Riemann-Lagrange geometric dynamics for the
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Abstract. In this paper, using Riemann-Lagrange geometrical methods,
we construct a geometrical model on 1-jet spaces for the study of multi-
time relativistic magnetized non-viscous plasma, characterized by a given
energy-stress momentum distinguished (d-) tensor. In that arena, we give
the conservation laws and the continuity equations for multi-time plasma.
The partial differential equations of the stream sheets (the equivalent of
stream lines in the classical semi-Riemannian geometrical approach of
plasma) for multi-time plasma are also written.
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1 Introduction

During that so-called the radiation epoch, in which photons are strongly coupled
with the matter, the interactions between the various constituents of the Universal
matter include radiation-plasma coupling, which is described by the plasma dynamics.
Although it is not traditional to characterize the radiation epoch by the dominance of
plasma interactions, however, it may be also called the plasma epoch (please see [5]).
This is because the electromagnetic interaction dominates all the four fundamental
physical forces (electrical, magnetic, gravitational and nuclear).

In the present days, the Plasma Physics is an well established field of Theoretical
Physics, although the formulation of magnetohydrodynamics in a curved space-time
is a relatively new development (please see Punsly [11]). The MHD processes in an
isotropic space-time are intensively studied by a lot of physicists. For example, the
MHD equations in an expanding Universe are investigated by Kleidis, Kuiroukidis, Pa-
padopoulos and Vlahos in [5]. Considering the interaction of the gravitational waves
with the plasma in the presence of a weak magnetic field, Papadopoulos also investi-
gates the relativistic hydromagnetic equations [10]. The electromagnetic-gravitational
dynamics into plasmas with pressure and viscosity is studied by Das, DeBenedictis,
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Kloster and Tariq in the paper [2]. In their paper, the authors derive the relativistic
Navier-Stokes equations that govern plasma.

It is important to note that all preceding physical studies are done on an isotropic
four-dimensional space-time, represented by a semi- (pseudo-) Riemannian space with
the signature (+,+,+, —). Consequently, the Riemannian geometrical methods are
used as a pattern over there.

Geometrically speaking, using the Finslerian geometrical methods, the plasma
dynamics was extended on non-isotropic space-times by V. Girtu and Ciubotariu in
the paper [3]. More general, after the development of Lagrangian geometry on tangent
bundle, due to Miron and Anastasiei [6], the generalized Lagrange geometrical objects
describing the relativistic magnetized plasma were studied by M. Girtu, V. Girtu and
Postolache in the paper [4].

According to Olver’s opinion [9], we appreciate that the 1-jet fibre bundle is a basic
object in the study of classical and quantum field theories. For such a reason, using
as a pattern the Miron-Anastasiei’s geometrical ideas [6], the author of this paper
recently developed in the paper [7] that so-called the ”multi-time Riemann-Lagrange
geometry” on 1-jet spaces, in the sense of d-connections, d-torsions, d-curvatures,
gravitational and electromagnetic geometrical theories. We would like to point out
that the geometrical construction on 1-jet spaces exposed in the article [7] was initiated
by Asanov in [1] and further developed by the author of this paper. In this geometrical
context, the aim of this paper is to create a multi-time extension on 1-jet spaces of
the geometrical objects that characterize plasma in semi-Riemannian and Lagrangian
approaches. Thus, we introduce the energy-stress-momentum d-tensor of the ”multi-
time plasma” and we give the geometrical-physical equations which govern it.

