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Abstract. In this paper, using Riemann-Lagrange geometrical methods,
we construct a geometrical model on 1-jet spaces for the study of multi-
time relativistic magnetized non-viscous plasma, characterized by a given
energy-stress momentum distinguished (d-) tensor. In that arena, we give
the conservation laws and the continuity equations for multi-time plasma.
The partial differential equations of the stream sheets (the equivalent of
stream lines in the classical semi-Riemannian geometrical approach of
plasma) for multi-time plasma are also written.
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1 Introduction

During that so-called the radiation epoch, in which photons are strongly coupled
with the matter, the interactions between the various constituents of the Universal
matter include radiation-plasma coupling, which is described by the plasma dynamics.
Although it is not traditional to characterize the radiation epoch by the dominance of
plasma interactions, however, it may be also called the plasma epoch (please see [5]).
This is because the electromagnetic interaction dominates all the four fundamental
physical forces (electrical, magnetic, gravitational and nuclear).

In the present days, the Plasma Physics is an well established field of Theoretical
Physics, although the formulation of magnetohydrodynamics in a curved space-time
is a relatively new development (please see Punsly [11]). The MHD processes in an
isotropic space-time are intensively studied by a lot of physicists. For example, the
MHD equations in an expanding Universe are investigated by Kleidis, Kuiroukidis, Pa-
padopoulos and Vlahos in [5]. Considering the interaction of the gravitational waves
with the plasma in the presence of a weak magnetic field, Papadopoulos also investi-
gates the relativistic hydromagnetic equations [10]. The electromagnetic-gravitational
dynamics into plasmas with pressure and viscosity is studied by Das, DeBenedictis,
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Kloster and Tariq in the paper [2]. In their paper, the authors derive the relativistic
Navier-Stokes equations that govern plasma.

It is important to note that all preceding physical studies are done on an isotropic
four-dimensional space-time, represented by a semi- (pseudo-) Riemannian space with
the signature (+,+,+,−). Consequently, the Riemannian geometrical methods are
used as a pattern over there.

Geometrically speaking, using the Finslerian geometrical methods, the plasma
dynamics was extended on non-isotropic space-times by V. Gı̂rţu and Ciubotariu in
the paper [3]. More general, after the development of Lagrangian geometry on tangent
bundle, due to Miron and Anastasiei [6], the generalized Lagrange geometrical objects
describing the relativistic magnetized plasma were studied by M. Gı̂rţu, V. Gı̂rţu and
Postolache in the paper [4].

According to Olver’s opinion [9], we appreciate that the 1-jet fibre bundle is a basic
object in the study of classical and quantum field theories. For such a reason, using
as a pattern the Miron-Anastasiei’s geometrical ideas [6], the author of this paper
recently developed in the paper [7] that so-called the ”multi-time Riemann-Lagrange
geometry” on 1-jet spaces, in the sense of d-connections, d-torsions, d-curvatures,
gravitational and electromagnetic geometrical theories. We would like to point out
that the geometrical construction on 1-jet spaces exposed in the article [7] was initiated
by Asanov in [1] and further developed by the author of this paper. In this geometrical
context, the aim of this paper is to create a multi-time extension on 1-jet spaces of
the geometrical objects that characterize plasma in semi-Riemannian and Lagrangian
approaches. Thus, we introduce the energy-stress-momentum d-tensor of the ”multi-
time plasma” and we give the geometrical-physical equations which govern it.

2 The semi-Riemannian geometrical approach.
Plasma in isotropic space-times

Let SRn = (Mn, φij(x)) be a semi-Riemannian manifold, whereMn is an n-dimensional
smooth manifold, whose coordinates are x = (xi)i=1,n, and φij(x) ia a semi-Riemannian
metric having a constant signature. From a physical point of view, φij(x) play the
role of gravitational potentials. Note that, throughout this paper, the Latin letters
run from 1 to n and the Einstein convention of summation is assumed. Let us consider
the Christoffel symbols of the semi-Riemannian metric φij , which are given by

(2.1) γi
jk =

φim

2

(
∂φjm

∂xk
+

∂φkm

∂xj
− ∂φjk

∂xm

)
.

The Christoffel symbols (2.1) produce the Levi-Civita covariant derivative

T ij...
kl...;p =

∂T ij...
kl...

