On the representation formula of
Holmes-Thompson areas

Yang Liu

Abstract. In this article, we mainly study the Holmes-Thompson areas
in Minkowski space. The space of geodesics in Minkowski space has a
symplectic structure which is induced by the projection from the sphere-
bundle. we show that it can be also obtained from the symplectic structure
on the tangent bundle of the Riemannian manifold, the tangent bundle
of the Minkowski unit sphere. We give detailed descriptions and exposi-
tions on Holmes-Thompson volumes in Minkowski space by the symplec-
tic structure and the Crofton measures for them. For Minkowski plane, a
normed two-dimensional space, we express the areas explicitly in integral
geometry, by constructing a measure, and this result, therefore, provides
an extension of Alvarez’s result to a higher dimension.
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1 Introductions

1.1 Minkowski space and geodesics

A Minkowski space is a vector space with a Minkowski norm, and a Minkowski norm
is defined in [4] as

Definition 1.1. A function F': R™ — R is a Minkowski norm if
1. F(z) > 0 for any x € R™\ {0} and F(0) = 0.
2. F(A\x) = |A|F(x) for any x € R™\ {0}.
3. F € C*(R™\ {0}) and the symmetric bilinear form

(L) golue) = 1 2

== F? e
3 psart @+ suttv)lmizo

is positively definite on R™ for any « € R™ \ {0}.
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We denote a Minkowski space by (R™, F'). By the way, (2) and (3) in Definition 1.1
imply the the convexity of F', on which one can refer to [4], [1], and [11].

First of all, we can infer the following theorem about geodesics in Minkowski space
from Definition 1.1.

Theorem 1.1. The straight line joining two points in Minkowski space is the only
shortest curve joining them.

Proof. For any p,q € (R™, F), let r(t), t € [a,b] with F(r'(t)) = 1, be a curve joining
p and ¢, which has the minimum length. Then 7(¢) is the minimizer of the functional

[P F( (t))dt

Note that F is smooth. By the fundamental lemma of calculus of variation (Let
f F(r'(t) + hd'(t))dt, where d(a) = 6(b) = 0. Then

VIO0) = gplueo o F (1) + b (1))t

= fab ah|h OF( "(t) 4 ho'(t))dt

(1.2) = [JVF(@/(t)) -0 (t)dt
= VE(r < )-8 — [P6(t) - SVF( (1))dt

—f5 Y (r’(t))dt.

Thus we can obtain LV F(r'(t)) = 0 since V'(0) = 0 as V(0) < V(h) for any §(t)),
or by the Euler-Lagrange equation directly, we have

(1.3) %VF( '(t)) = 0.
Using chain rule, (1.3) becomes
(1.4) Hess(F) 2B _ g
dt?
On the other hand, we have
2
(1.5) VE( ()2 d’;gt) —0

by differentiating F'('(¢)) = 1, and then by product rule, (1.4) and (1.5),
(1.6)

LHess(F2) L) —  F(r/(t))Hess(F)Lr + (VF(r/ (1)) TV F(r' (£)) L)
2
= Hess(F)“rt
= 0.
Hence we get dzzgt) = 0 because 1 Hess(F?) is non-degenerated by (3) in Definition

1.1, and then it implies r(t), ¢t € [a, b], is a straight line segment connecting p and q.
O

Thus the space of geodesics in (R™, F') actually is the space of affine lines, denoted
by Gr1(R™). More generally, one can define
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Definition 1.2. The affine Grassmannian Grg(R™) is the space of affine k-planes in
(R™, F).

Recently, there have been interesting works on the integral geometry in Minkowski
space (see for instance, [7] and [10]). But in this paper, we will give explicit formula of
the generalized areas of objects in Minkowski spaces, which are special Finsler space,
in integral form. Additionally, while recently, there have been studies on complex
Minkowski space (see for instance, [6] and [9] ), this paper is mainly focus on real
Minkowski spaces, as they have some interesting structures and properties.

1.2 Symplectic structures on cotangent bundle

The Minkowski space (R™, F'), as a differentiable manifold, has a canonical symplectic
structure on its cotangent bundle T*R™, from which a symplectic structure on its
tangent bundle TR™ can be derived as well.

The canonical contact form a on T*R™ is defined as a¢(X) := &(m.X) for X €
TeT*R™, where 7y : T*R™ — R"™ is the natural projection. And then the canonical
symplectic form on T*R"™ is defined as w := da.