2 The semi-Riemannian geometrical approach.
Plasma in isotropic space-times

Let SR, = (M", ¢;;(x)) be a semi-Riemannian manifold, where M™ is an n-dimensional
smooth manifold, whose coordinates are x = (xi)i:ﬁ, and ¢;;(x) ia a semi-Riemannian
metric having a constant signature. From a physical point of view, ¢;;(x) play the
role of gravitational potentials. Note that, throughout this paper, the Latin letters
run from 1 to n and the Einstein convention of summation is assumed. Let us consider
the Christoffel symbols of the semi-Riemannian metric ¢;;, which are given by

. (pim (a@jm a(Pkm 8<ij>
Yik = 5 :

(2.1) 2 Oxk Oxi  Oxm

The Christoffel symbols (2.1) produce the Levi-Civita covariant derivative

Tkg...;p = azlp + Tli ’Vmp + Tkl..:'.’ﬂnp + - Tn{l___’ykp - Tkzn,,_'ylp T ey
where
T = Tij'“(av)i ® o ® dz* @ da' ®
KA 5t ga

is an arbitrary tensor on M.
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Remark 2.1. The Levi-Civita covariant derivative has the metrical properties
Pijk = @ij;k =0.

To define the energy-stress-momentum tensor 7 = T;;(x)dz’ ®da7, that character-

ize the relativistic magnetized non-viscous plasma, we need the following geometrical
objects [2], [4]:

1. the unit velocity-field of a test particle, given by

0

U:Ui(z)@7

where, if we denote u; = ;,u™, then we have u;u’ = 1. Note that, physically
speaking, if V = v'(z) (0/0z") is the fluid space-like velocity vector, then we

have
/U’L

;
/(PrsvT/US

ui:

2. the 2-form of the (electric field)-(magnetic induction) is given by
H = H;j(x)dz" A da’
and the 2-form of the (electric induction)-(magnetic field) is given by
G = Gyj(z)dz" N da?.

Note that, in physical applications, one takes H = —G = F/,/ug, where F is
the electromagnetic field and g is the electromagnetic permeability constant.

3. the Minkowski energy tensor of the electromagnetic field inside the plasma is
given by the tensor E = E;j(z)dz’ ® dz?, whose components are

1 T8 78
E;; = Z%‘jHrsG + " H; Gy,

where G™° = ¢"Pp*1G),. In order to obey the relativistic Lorentz equation of
motion for a charged test particle, the following Lorentz condition is required
[2]:

(2.2) E" u' =0,

im

where " = ¢"PE,;. Obviously, using the notations H* = ¢™PH,,, and G} =
p"*Gg;, then we have

EP = ia;"HmG*s ~ HI'GY,

where §;" is the Kronecker symbol.
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In this physical context, the components of the energy-stress-momentum tensor of
plasma are defined by (please see [2], [3], [4])

p
(2.3) Ti = (p+5) uiv + P + By,

where ¢ = const. is the speed of light, p = p(z) is the hydrostatic pressure and
p = p(x) is the proper mass density of plasma.

In the Riemannian framework of plasma, it is postulated that the following con-
servation laws for the components (2.3) are true:

(2.4) T =0,

where p
T =" T = (o ) R 4 Y

By direct computations, the conservation equations (2.4) become

(2.5) KP + %) Um] u; + (P + c%) u Uiy + P — irF =0,

3

where p; = Op/0z' and F" = —" E,, is the Lorentz force.

Contracting the conservation equations (2.5) with u’ and taking into account the
Lorentz condition (2.2), we find the continuity equation of plasma, namely

1Y m m o__
(2.6) {(p + 0—2) u ];m +pnu™ =0,

where we also used the equalities

. 1 ) )
3 1 1
0= Uil = 3 (uiu ) = —Uism U,

”

the comma symbol ” ,;,” representing the partial derivative 0/0x™.
Replacing the continuity law (2.6) into the conservation equations (2.5), we find
the relativistic Fuler equations for plasma, namely

(2.7) (p+5) timt™ = Pon (W™ = ) = Qi F" = 0.

If we put now u™ = dz™ /ds into Euler equations (2.7), we find out the equations
of the stream lines of plasma, which are given by the second order DE system

d2zk 2 dz” dx™ 2
+ [ k k } Tk _ (pkmpﬁm] ,

_ S ar- _
ds? Trm p + pc? rPom | 08 Tds p + pc? [

where s is the natural parameter of the smooth curve c = (wk (s))]€=1 —.