∂xp
+ Tmj...

kl... γi
mp + T im...

kl... γj
mp + ...− T ij...

ml...γ
m
kp − T ij...

km...γ
m
lp − ...,

where

T = T ij...
kl...(x)

∂

∂xi
⊗ ∂

∂xj
⊗ dxk ⊗ dxl ⊗ ...

is an arbitrary tensor on M .
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Remark 2.1. The Levi-Civita covariant derivative has the metrical properties

φij;k = φij
;k = 0.

To define the energy-stress-momentum tensor T = Tij(x)dxi⊗dxj , that character-
ize the relativistic magnetized non-viscous plasma, we need the following geometrical
objects [2], [4]:

1. the unit velocity-field of a test particle, given by

U = ui(x)
∂

∂xi
,

where, if we denote ui = φimum, then we have uiu
i = 1. Note that, physically

speaking, if V = vi(x)
(
∂/∂xi

)
is the fluid space-like velocity vector, then we

have

ui =
vi√

φrsvrvs
;

2. the 2-form of the (electric field)-(magnetic induction) is given by

H = Hij(x)dx
i ∧ dxj

and the 2-form of the (electric induction)-(magnetic field) is given by

G = Gij(x)dx
i ∧ dxj .

Note that, in physical applications, one takes H = −G = F/
√
µ0, where F is

the electromagnetic field and µ0 is the electromagnetic permeability constant.

3. the Minkowski energy tensor of the electromagnetic field inside the plasma is
given by the tensor E = Eij(x)dx

i ⊗ dxj , whose components are

Eij =
1

4
φijHrsG

rs + φrsHirGjs,

where Grs = φrpφsqGpq. In order to obey the relativistic Lorentz equation of
motion for a charged test particle, the following Lorentz condition is required
[2]:

(2.2) Em
i;mui = 0,

where Em
i = φmpEpi. Obviously, using the notations Hm

r = φmpHpr and Gr
i =

φrsGsi, then we have

Em
i =

1

4
δmi HrsG

rs −Hm
r Gr

i ,

where δmi is the Kronecker symbol.
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In this physical context, the components of the energy-stress-momentum tensor of
plasma are defined by (please see [2], [3], [4])

(2.3) Tij =
(
ρ+

p

c2

)
uiuj + pφij + Eij ,

where c = const. is the speed of light, p = p(x) is the hydrostatic pressure and
ρ = ρ(x) is the proper mass density of plasma.

In the Riemannian framework of plasma, it is postulated that the following con-
servation laws for the components (2.3) are true:

(2.4) T m
i;m = 0,

where
T m
i = φmpTpi =

(
ρ+

p

c2

)
umui + pδmi + Em

i .

By direct computations, the conservation equations (2.4) become

(2.5)
[(

ρ+
p

c2

)
um
]
;m

ui +
(
ρ+

p

c2

)
umui;m + p,i − φirFr = 0,

where p,i = ∂p/∂xi and Fr = −φrsEm
s;m is the Lorentz force.

Contracting the conservation equations (2.5) with ui and taking into account the
Lorentz condition (2.2), we find the continuity equation of plasma, namely

(2.6)
[(

ρ+
p

c2

)
um
]
;m

+ p,mum = 0,

where we also used the equalities

0 = uiu
i
;m =

1

2

(
uiu

i
)
,m

= −ui;mui,

the comma symbol ”,m” representing the partial derivative ∂/∂xm.
Replacing the continuity law (2.6) into the conservation equations (2.5), we find

the relativistic Euler equations for plasma, namely

(2.7)
(
ρ+

p

c2

)
ui;mum − p,m (umui − δmi )− φimFm = 0.

If we put now um = dxm/ds into Euler equations (2.7), we find out the equations
of the stream lines of plasma, which are given by the second order DE system

d2xk

ds2
+

[
γk
rm − c2

p+ ρc2
δkrp,m

]
dxr

ds

dxm

ds
=

c2

p+ ρc2
[
Fk − φkmp,m

]
,

where s is the natural parameter of the smooth curve c =
(
xk (s)

)
k=1,n

.

3 Generalized Lagrangian geometrical approach.
Plasma in non-isotropic space-times

Let GLn =
(
Mn, gij(x, y), N i

j(x, y)
)
be a generalized Lagrange space (for more de-

tails, please see Miron and Anastasiei [6]). Let us consider that the tangent bundle
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TM , as smooth manifold of dimension 2n, has the local coordinates
(
xi, yi

)
i=1,n

.