On the other hand, we know that the dual of Minkowski metric is defined as
(1.7) F* (&) .= sup{|¢(v)| : v € TR™, F(v) < 1}
for £ € T*R™, and there is a natural correspondence between the sphere bundle
SR™and the cosphere bundle SR™ = {¢ € T*R" : F*(¢) = 1} of the Minkowski space
(R™, F).

By the convexity and the positive homogeneity of F (see for instance, [17] and
[8]), we can obtain F*(dF(€)) = 1 and dF*(dF(€)) = £ for any ¢ € S,R™ and = € R",
where dF is the gradient of F' and similarly for dF*. Thus dF is a diffeomorphism
from S;R™ to S;R", which induces another diffeomorphism

) LSR" — S*R”ﬁ

for any £, € S,R™. More generally, there is another diffeomorphism %dF2 from
T,R™\ {0} to TyR™\ {0} for any = € (R™, F'), thus we obtain a diffeomorphism

(1.8)

pp : TR" — T*R"

(19) 2r((2,€,)) = (2, 3dF*(E,))

by ignoring the 0-sections.

The diffeomorphism (1.8) induces a 2-form & := @kw on SR™. Without loss of
elegance, we can express it more concretely. Since T*R"™ = R™ xR™*, for (z,£) € T*R"
the canonical symplectic form w on T*R" is actually w = tr(dx A d€), here we denote
daz ANd§ := (dx; NdE;)nxrn and similarly da A d¢ := (dx; A déj)nxn, n X n matrices with
2-forms as entries, where §;(§) = «E(%), (&) = dz;(§) and F*(€) = 1. Then using
chain rule, we can obtain

(1.10) 0 = p(w|srn) = Hess(F) x dz A d€|srn,

where * is the Frobenius inner product which is the sum of the entries of the entry-wise
product of two matrices.
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1.3 Gelfand transform

Gelfand transform on a double fibration as a generalization of Radon transform plays
an important role in making use of the symplectic form of Section 1.2 in integral
geometry of Minkowski space.

Definition 1.3. Let M & F 33 T be double fibration where M and I' are two
manifolds, w1 : F — M and mo : F — I are two fiber bundles, and my X7y : F — M xT’
is an submersion. Let ® be a density on I', then the Gelfand transform of ® is defined
as GT(®) := my,.m5P. In the case ® is a differential form and the fibers are oriented,
then we also have a well-defined Gelfand transform GT(®) := m,75®, noting that
the pushforward of a form is the integral of contracted form over the fibre.

To make it clear, let’s see how the degree of a density or form changes by the
transform. Suppose @ is a density or form of degree m on I' and the dimension of
fibre mis ¢, then 75® has degree m, and then GT(®) = w1, m5P = fﬂ_l—l(x) w5 ® for
x € M has degree m — q.

An application of Gelfand transforms in integral geometry is the following funda-
mental theorem [14], whose proof is quite simple.

Theorem 1.2. Suppose M., := 71 (751 (7)) are smooth submanifolds of M for~ € T,
M C M is an immersed submanifold, and ® is a top degree density on I'. Then

(1.11) /F#(MﬂMv)Cb('y) = |_GT(®).

Proof. Working on the transitions of measures on manifolds and the transformations
of intersection numbers, we have

Jo# (g () Nt (M) @ ()
Jr # (M OV M) ().

(1.12)

O

2 The symplectic structure on the space of geodesics

The symplectic structure on the space of geodesics in a Minkowski space is induced
naturally from the canonical symplectic structure on its cotangent bundle.

The process of construction of symplectic form on Gri(R"?) in Minkowski space
(R™, F') is based on the following diagram

op
SR™ = S*R*" — T*R"
(2.1) Ip

Grq (R")

where p is the projection from SR™ onto Gri(R") defined by

(2.2) p((x,8)) = U, ),
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where I(x,€) is the line passing through z with direction €. B
Consider the geodesic vector field X' (§,) := (§,,0) on TR™ for any &, € SR", pp

in (1.8) induces another vector field X' := dyp(X) on T*R™ with

(2.3) X(AF(E,)) = (der(X)(or(E,)) = (£, 0)

for £, € SR™.
We have the following vanishing property about X and w on S*R™.

Lemma 2.1. iyw =0 on S*R™ .