3 Generalized Lagrangian geometrical approach.
Plasma in non-isotropic space-times

Let GL" = (M", g;;(z,y), N;(m,y)) be a generalized Lagrange space (for more de-
tails, please see Miron and Anastasiei [6]). Let us consider that the tangent bundle
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TM, as smooth manifold of dimension 2n, has the local coordinates (x’,yl)

i=1,n "
Then, g;;(x,y) is a metrical d-tensor on T'M, which is symmetrical, non-degenerate
and has a constant signature on TM\{0}. The local coefficients N (x,y) are the com-
ponents of a nonlinear connection N on T'M. The nonlinear connection N = (Nj’)
produces on T'M the following dual adapted bases of d-vectors and d-covectors:

{ 0 0 } C X(TM), {da’,6y'} C X*(TM),

dat’ Oyt
where 5 5 5
S = D U g 0y =dy' + N, dz

Note that the d-tensors on the tangent bundle T'M behave like classical tensors. For
example, on T'M we have the global metrical d-tensor

G= gijd:vi ® da’ + gl-jcsyi ® 6y’

which is usually endowed with the physical meaning of non-isotropic gravitational
potential.

Following the geometrical ideas of Miron and Anastasiei from [6], the generalized
Lagrange space GL™ produces the Cartan canonical N-linear connection

CT(N) = (L;"lw C;k)) ,

where

2 dxk oxd oxm

9" (9gjm L Ogkm  Ogjk
2 Oyk oyI oy™ )’

9™ (6gim  Sgkm  Ogjk
i L

(3.1)

-
Ciy, =

Further, the Cartan linear connection CT'(N), given by (3.1), induces the horizontal
(h—) covariant derivative

g SDY o . . iy iy
2Je. kl... mj... 74 im... 7 J i Tm _ g m
Dy = g D Ly o+ Dy Ly + o = Dy Ly = D L — .

and the vertical (v—) covariant derivative

oDy oo i ; ;
DIy = Sphe + DI Cly + DI Chy 4 = Dl Oy~ D Cfp =
where

5 9
D =Dy (z,y)55® 9y © dz* @ 6y' ® ...

is an arbitrary d-tensor on T'M.

Remark 3.1. The Cartan covariant derivatives produced by CT'(N) have the metrical
properties N N
Gijlk = g”|k =0, gij|k = 9”|k =0.
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For the study of relativistic magnetized non-viscous plasma in the non-isotropic
space-time GL", one uses the following geometrical objects [4]:

1. the unit velocity-d-field of a test particle is given by

» 0
U= U’Z(m?y)aiylw

where, if we use the notation €% = g,,yPy? > 0, then we put u’ = y'/e. Obvi-
ously, we have u;u’ = 1, where u; = g;mu™;

2. the distinguished 2-form of the (electric field)-(magnetic induction) is given by
H = H;;(x,y)dz" A da?;
3. the distinguished 2-form of the (electric induction)-(magnetic field) is given by
G = Gij(z,y)dx' A da?;
4. the Minkowski energy d-tensor of the electromagnetic field inside the non-
isotropic plasma is given by
E = E;j(z,y)ds' @ d2? + E;j(z,y)6y" @ 6y’.

The Minkowski energy adapted components are defined by

1 T8 T8
E;; = ZginrsG P+ 9" HyGjs,

where G"* = g"P¢*4G,,, and they must verify the Lorentz conditions

(3.2) mout =0, EM|nut =0,

ilm
where E" = ¢g"PEy;. If we denote H" = ¢"PH,,, and G} = ¢g"°G;, then we
have 1
EmM = Zd;”H,«sG” — HG;.

The energy-stress-momentum d-tensor, that characterize the relativistic magne-
tized non-viscous plasma in a non-isotropic space-time, is defined by the distinguished
tensor [4]

T = Tij(z,y)dz' @ da? + Tij(z,y)6y" @ 0y,

whose adapted components are
P
(3.3) Ti = (p+ 5) uiv + pgis + By,

where ¢ = constant, p = p(z,y) and p = p(x,y) have the similar physical meanings
as in the semi-Riemannian case.