Then, gij(x, y) is a metrical d-tensor on TM , which is symmetrical, non-degenerate
and has a constant signature on TM\{0}. The local coefficients N i

j(x, y) are the com-

ponents of a nonlinear connection N on TM . The nonlinear connection N =
(
N i

j

)
produces on TM the following dual adapted bases of d-vectors and d-covectors:{

δ

δxi
,
∂

∂yi

}
⊂ X (TM),

{
dxi, δyi

}
⊂ X ∗(TM),

where
δ

δxi
=

∂

∂xi
−Nm

i

∂

∂ym
, δyi = dyi +N i

mdxm.

Note that the d-tensors on the tangent bundle TM behave like classical tensors. For
example, on TM we have the global metrical d-tensor

G = gijdx
i ⊗ dxj + gijδy

i ⊗ δyj ,

which is usually endowed with the physical meaning of non-isotropic gravitational
potential.

Following the geometrical ideas of Miron and Anastasiei from [6], the generalized
Lagrange space GLn produces the Cartan canonical N -linear connection

CΓ(N) =
(
Li
jk, Ci

jk

)
,

where

(3.1)

Li
jk =

gim

2

(
δgjm
δxk

+
δgkm
δxj

− δgjk
δxm

)
,

Ci
jk =

gim

2

(
∂gjm
∂yk

+
∂gkm
∂yj

− ∂gjk
∂ym

)
.

Further, the Cartan linear connection CΓ(N), given by (3.1), induces the horizontal
(h−) covariant derivative

Dij...
kl...|p =

δDij...
kl...

δxp
+Dmj...

kl... L
i
mp +Dim...

kl... L
j
mp + ...−Dij...

ml...L
m
kp −Dij...

km...L
m
lp − ...

and the vertical (v−) covariant derivative

Dij...
kl...|p =

∂Dij...
kl...

∂yp
+Dmj...

kl... C
i
mp +Dim...

kl... C
j
mp + ...−Dij...

ml...C
m
kp −Dij...

km...C
m
lp − ...,

where

D = Dij...
kl...(x, y)

δ

δxi
⊗ ∂

∂yj
⊗ dxk ⊗ δyl ⊗ ...

is an arbitrary d-tensor on TM .

Remark 3.1. The Cartan covariant derivatives produced by CΓ(N) have the metrical
properties

gij|k = gij|k = 0, gij |k = gij |k = 0.
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For the study of relativistic magnetized non-viscous plasma in the non-isotropic
space-time GLn, one uses the following geometrical objects [4]:

1. the unit velocity-d-field of a test particle is given by

U = ui(x, y)
∂

∂yi
,

where, if we use the notation ε2 = gpqy
pyq > 0, then we put ui = yi/ε. Obvi-

ously, we have uiu
i = 1, where ui = gimum;

2. the distinguished 2-form of the (electric field)-(magnetic induction) is given by

H = Hij(x, y)dx
i ∧ dxj ;

3. the distinguished 2-form of the (electric induction)-(magnetic field) is given by

G = Gij(x, y)dx
i ∧ dxj ;

4. the Minkowski energy d-tensor of the electromagnetic field inside the non-
isotropic plasma is given by

E = Eij(x, y)dx
i ⊗ dxj + Eij(x, y)δy

i ⊗ δyj .

The Minkowski energy adapted components are defined by

Eij =
1

4
gijHrsG

rs + grsHirGjs,

where Grs = grpgsqGpq, and they must verify the Lorentz conditions

(3.2) Em
i|mui = 0, Em

i |mui = 0,

where Em
i = gmpEpi. If we denote Hm

r = gmpHpr and Gr
i = grsGsi, then we

have

Em
i =

1

4
δmi HrsG

rs −Hm
r Gr

i .

The energy-stress-momentum d-tensor, that characterize the relativistic magne-
tized non-viscous plasma in a non-isotropic space-time, is defined by the distinguished
tensor [4]

T = Tij(x, y)dxi ⊗ dxj + Tij(x, y)δyi ⊗ δyj ,

whose adapted components are

(3.3) Tij =
(
ρ+

p

c2

)
uiuj + pgij + Eij ,

where c = constant, p = p(x, y) and ρ = ρ(x, y) have the similar physical meanings
as in the semi-Riemannian case.