Proof. Noting that w(X,Y) = (X1,Y2) — (Y1, Xs) for any X = (X1,X5) and YV =
(Y1,Y5) in Tg, S*R™ C T, T*R™ because T*R™ = R™ x R™*, where the inner product
is the dual space action, by (2.3) we have

(2.4) we, (X,Y) = (&,,Y2) = (dF*(&),Y2) = 0

because Ys € T S*R™ is “normal” to dF*(&;), precisely, that can be obtained by
differentiating F*(£,) = 1 and noting Y5 € T S*R™. O

Furthermore, the Lie deriwative of w along geodesic vector field X is
(2.5) Lyw=dirw+ixdw=0
by Lemma 2.1. Then (2.5) implies (¢r)*w|s+grn is invariant under X.

Based on the invariance of w we can construct a symplectic structure on Gry (R™).
However, in order to do that, we need to give a manifold structure for Grq(R") first.
In fact, we can build a bijection ¥ between Gri(R") and T'Sp% ' where S ! is

the unit sphere in (R, F'). For any I(z,§) € Gri(R"), let 7) be the tangent vector
pointing at I(z.£) N TgS}ifl, in fact, 7 = x — dF(§)(x)€ € TgSl’}fl, see Figure 1 on
page 80, and one can define

(2.6) Y(l(2,€)) = (£7) = (& x — dF (§)(2)8).
Thus we have a homeomorphism ¢ from Gri(R") to T'S% !, and then the manifold
structure on T'S7~! provides one for Gry(R™).

Let us again consider the projection (2.2) with the manifold structure on Gry(R"?),
and then we can obtain the following lemma

Lemma 2.2. X is in the kernel of dp, in other words, p.(X) = 0.
Proof. Using the basic equality

(2.7) dF(§)(§) = F(§) =1
obtained by the positive homogeneity of F' for any ¢ € S,R", we have

p(X) = dp((£,0)) = d(&=—dF(€)(2)§)((£,0))

— £ dR@)(6)E
(28) - (- dFEE
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Figure 1: Gri(R") Diffeomorphic to TSp™*

One can compute the rank of the Jacobian of p which is 2n — 2, that implies
dim(dplg,) = 1 and then

(2.9) ker(dple,) = span(X (&)

by Lemma 2.2.
Now we can obtain the following theorem

Theorem 2.3. There exists a symplectic form wy on Gri(R"), such that p*wy = =
(or)*wls-pn-

Proof. By (2.5), (2.9) and Lemma 2.1, we know that we, (X,Y") is independent of the
choices of preimages under the pushforward induced by projection p. Thus we have
a well-defined two form wgy on Grq(R"),

(2.10) wo, .., (X,Y) 1= @, (X, Y),
where (p.)e, (X) = X and (p.)e, (Y) =Y, such that
(2.11) prwo =w = (pp)* i w.

]

That finishes the construction of symplectic structure on the space of geodesics in
Minkowski space.
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On the other hand, since T*S;ffl as a cotangent bundle on Riemannian manifold
Slﬁ*l has a canonical symplectic structure denoted as @w, and we have a canonical
diffeomorphism

(2.12) pr : TSp~ — T°Sp"
‘F’F(ﬁé) = <77§_a '>ng

in which gg is the Riemannian metric on S;l_l, which is actually the bilinear form

o o*
(2.13) (@, ) gp = @F(ﬁ + 8U + t0)|s=t=0

for any w,v € T, ESg_l, see [4], and then @%@ is the the symplectic form induced
on TS~ = Gri(R"). Also, we have another symplectic form wy on Gri(R") from
Theorem 2.3. A natural question is whether the two symplectic structures on Gry (R?)
are the same, the answer is yes, see the following theorem

Theorem 2.4. wy = ¢5w.

Let us first draw a diagram for this theorem by combining (2.1)

YR .
SR" 5 SR" < T'R”
(2.14) Ip "
= 1!’ n—1 WQF * on—1
Gri(R") ~TSp ' 5 TS

Proof. First, differentiating (2.7) and using chain rule, one can get

(2.15) Hess(F) % £d€|spn = 0
in which &d¢ = (f_idgj)nxn is a matrix and * is the Frobenius inner product of
matrices.