In the Lagrangian framework of plasma, one postulates that the following conser-
vation laws for the components (3.3) are true [4]:
(3.4) m =0, T m =0,
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where p
T =g T = (g ) O B

By direct computations, the conservation equations (3.4) become

P\ P\ m B _
p+ =) u ut+(p+ <) u" Uy, + P — girF" =0,
& |m &

(o))

where p ; = 0p/dz’, py; = Op/dy’ and }’“ =—g"E], (.}}:7" = —g"*E"™|p, respec-
tively) is the horizontal (vertical, respectively) Lorentz force.

Contracting the conservation equations (3.5) with u’ and taking into account the
Lorentz conditions (3.2), we find the continuity equations of plasma in a non-isotropic
medium:

(3.5)

v

wit (p ) Wil + Pa — g0 FT =0,

m

()], + P =0,
(3.6) I
[(p + C%) um] ‘m =+ p#mum = 07

where we also used the equalities

_ i i _ i
0= Ui, = (uiu )”m = —Ujjmt’,

HMM—*

0= ulul|m = 5 (uiul)#m = —ui|mu’,
the symbols ” ,,” and ”4,,” being the derivative operators 6/dz™ and 9/9y™.
Replacing the continuity laws (3.6) into the conservation equations (3.5), we find
the relativistic Euler equations for non-isotropic plasma, namely

7

h
( 7) (p + CB2> ullmum —P,m (umuz - 6;11) — g?,m]:m — 07
3.

p v

(p + 6—2) Ui|mU™ — P (WU — 07") — GimF ™ = 0.
If we take now y™ = dz™ /dt, then we have
1 da™  da™ dz’ g

g dt ds dt dt’

Introducing this u™ into Euler equations (3.7), we obtain the equations of the stream
lines for non-isotropic plasma, which are given by the following second order DE
systems:

m

5(2) = g;j(z, dz/dt)

e horizontal stream line DEs:

d?z* c? dx” dax™ c? h

2 + Lfm - 2 fp ,m S T | o -Fk 7gkmp”m +
ds P+ pc ' ds ds p + pc
_‘_ij1 dz™ NP g, dz" dx™ da®

o ds eg ds ds ds

NI, 0gpq da? dad da™ da®
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e vertical stream line DEs:
c? dz" dx™ c?
Ofm - 726513#7” e . T . 2
P+ pc ds ds P + pc
1 0gpq dzP dzd dx” dzF

2 0y" ds ds ds ds’

v
l:]:k - gkmp#m:| +

Remark 3.2. If the metrical d-tensor g;;(x,y) is Finslerian one, that is we have

1 0%F?
gij(xay) = §Wa

where F' : TM — R, is a Finslerian metric, then the DEs of stream lines of plasma
in non-isotropic spaces reduce to

e horizontal stream line DEs:

d?z* { 5 A } dz” dz™ 2

h
|:fk _ gkmp”m] +

ds? "M b+ pe? ] I P p + pc?
2 dx” dz®
Z gk - LGP .

7 [ I Tds } ’

e vertical stream line DEs:

m dx™ dx® v
P#m [9 k—ids ds} :]:k,

where, if the generalized Christoffel symbols of g;;(z,y) are

gm (agjm OGrm 5gjk>

(@ y) = 2 oxk oxJ oxm

then we have 1
GM = ST y)y"y".

4 The Riemann-Lagrange geometrical approach.
Multi-time plasma

Let us consider that (7%, hog(t)) is a Riemannian manifold of dimension p, whose local
coordinates are (t*),_75. Suppose that the Christoffel symbols of the Riemannian
metric hap(t) are s 4(t). Let JYT, M) be the 1-jet space (it has the dimension

p + n + pn) whose local coordinates are (t*, z%, z¢ ). These transform by the rules

t =t (tP)
7 =7 (a))
0T o

Yo T Dui gra P
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where det (8?0‘ /0tP) # 0 and det (92%/927) # 0. Note that, throughout this work,
the Greek letters run from 1 to p, and the Latin letters run from 1 to n.