In the Lagrangian framework of plasma, one postulates that the following conser-
vation laws for the components (3.3) are true [4]:

(3.4) T m
i|m = 0, T m

i |m = 0,
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where
T m
i = gmpTpi =

(
ρ+

p

c2

)
umui + pδmi + Em

i .

By direct computations, the conservation equations (3.4) become

(3.5)

[(
ρ+

p

c2

)
um
]
|m

ui +
(
ρ+

p

c2

)
umui|m + p,,i − gir

h

F r = 0,[(
ρ+

p

c2

)
um
]∣∣∣

m
ui +

(
ρ+

p

c2

)
umui|m + p#i − gir

v

F r = 0,

where p,,i = δp/δxi, p#i = ∂p/∂yi and
h

F r = −grsEm
s|m (

v

F r = −grsEm
s |m, respec-

tively) is the horizontal (vertical, respectively) Lorentz force.
Contracting the conservation equations (3.5) with ui and taking into account the

Lorentz conditions (3.2), we find the continuity equations of plasma in a non-isotropic
medium:

(3.6)

[(
ρ+

p

c2

)
um
]
|m

+ p,,mum = 0,[(
ρ+

p

c2

)
um
]∣∣∣

m
+ p#mum = 0,

where we also used the equalities

0 = uiu
i
|m =

1

2

(
uiu

i
)
,,m

= −ui|mui,

0 = uiu
i|m =

1

2

(
uiu

i
)
#m

= −ui|mui,

the symbols ”,,m” and ”#m” being the derivative operators δ/δxm and ∂/∂ym.
Replacing the continuity laws (3.6) into the conservation equations (3.5), we find

the relativistic Euler equations for non-isotropic plasma, namely

(3.7)

(
ρ+

p

c2

)
ui|mum − p,,m (umui − δmi )− gim

h

F m = 0,(
ρ+

p

c2

)
ui|mum − p#m (umui − δmi )− gim

v

F m = 0.

If we take now ym = dxm/dt, then we have

um =
1

ε0

dxm

dt
=

dxm

ds
, ε20 = gij(x, dx/dt)

dxi

dt

dxj

dt
.

Introducing this um into Euler equations (3.7), we obtain the equations of the stream
lines for non-isotropic plasma, which are given by the following second order DE
systems:

• horizontal stream line DEs:

d2xk

ds2
+

[
Lk
rm − c2

p+ ρc2
δkrp,,m

]
dxr

ds

dxm

ds
=

c2

p+ ρc2

[
h

F k − gkmp,,m

]
+

+
Nk

m

ε0

dxm

ds
− Np

mgpr
ε0

dxr

ds

dxm

ds

dxk

ds
−

−Nr
m

2

∂gpq
∂yr

dxp

ds

dxq

ds

dxm

ds

dxk

ds
;
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• vertical stream line DEs:[
Ck

rm − c2

p+ ρc2
δkrp#m

]
dxr

ds

dxm

ds
=

c2

p+ ρc2

[
v

F k − gkmp#m

]
+

+
1

2

∂gpq
∂yr

dxp

ds

dxq

ds

dxr

ds

dxk

ds
.

Remark 3.2. If the metrical d-tensor gij(x, y) is Finslerian one, that is we have

gij(x, y) =
1

2

∂2F 2

∂yi∂yj
,

where F : TM → R+ is a Finslerian metric, then the DEs of stream lines of plasma
in non-isotropic spaces reduce to

• horizontal stream line DEs:

d2xk

ds2
+

[
Lk
rm − c2

p+ ρc2
δkrp,,m

]
dxr

ds

dxm

ds
=

c2

p+ ρc2

[
h

F k − gkmp,,m

]
+

+
2

F 2

[
Gk − gprG

p dx
r

ds

dxk

ds

]
;

• vertical stream line DEs:

p#m

[
gmk − dxm

ds

dxk

ds

]
=

v

F k,

where, if the generalized Christoffel symbols of gij(x, y) are

Γi
jk(x, y) =

gim

2

(
∂gjm
∂xk

+
∂gkm
∂xj

− ∂gjk
∂xm

)
,

then we have

Gk =
1

2
Γk
pq(x, y)y

pyq.