Next, the canonical symplectic form @ on T*S’?ﬁl, w=uw

p=gn—1 in which w is
F

the canonical symplectic form on the cotangent bundle T*R™. Thus, from (2.12) and

(2.13), one can obtain that

(2.16) PR = Hess(F) % dij A dE\TS;_M

here dé A dij is a matrix with 2-form entries and * is the Frobenius inner product of
matrices.
Therefore, by plugging (2.6) into (2.16) and using (2.15), we obtain

P PR = Hess(F)xdijA dang—l -
HessEFg xd(x — dF(§)(x)§) A d€|srn
(F)

(2.17)

Hess(F) x dx A d€|spn — d(dF(€)(x)) A Hess(F) x £dE| srn
= Hess(F) xdx A d€|sgn

which by Theorem 2.3 implies the claim. (]
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Figure 2: “p-norm distance” r

At the end to this section, we make a remark on the symplectic structure on

Gri(R™).

Remark 2.1. From (1.10) we see the symplectic structure @ on TR™ relies on the
Minkowski metric F', then we know, by the above construction, the symplectic struc-
ture on Gri(R™) depends on the Minkowski metric F' as well. Let us see the following
example of Minkowski plane with p-norm as a Minkowski metric.

Example 2.2. Given a Minkowski plane by (R?, || - [[,), 1 < p < oo, where ||(, 8)|], =
(Ja|? +|B[P)'/? and the dual norm is || - ||ﬁ we can obtain the symplectic form w on

Gr1(R2), the space of affine lines in (RQ, l - Hp), by following the general construction
above.

By (1.10) and Theorem 2.3, we have
(2.18) prwo = (p— aP ?dx Ada + (p— 1)BP2dy A dS,

for ((z,v), (o, B)) € SR2.

Since Gri(R2) is a 2-dimensional manifold, we can parametrize affine lines in
Gr1(R2?) with two variables in a natural way. For any straight line | passing through
(x,y) with direction («, 8) of unit p-norm, let (—©, ) be the unit vector in p-norm
such that [ is tangent to the Minkowski sphere S(r) of radius r at (—r®, rQ2), here we
can call r the “p-norm distance” of | to the origin, see Figure 2 on page 82. Thus we
can denote the line by I(r, ©).

We have the following theorem about the symplectic structure on Gry(R2) by the
above parametrization.

Theorem 2.5. The symplectic structure on Gri(R2) is
(p— 1)2@p(p*2)Qp273p+1

1@, 9% b=

dr A dO.

(2.19) wy =
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Proof. For a line [ passing through (z,y) with direction («, ) of unit p-norm, the

“p-norm distance”

(2.20)

and

(2.21)

(=0,9) = (-

=-—0rlz+ QP ly

BT ap-1

(a% —|—ﬂpz%l)% (appfl —‘,—ﬁ%)%

).

9

In order to express wp in terms of r and O, at first we use (2.20) and (2.21) to

compute
(2.22)
dr N\ d©

Indeed,

(2.23)

since

(2.24)

by (2.21).

(—er~ldz + prldy) A dO
f@pfldmd(#) + QP tdy A d(— 2 ——)
( p—143pP—

(aP= 1+ﬂp71)p 1
—OP~Ldz A d( )+ QP Ay Ad(——F—)

—Or~ Yz A (—
+QP~ldy A (-2
()7 ((

1) (O (5 +5P+1)d;mda

) )7Z(Bp+1pd5f/\da+ ar— 1B2dy/\dﬁ)

(% )ﬁ((g)p T+ 1)7 7 (grvrge= (p — Dar~2da A da
+ 2555 (p— 1)BP~2dy A dB).

er-1 Qpr-1

Brtigr—2 aP—13p
er-1 _ é
Qr-1 7 o
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Therefore, using (2.23), (2.24) and ||(0,Q)||, = 1, we have
drnd® = i (9)TT((9)PT 4 1) 52
((p— ) P 2clav/\doz—i— (p—1)BP~2dy A dp)

p+1 or— 1

= ()T ((%)’““Ll) 7 i Tara 0
)P

1 71@11*1
R (7o D =2 o
(5)7T+1) "7 priiar-2
= 1 %@P*l UJO
225 (p*l)Q Q p+l op—1 41 Qr—1 _o
( ) ((er+1) » (\\(®p72vszp171)l\p)p (H((—)Pfl.,szpfl)\lp)p
1 Qe=<rP—
- = p— w
—1)2 op—1 1 ap—1 —,%0
(=1) (H(@p Tar—h)| ® (H(@p 1‘91”_1)Hp)p

1 eerijjertor hzr!
= D2 e D -2 W0
_ 1 llerthar het
= D7 er—20ri-spr1 Y0

@115, 257"

— ’ p(p—1) w
(p—1)20p(P—2)Qp?—3p+1 05

Thus we have shown

16, )15, 3

- p(p—1)
(2.26) dr A dO = (p = 12070 =51 wo,

which implies (2.19) in the claim. O

So from (2.18) and (2.19) we see the symplectic structure on Grq(R2) is determined
by the Minkowski metric || - ||, on R%.