Let GML) = (J YT, M), Ggf))((ﬁ ) = pob gij) be a multi-time generalized Lagrange
space (for more details, please see Neagu [7]), where g;; (t”’,xkgzc’fy) is a metrical d-
tensor on J!(T, M), which is symmetrical, non-degenerate and has a constant signa-
ture.

Let us consider that QMEZ is endowed with a nonlinear connection having the
form [7]

— (B o i (4)
D= (M = g7, NG),)-
The nonlinear connection I' produces on J* (T, M) the following dual adapted bases
of d-vectors and d-covectors:

J J 0 1 (e i A *( 7l

where
0 i 0 0 0 (m) O

8:1:21 ’ Sxi Oxt (Wi 3121 ’

i g i (4)
ox}, = dzx), — %gﬂx,ydt” + N(a)

Note that the d-tensors on the 1-jet space J!(T, M) also behave like classical tensors.
For example, on the 1-jet space J'(T, M) we have the global metrical d-tensor

dz™.
m

G = hapdt™ @ dt® + gijda’ ® da’ + h*P g;;62!, @ 67,

which may be endowed with the physical meaning of non-isotropic multi-time gravi-
tational potential. It follows that G has the adapted components

hag, for A=«a, B=p
G 9ij, for A= i, B :]
AB =
aBg. . _(o) _(®)
h*g;;, for A =iy B =
0, otherwise.

Following the geometrical ideas of Asanov [1] and Neagu [7], the preceding geometrical
ingredients lead us to the Cartan canonical I'-linear connection

_ k i i(7y)
CT = (;{gﬁ, Gk, Liy, cj(k)),

where

AR ik o\ ggk Szi Sam

(4.1) _
i ﬂ 9gjm agkr_n _ 99,k
(k) 2 ok ozl Oxm

Gt 9" 6 Gm; i g <59jm n OGkm 59jk> ’




96 Mircea Neagu

In the sequel, the Cartan linear connection CT, given by (4.1), induces the T-
horizontal (hp—) covariant derivative

o s (1)
vt - P g oty .
+DS ) Gl 4+ DS (())((IZ)):::%ZE-F...—
-, i)55%“.%%—Dﬁfé%éﬁ”&j:; -
DN~ DG G
the M-horizontal (hy;—) covariant derivative
N D).
DR = e DU Lonp + DR Ly + =
=D Ey = Doy L
and the vertical (v—) covariant derivative
wi()(v)
Dyl = aD”S(’?”+D3£7€é€)<5§.).1"0f$‘?2)+DW)<(S) Chiy + ™
=Dty ity = Dakianin..Cit = =+
where
D = DI (> xr,x;)éfa ;;Z@aij@dﬂ@dx ® o,

is an arbitrary d-tensor on J1(T, M).

Remark 4.1. The Cartan covariant derivatives produced by CT' have the metrical
properties

h — P =0, h — B L, =0, h |(’Y)_hoc6|(’>’)_

aB/y /v aBlk aBl(k) (k)

Gij/y = gij/V =0, Gijik = g |1<? =0, g”|(7) _ gzg|(’Y)

For the study of the relativistic magnetized non-viscous plasma dynamics, in a
Riemann-Lagrange geometrical multi-time approach, we use the following geometrical
objects:

1. the unit multi-time velocity-d-field of a test particle is given by

0
U=ul(t", 2" 2k eyt
(0,2 ) g
where, if we take €2 = h* gpqah,xd > 0, then we put ul, = 2!, /e. Obviously, we

have ho‘ﬂumu% =1, where uiq = gimull;
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2. the distinguished multi-time 2-form of the (electric field)-(magnetic induction)
is given by _ _
H=H;;(t", a,"“,xl;)clalcZ Ada?;

3. the distinguished multi-time 2-form of the (electric induction)-(magnetic field)
is given by _ _
G = Gij(t'y,xk,arﬁ)dxz A da?;

4. the multi-time Minkowski energy d-tensor of the electromagnetic field inside the
multi-time plasma is given by
E = E;t, ", xﬁ)da:l @ dx? + h" Ey (1, 2, a:ﬁ)éx:] ® dad .