4 The Riemann-Lagrange geometrical approach.
Multi-time plasma

Let us consider that (T p, hαβ(t)) is a Riemannian manifold of dimension p, whose local
coordinates are (tα)α=1,p. Suppose that the Christoffel symbols of the Riemannian

metric hαβ(t) are κγ
αβ(t). Let J1(T,M) be the 1-jet space (it has the dimension

p+ n+ pn) whose local coordinates are (tα, xi, xi
α). These transform by the rules

t̃α = t̃α(tβ)

x̃i = x̃i(xj)

x̃i
α =

∂x̃i

∂xj

∂tβ

∂t̃α
xj
β ,
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where det
(
∂t̃α/∂tβ

)
̸= 0 and det

(
∂x̃i/∂xj

)
̸= 0. Note that, throughout this work,

the Greek letters run from 1 to p, and the Latin letters run from 1 to n.

Let GMLn
p =

(
J1(T,M), G

(α)(β)
(i)(j) = hαβgij

)
be a multi-time generalized Lagrange

space (for more details, please see Neagu [7]), where gij
(
tγ , xk, xk

γ

)
is a metrical d-

tensor on J1(T,M), which is symmetrical, non-degenerate and has a constant signa-
ture.

Let us consider that GMLn
p is endowed with a nonlinear connection having the

form [7]

Γ =
(
M

(i)
(α)β = −κγ

αβx
i
γ , N

(i)
(α)j

)
.

The nonlinear connection Γ produces on J1(T,M) the following dual adapted bases
of d-vectors and d-covectors:{

δ

δtα
,

δ

δxi
,

∂

∂xi
α

}
⊂ X (J1(T,M)),

{
dtα, dxi, δxi

α

}
⊂ X ∗(J1(T,M)),

where
δ

δtα
=

∂

∂tα
+ κγ

αµx
m
γ

∂

∂xm
µ

,
δ

δxi
=

∂

∂xi
−N

(m)
(µ)i

∂

∂xm
µ

,

δxi
α = dxi

α − κγ
αµx

i
γdt

µ +N
(i)
(α)mdxm.

Note that the d-tensors on the 1-jet space J1(T,M) also behave like classical tensors.
For example, on the 1-jet space J1(T,M) we have the global metrical d-tensor

G = hαβdt
α ⊗ dtβ + gijdx

i ⊗ dxj + hαβgijδx
i
α ⊗ δxj

β ,

which may be endowed with the physical meaning of non-isotropic multi-time gravi-
tational potential. It follows that G has the adapted components

GAB =



hαβ , for A = α, B = β

gij , for A = i, B = j

hαβgij , for A =
(α)
(i) , B =

(β)
(j)

0, otherwise.

Following the geometrical ideas of Asanov [1] and Neagu [7], the preceding geometrical
ingredients lead us to the Cartan canonical Γ-linear connection

CΓ =
(
κγ
αβ , Gk

jγ , Li
jk, C

i(γ)
j(k)

)
,

where

(4.1)

Gk
jγ =

gkm

2

δgmj

δtγ
, Li

jk =
gim

2

(
δgjm
δxk

+
δgkm
δxj

− δgjk
δxm

)
,

C
i(γ)
j(k) =

gim

2

(
∂gjm
∂xk

γ

+
∂gkm

∂xj
γ

− ∂gjk
∂xm

γ

)
.
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In the sequel, the Cartan linear connection CΓ, given by (4.1), induces the T -
horizontal (hT−) covariant derivative

D
αi(j)(ν)...
γk(β)(l).../ε =

δD
αi(j)(ν)...
γk(β)(l)...

δtε
+D

µi(j)(ν)...
γk(β)(l)...κ

α
µε +D

αm(j)(ν)...
γk(β)(l)... G

i
mε +

+D
αi(m)(ν)...
γk(β)(l)... G

j
mε +D

αi(j)(µ)...
γk(β)(l)...κ

ν
µε + ...−

−D
αi(j)(ν)...
µk(β)(l)...κ

µ
γε −D

αi(j)(ν)...
γm(β)(l)...G

m
kε −

−D
αi(j)(ν)...
γk(µ)(l)...κ

µ
βε −D

αi(j)(ν)...
γk(β)(m)...G

m
lε ...,

the M -horizontal (hM−) covariant derivative

D
αi(j)(ν)...
γk(β)(l)...|p =

δD
αi(j)(ν)...
γk(β)(l)...

