, we get
VxpY = ¢VxY,

for all vector fields X, Y € I' (D*). Since M is totally umbilical, from (2.13) and
(2.14), we obtain

(5.9) —g(H, ¢Y) X +VxpY =pVxY +g(X, Y)pH.
Taking the inner product of (5.9) with X € I' (D), we have
(5.10) g(H, oY) |X|* = g(X, Y)g(H, ¢X).
Interchanging X and Y in (5.10), we derive

(5.11) g(H, oX)|Y|]* = g(X, Y)g(H, V).

Then, from (5.10) and (5.11), we conclude

g(X, Y)*
H, oX)=L12 ) 0l oX),
o ) = e U e
which implies
(5.12) g(H @X){l—M} _
’ 1X11* 1Y)

If at least one of the following
i) H=0, i) X|Y, i) HlLoD>.

holds, then the last equation has a solution. This completes the proof. O

6 Examples

Example 6.1. Let (C47 J, h) be a 4-dimensional Kéhler manifold with complex
structure J and the Euclidean Hermitian metric h. Then it is a flat manifold of real
dimension 8. Hence M = C* x R* is a C-manifold with structure vector fields &, =



On the classification of some totally umbilical submanifolds of C-manifolds 13

%, the dual 1-forms n* = dt;, for each 1 <k < s and the metric g = h+>_;_, dt3.
k

Now, consider M = R* x S?, where S? is 2-dimensional unit sphere which is a totally
real submanifold of C*. Then M is a globally framed CR-submanifold of M with
the invariant distribution D = R3, anti-invariant distribution D+ T (82) and the
2-dimensional distribution (&, &) = R?.

Example 6.2. Let M be a Kihler manifold. Then M x R* is a C-manifold with
the usual product structure. Let M be a slant submanifold of a Kéhler manifold M.
Then M x R?® is a slant submanifold of globally framed type of C-manifold M x R?®.
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