The multi-time Minkowski energy adapted components are defined by the sim-
ilar formulas

1
E;; = ZginrsGrs + 9" H; Gy,

where G"* = ¢"P¢*¢G,,,. Furthermore, we suppose that the multi-time Minkowski
energy adapted components verify the multi-time Lorentz conditions

(4.2) m oyt =0,  EMM i =0,

ilmYa (m)“*p —
where E* = ¢g"PE,;. Obviously, if we use the notations H," = ¢"?H,, and
G} = g"°Gs;, we obtain

1
EZ?YL — i(S;'TL‘E[’,’SG’V'S _ H:,UG:E‘.

In our Riemann-Lagrange geometrical approach, the multi-time plasma is charac-
terized by the energy-stress-momentum d-tensor defined by

T =T, z*, Jcﬁ)dncz @ da’ + " Ti;(t7, z*, wﬂj)ém% ® 6l
where

p
(4.3) Tij = (ﬂ + ;2) h*Puiausp + pgis + Eij-

The entities ¢ = constant, p = p(t7, z*, xﬁ) and p = p(t7, x*, xﬁ) have the multi-time
extended physical meanings of their analogous entities from the semi-Riemannian
framework. Note that the adapted components of the energy-stress-momentum d-
tensor T of multi-time plasma are given by

Tii for C=i, F=j
(1.4 Tor=1{ W7, for =@ F=5)
0, otherwise.

In the multi-time Riemann-Lagrange framework of plasma, we postulate that the
following multi-time conservation laws for the components (4.3) and (4.4) are true:

(4.5) TM —0, VAc {a, i, gj;)},
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where the capital Latin letters A, M, ... are indices of kind «, 7 or E?)), ”.pm7 represents

one of the local covariant derivatives hy—, hps— or v—, and we have

T, for A=i, M=m
T =GMPTpa =< 637, for A=) M=)
0, otherwise.

Obviously, the d-tensor 7, is given by the formula
T = 9" Ty = (P + c%) hPuuig + poj + BT

The multi-time conservation laws (4.5) reduce to the multi-time conservation equa-
tions

(4.6) T =0, T =o0.

By direct computations, the multi-time conservation equations (4.6) become

hes +2 o +(p+B) hebumugm +p — ‘}’"—O
CQ i3 02 a Wilm T P,i = Gir -

4.7 P 4 P 1w
(4.7) paB [( 07) H oy 18 (p—l— 02) heBuuig| )+
(1) . THo__
+p#(i) - gw]: "= 0>
where p_; = 0p/dz’, p#(1 8p/83: and

o F" = —g""E],, is the multi-time horizontal Lorentz force;

v
o FTH =— ”Em|(“) is the multi-time vertical Lorentz d-tensor force.

Contracting the multi-time conservation equations (4.7) with u, and taking into
account the Lorentz conditions (4.2), we find the continuity equations of multi-time
plasma, namely

« p m i p aff, m A m o __
he? [(p + 07) Ya } |m Uipty + (p + ?) h ﬁua UiglmUy, + P, mly, = 0,

N P m (1) i P « m
e KH*) uaHm)uiMﬁ (P+ ?)h Pug “iﬁ'% u+P#<v(ff>) Ut =0-

If we take now x!, = 92! /0", then we have
l
n J

u, = e e2 = ho‘ﬂ(t)gij(tﬂxﬁxﬁ)xgxﬁ.