δxp
+D

αm(j)(ν)...
γk(β)(l)... L

i
mp +D

αi(m)(ν)...
γk(β)(l)... L

j
mp + ...−

−D
αi(j)(ν)...
γm(β)(l)...L

m
kp −D

αi(j)(ν)...
γk(β)(m)...L

m
lp − ...

and the vertical (v−) covariant derivative

D
αi(j)(ν)...
γk(β)(l)...|

(ε)
(p) =

∂D
αi(j)(ν)...
γk(β)(l)...

∂xp
ε

+D
αm(j)(ν)...
γk(β)(l)... C

i(ε)
m(p) +D

αi(m)(ν)...
γk(β)(l)... C

j(ε)
m(p) + ...−

−D
αi(j)(ν)...
γm(β)(l)...C

m(ε)
k(p) −D

αi(j)(ν)...
γk(β)(m)...C

m(ε)
l(p) − ...,

where

D = D
αi(j)(ν)...
γk(β)(l)...(t

λ, xr, xr
λ)

δ

δtα
⊗ δ

δxi
⊗ ∂

∂xj
β

⊗ dtγ ⊗ dxk ⊗ δxl
ν ⊗ ...

is an arbitrary d-tensor on J1(T,M).

Remark 4.1. The Cartan covariant derivatives produced by CΓ have the metrical
properties

hαβ/γ = hαβ
/γ = 0, hαβ|k = hαβ

|k = 0, hαβ |(γ)(k) = hαβ |(γ)(k) = 0,

gij/γ = gij/γ = 0, gij|k = gij|k = 0, gij |(γ)(k) = gij |(γ)(k) = 0.

For the study of the relativistic magnetized non-viscous plasma dynamics, in a
Riemann-Lagrange geometrical multi-time approach, we use the following geometrical
objects:

1. the unit multi-time velocity-d-field of a test particle is given by

U = ui
α(t

γ , xk, xk
γ)

∂

∂xi
α

,

where, if we take ε2 = hµνgpqx
p
µx

q
ν > 0, then we put ui

α = xi
α/ε. Obviously, we

have hαβuiαu
i
β = 1, where uiα = gimum

α ;
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2. the distinguished multi-time 2-form of the (electric field)-(magnetic induction)
is given by

H = Hij(t
γ , xk, xk

γ)dx
i ∧ dxj ;

3. the distinguished multi-time 2-form of the (electric induction)-(magnetic field)
is given by

G = Gij(t
γ , xk, xk

γ)dx
i ∧ dxj ;

4. the multi-time Minkowski energy d-tensor of the electromagnetic field inside the
multi-time plasma is given by

E = Eij(t
γ , xk, xk

γ)dx
i ⊗ dxj + hηνEij(t

γ , xk, xk
γ)δx

i
η ⊗ δxj

ν .

The multi-time Minkowski energy adapted components are defined by the sim-
ilar formulas

Eij =
1

4
gijHrsG

rs + grsHirGjs,

whereGrs = grpgsqGpq. Furthermore, we suppose that the multi-time Minkowski
energy adapted components verify the multi-time Lorentz conditions

(4.2) Em
i|mui

α = 0, Em
i |(µ)(m)u

i
µ = 0,

where Em
i = gmpEpi. Obviously, if we use the notations Hm

r = gmpHpr and
Gr

i = grsGsi, we obtain

Em
i =

1

4
δmi HrsG

rs −Hm
r Gr

i .

In our Riemann-Lagrange geometrical approach, the multi-time plasma is charac-
terized by the energy-stress-momentum d-tensor defined by

T = Tij(tγ , xk, xk
γ)dx

i ⊗ dxj + hηνTij(tγ , xk, xk
γ)δx

i
η ⊗ δxj

ν ,

where

(4.3) Tij =
(
ρ+

p

c2

)
hαβuiαujβ + pgij + Eij .

The entities c = constant, p = p(tγ , xk, xk
γ) and ρ = ρ(tγ , xk, xk

γ) have the multi-time
extended physical meanings of their analogous entities from the semi-Riemannian
framework. Note that the adapted components of the energy-stress-momentum d-
tensor T of multi-time plasma are given by

(4.4) TCF =


Tij , for C = i, F = j

hηνTij , for C =
(η)
(i) , F =

(ν)
(j)

0, otherwise.