3 Integral Geometry on length in Minkowski space

The length of a straight line segment in (R?, F') can be obtained by integrating the
canonical contact form « introduced in Section 1.2. For any z,y € R2, let @ be the
vector from x to y, and

(3.1) c(t) = (x+ﬁ(y—x),dﬂ%)), t € [0, F(@))]

be a straight line segment in T*R2. By the positive homogeneity of F, one can get
the useful fact that

(3:2) dF(%)(%) - F(%) 1

Therefore,
(33) Lo = [FVaRGEGEd = F(E)

where L(Zg) is the length of 7g.
Here let us introduce a general definition in integral geometry first.
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Figure 3: From SR? to Grq(R?)

Definition 3.1. A Crofton measure ¢ for a degree k measure ® on (R", F) is a
measure on Gry,_(R™) (Definition 1.2), such that it satisfies the Crofton-type formula

(3.4) B(M) = /P o #nPe)

for any compact convex subset M (R™, F).

Furthermore, we have the following

Proposition 3.1. The Crofton measure on Gri(R2) for the length is |wol.

Our treatment of applying Stokes’ theorem here is primarily based on [12].
i}/
Proof. From Section 2, we know Grq(R?) = T'Sr which is a cylinder, and it has a
symplectic form wg as T'Sr embedded in T*R2.

Let § = {l € Gr1(R?) : lﬂxiy # ¢}, Cy and Cy be the family of oriented lines

passing through x and y respectively, then C, N Cy = {lz‘y,l;y} that are the two
oriented lines connecting x and y, and 95 = C, U C),.

Let R:={¢{ € SR2 C TR? : [((z + t(y — x),dF(§)) NTY # ¢}, where [((z + t(y —
x),dF(§)) is the line passing through = + t(y — =) with direction £, then p(R) = S,
where p is the natural projection from SR? to Gry(R2).

Additionally, let C;, = {& : & € S,R?}, C) = {&,: ¢, € S,R*}, I} = ;7 €

b xy
S.R2, and I, = —% € S,R?, then p maps C,,, C,, I, and I, to Cy, C, I3, and

I3, respectively, see Figure 3 on page 85.
Applying Stokes’ theorem to the two regions individually, using the fact that
fC, a = 0 because of the fixed base points for any C' C C,, or C, , and combining

with (3.3), we obtain

Jslwol = [y lwol = Jglp*wol
Jr Il

2o
= 4L(zy).

(3.5)

[e%
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Therefore, for any rectifiable curve v in (R?, F), the length of v,
1
(36) L) =7 [ #Gnbiol
1€Gr1 (R2)

which is the desired claim. O

Remark 3.2. The proof above can be applied to R? with projective Finsler metric,
in which geodesics are straight lines. Furthermore, for R™ with a projective Finsler
metric F', we choose a plane P C R™ containing Ty for any =,y € R”, then

(3.7) L@@=1[ #(@7 N Dlwol-

4 Jicar (P

4 Volume of hypersurfaces

A standard definition of Holmes-Thompson volume in Minkowski space (R™, F') is
given and its importance in Finsler geometry and integral geometry is illustrated in
[2].

The Holmes-Thompson volumes are defined as follows.

Definition 4.1. Let N be a k-dimensional manifold and
(4.1) D*N :={, € T*N : F*(&) < 1},

where F™* is the dual norm in (1.7), be the codisc bundle of N , then the k-th Holmes-
Thompson volume is defined as

(4.2) volg(N) := 1 /D*N |wk\7

€L

where ¢, is the Euclidean volume of k-dimensional Euclidean ball and w is the canon-
ical symplectic form on the cotangent bundle of N.

Let A € Gri(R?) for some k < n, wy and @y are the natural symplectic forms
on Gr1(R") and Grq(A) constructed in the way described in Section 2. The relation

between wy and wg is shown in the following

Lemma 4.1. i*wy = w fori: Gri(A) — Gri(Rn?).
Proof. First consider the diagram

PF

PE* “
(4.3) S*A S SA < SR™ S S*R™.