Introducing this uﬁl into multi-time conservation equations (4.7), we obtain the second

order PDEs of the stream sheets that characterize the multi-time plasmas:
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e horizontal stream sheet PDEs:
P\ Zg k P s
ol [0+ 2) 2] a0+ B 2] }-
C €0 |m C 9N m
Pk ok
= €0 [f -9 mp,,m] ;

o vertical stream sheet PDEs:

o5 %

*k k (1)
=€y {.7-" k—g mp#(m)].

(1) (1)

P ah
xfg + (p + 7) Ty =B
(m) ¢ 0 1y

Taking into account the local form of the hj;— and v— covariant derivatives pro-
duced by the Cartan connection CT', the expressions of the PDEs of the stream sheets
of multi-time plasma reduce to:

e horizontal stream sheet PDEs:

1 . m 7
2 o B) [ M) - [P0
€0 c

where ) )

o vertical stream sheet PDEs:

(m)~a

« m 1 p [ i k|
hﬁ{V(“)x m’é—kg(p—i—g) _n-éﬁxé—&—%xi_—k
1 p k(p) _m m(p), k r K k km (1)
"% (p+ ?) [Cmmxﬁ +Crm) 5”/3} Tap =80 [T =9 Pym) |
where n = dim M and

V((y’jf) = Llo (p+ CI;)]

5 Conclusions

(w)
1
C €0

#(m)

The Riemann-Lagrange geometrical theory upon the Multi-Time Plasma Physics may
be applied for a lot of interesting multi-time generalized Lagrange spaces with physical
connotations [7]:
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5.1 The geometrical model GRGML] for multi-time General
Relativity and Electromagnetism

This generalized multi-time Lagrange space is characterized by the fundamental met-

rical d-tensor @) L
a o(t”,z", x>
G(;(j) —h ﬁ(t’Y)QZ (72", n,)(pij(xk)

and the nonlinear connection

no_ (@) _ i @) _ i "
I= (M(a)ﬂ = ~agTyus Nia); = 7}”5) '

5.2 The geometrical model RGOGML] for multi-time Rela-
tivistic Optics

This generalized multi-time Lagrange space is characterized by the fundamental met-
rical d-tensor

@)B) _ pasny [ ok R
Gl =h0 ){s%(x )+ [1 n(ﬂ’xk%)]YzY]}

and, again, by the nonlinear connection I, where Y; = goim(xk)acZLX“(tW).

5.3 The geometrical model EDML] for multi-time Electrody-
namics

This generalized multi-time Lagrange space is characterized by the Lagrangian func-
tion (for more details, please see [8])

Lpp = b ()i (@M)alal + U (07, aM)al, + @ (17, 2"),

which produces the fundamental metrical d-tensor

@@ _ L PLep _ap
OO~ 25t o0t

Pij

and the nonlinear connection whose components are M, ((;)) 5= —} g}, and

; () (»)
ha;ﬁpzm 8U(m) B aU(J)

(1)
N 4 OxJ ox™

(@)j — V;mx;n +

5.4 The geometrical model BEML] for Bosonic Strings

This is the multi-time Lagrange space corresponding to the multi-time Lagrangian
function

Ny
Lps = h*P(t) g (x )T o2
In this particular case, we have the fundamental metrical d-tensor

o 1 0%L o
(i)(ﬁ) — -7 BS _p ﬁ%j
(1)) 2 9zt a%
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and the canonical nonlinear connection I'. Moreover, the Cartan canonical connection
has the following simple form:

Tl = (%;iﬁ, 0, ’y]i»k, O).

It follows that, for the multi-time Lagrange space BSML;, the PDEs of the stream
sheets for multi-time plasma simplify as follows:

e horizontal stream sheet PDEs:

haﬁmeZ‘x,@ =¢g Pl:k - gkmp,,m} ;
o vertical stream sheet PDEs:
poB {vé%mg’x[’g + % (p + c%) [n F Okl + 6gx’;} } —
=¢o P‘“k“ - gkmp#(%}] .

Open problem. Does there exist a real physical interpretations for our multi-time
Riemann-Lagrange geometric dynamics of plasma ?
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