In the multi-time Riemann-Lagrange framework of plasma, we postulate that the
following multi-time conservation laws for the components (4.3) and (4.4) are true:

(4.5) T M
A:M = 0, ∀ A ∈

{
α, i,

(α)
(i)

}
,
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where the capital Latin letters A,M, ... are indices of kind α, i or
(α)
(i) , ”:M” represents

one of the local covariant derivatives hT−, hM− or v−, and we have

T M
A = GMDTDA =


T m
i , for A = i, M = m

δαµT m
i , for A =

(α)
(i) , M =

(µ)
(m)

0, otherwise.

Obviously, the d-tensor T m
i is given by the formula

T m
i = gmpTpi =

(
ρ+

p

c2

)
hαβum

α uiβ + pδmi + Em
i .

The multi-time conservation laws (4.5) reduce to the multi-time conservation equa-
tions

(4.6) T m
i|m = 0, T m

i |(µ)(m) = 0.

By direct computations, the multi-time conservation equations (4.6) become

(4.7)

hαβ
[(

ρ+
p

c2

)
um
α

]
|m

uiβ +
(
ρ+

p

c2

)
hαβum

α uiβ|m + p,,i − gir
h

F r = 0,

hαβ
[(

ρ+
p

c2

)
um
α

]∣∣∣(µ)
(m)

uiβ +
(
ρ+

p

c2

)
hαβum

α uiβ |(µ)(m)+

+p
(µ)

#(i) − gir
v

F rµ = 0,

where p,,i = δp/δxi, p
(µ)

#(i) = ∂p/∂xi
µ and

•
h

F r = −grsEm
s|m is the multi-time horizontal Lorentz force;

•
v

F rµ = −grsEm
s |(µ)(m) is the multi-time vertical Lorentz d-tensor force.

Contracting the multi-time conservation equations (4.7) with ui
µ and taking into

account the Lorentz conditions (4.2), we find the continuity equations of multi-time
plasma, namely

hαβ
[(

ρ+
p

c2

)
um
α

]
|m

uiβu
i
µ +

(
ρ+

p

c2

)
hαβum

α uiβ|mui
µ + p,,mum

µ = 0,

hαβ
[(

ρ+
p

c2

)
um
α

]∣∣∣(µ)
(m)

uiβu
i
µ +

(
ρ+

p

c2

)
hαβum

α uiβ |(µ)(m)u
i
µ + p

(µ)
#(m)u

m
µ = 0.

If we take now xl
η = ∂xl/∂tη, then we have

ul
η =

xl
η

ε0
, ε20 = hαβ(t)gij(t

γ , xk, xk
γ)x

i
αx

j
β .

Introducing this ul
η into multi-time conservation equations (4.7), we obtain the second

order PDEs of the stream sheets that characterize the multi-time plasma:
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• horizontal stream sheet PDEs:

hαβ


[(

ρ+
p

c2

) xm
α

ε0

]
|m

xk
β +

(
ρ+

p

c2

)
xm
α

[
xk
β

ε0

]
|m

 =

= ε0

[
h

F k − gkmp,,m

]
;

• vertical stream sheet PDEs:

hαβ


[(

ρ+
p

c2

) xm
α

ε0

]∣∣∣∣(µ)
(m)

xk
β +

(
ρ+

p

c2

)
xm
α

[
xk
β

ε0

]∣∣∣∣∣
(µ)

(m)

 =

= ε0

[
v

F kµ − gkmp
(µ)

#(m)

]
.

Taking into account the local form of the hM− and v− covariant derivatives pro-
duced by the Cartan connection CΓ, the expressions of the PDEs of the stream sheets
of multi-time plasma reduce to:

• horizontal stream sheet PDEs:

hαβ

{
Hmxm

α xk
β +

1

ε0

(
ρ+

p

c2

) [
Lk
rmxr

β −N
(k)
(β)m

]
xm
α +

+
1

ε0

(
ρ+

p

c2

) [
Lm
rmxr

α −N
(m)
(α)m

]
xk
β

}
= ε0

[
h

F k − gkmp,,m

]
,

where

Hm =

[
1

ε0

(
ρ+

p

c2

)]
,,m

+
(
ρ+

p

c2

)[ 1

ε0

]
,,m

;

• vertical stream sheet PDEs:

hαβ

{
V(µ)
(m)x

m
α xk

β +
1

ε0

(
ρ+

p

c2

) [
n · δµαxk

β + δµβx
k
α

]
+

+
1

ε0

(
ρ+

p

c2

) [
C

k(µ)
m(r)x

m
β + C

m(µ)
r(m) x

k
β

]
xr
α

}
= ε0

[
v

F kµ − gkmp
(µ)

#(m)

]
,

where n = dimM and

V(µ)
(m) =

[
1

ε0

(
ρ+

p

c2

)] (µ)

#(m)

+
(
ρ+

p

c2

)[ 1

ε0

] (µ)

#(m)

.

5 Conclusions

The Riemann-Lagrange geometrical theory upon the Multi-Time Plasma Physics may
be applied for a lot of interesting multi-time generalized Lagrange spaces with physical
connotations [7]:
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5.1 The geometrical model GRGMLn
p for multi-time General

Relativity and Electromagnetism

This generalized multi-time Lagrange space is characterized by the fundamental met-
rical d-tensor

G
(α)(β)
(i)(j) = hαβ(tγ)e2σ(t

γ ,xk,xk
γ)φij(x

k)

and the nonlinear connection

Γ̊ =
(
M

(i)
(α)β = −κµ

αβx
i
µ, N

(i)
(α)j = γi

jmxm
α

)
.

5.2 The geometrical model RGOGMLn
p for multi-time Rela-

tivistic Optics

This generalized multi-time Lagrange space is characterized by the fundamental met-
rical d-tensor

G
(α)(β)
(i)(j) = hαβ(tγ)

{
φij(x

k) +

[
1− 1

n(tγ , xk, xk
γ)

]
YiYj

}
and, again, by the nonlinear connection Γ̊, where Yi = φim(xk)xm

µ Xµ(tγ).

5.3 The geometrical model EDMLn
p for multi-time Electrody-

namics

This generalized multi-time Lagrange space is characterized by the Lagrangian func-
tion (for more details, please see [8])

LED = hαβ(tγ)φij(x
k)xi

αx
j
β + U

(α)
(i) (t

γ , xk)xi
α +Φ(tγ , xk),

which produces the fundamental metrical d-tensor

G
(α)(β)
(i)(j) =

1

2

∂2LED

∂xi
α∂x

j
β

= hαβφij

and the nonlinear connection whose components are M
(i)
(α)β = −κµ

αβx
i
µ and

N
(i)
(α)j = γi

jmxm
α +

hαµφ
im

4

∂U (µ)
(m)

∂xj
−

∂U
(µ)
(j)

∂xm

 .

5.4 The geometrical model BSMLn
p for Bosonic Strings

This is the multi-time Lagrange space corresponding to the multi-time Lagrangian
function

LBS = hαβ(tγ)φij(x
k)xi

αx
j
β .

In this particular case, we have the fundamental metrical d-tensor

G
(α)(β)
(i)(j) =

1

2

∂2LBS

∂xi
α∂x

j
β

= hαβφij
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and the canonical nonlinear connection Γ̊. Moreover, the Cartan canonical connection
has the following simple form:

CΓ̊ =
(
κγ
αβ , 0, γi

jk, 0
)
.

It follows that, for the multi-time Lagrange space BSMLn
p , the PDEs of the stream

sheets for multi-time plasma simplify as follows:

• horizontal stream sheet PDEs:

hαβHmxm
α xk

β = ε0

[
h

F k − gkmp,,m

]
;

• vertical stream sheet PDEs:

hαβ

{
V(µ)
(m)x

m
α xk

β +
1

ε0

(
ρ+

p

c2

) [
n · δµαxk

β + δµβx
k
α

]}
=

= ε0

[
v

F kµ − gkmp
(µ)

#(m)

]
.

Open problem. Does there exist a real physical interpretations for our multi-time
Riemann-Lagrange geometric dynamics of plasma ?
Acknowledgements. A version of this paper was presented at The X-th Interna-
tional Conference “Differential Geometry and Dynamical Systems” (DGDS-2016), 28
August - 3 September 2016, Mangalia, Romania.
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