We have a canonical contact form é&g(X) = (7o X) for X € TeS*A on S*A in
diagram (4.3), where 7t : S*A — A is the natural projection, and define @ := d& on
S*A.

Let j = @p 00 @p~, then for any X € TeS* A,

(4.4) (I @)e(X) = aj(e) (:X) = J(€) (e X) = §(70X) = dig(X)
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in which o and w on S*R"™ are introduced in Section 1.2, then (4.4) implies
(4.5) jfa=a,

and furthermore we have

&>

(4.6) Jrw =

by differentiating (4.5). B
_ Next, let p be the projection taking £, € SA to the line passing « with the direction
&z, and similarly for p which is described in (2.1). Consider the diagram

S*A B sA 4 srr ¥
(4.7) p +p
Gri(A) < Gri(R")

obtained by combining diagram (2.1) and (4.4). By the definitions of the maps in
(4.7), we know the diagram is commutative. By Theorem 2.3, we have p*wy = phw
and p*&p = ¢hw. Combining with (4.6) and the commutativity of the diagram (4.7),
we obtain the desired claim i*wg = Q. O

Suppose N is a hypersurface in (R", F'), then we have the following
Proposition 4.2. vol,_1(N) = iﬁem #(N N D)|wd™ Y, where wy is the
symplectic form on Gry(R™).

This idea of intrinsic proof is given by Prof. J. H. G. Fu.

Proof. 1t suffices to prove the claim in the case when N is affine. Without loss of
generality, assume N C R”~! C R" is compact and convex with smooth boundary.
Consider the following diagram

~ PE* .
(4.8) S*N <& SR 5 SR <& SR S S*R™ 5 Gy (R7),

N

where ¢ and k are embeddings, and 7 := pocp}l = popp- is a projection from diagram
(2.1).
As N is a (n — 1)-dimensional manifold, the canonical contact form & on S*N is
defined as Gg(X) := (7o X) for X € T¢S*N, where 7y : S*N — N is the projection.
Let j = ppoiowp«, then

(49) ("o (:X) = ((pr 07 0 pre) a)ie) (1. X) = E(m0. X) = ae(X).

for any X € T¢S*™N, which implies (i oj)*a = i*j*a = &, and then (ioj)'w =&
where @ := d& and w is introduced in Section 1.2.

Applying Stokes’ theorem, we have
(4.10)

ooyt = fa(D*N) AN = Sy @A "2 4 fﬁ_o—l(aN) aA@n2
Js-nyanan?
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since the degree of @ A@™ 2 on the component measuring perturbations of base points
is larger than the dimension of the base manifold, and
(4.11)

n—1
* Ton — w
fS R ﬂ‘n’ol(N)

— —2
= fa(smnm;l(zv)) ahw”
= Jon UT QAW TR [ o T AT W

= [onyGAQ"2

where
(4.12)
STR™ = {& € S*R™ : £(vg) > 0, vy satisfies dF(vo)(v) = 0 forallv € SR™ "} .

Therefore,

(4.13) / @"—1:/ w" L
D*N Sy ROy (N)

Now let us consider the “upper” half space of geodesics in (R™, F),
(4.14)

Gri(R™) := {l(z,n) : dF(n)(no) > 0, no satisfies dF (no)(v) = 0 for allv € SR™™'} .

Since 1wy = w, then we get

x, n—1
fsmnnm;l(mw fs:;nennwgl(N) W X
(4.15) = Jrwestrnamyon) #FN N Dwg

— - n—1
o fleGrj(Rn)#(le)wO ’

n—1

Combining with (4.13), we obtain

vol,_1(N) = i fD*N(IJ"_l
(4.16) o g #V N Dwp !
= 265,1 fleGrl(R") #(N N wy ™,

that finishes the proof. O

5 k-th Holmes-Thompson volume and Crofton
measures

Let us introduce a general fact first. Busemann constructed all projective metrics F'
for projective Finsler space (R", F'), and it was also proved in [16] by Schneider using
spherical harmonics.

Theorem 5.1. (Busemann) Suppose F' is a projective metric on R™, then F(x,v) =
fgesn—l (&, 0)|f(&, (€, x))Q for any (z,v) € TR", where y is the Euclidean volume

form on S™~! and f is some continuous function on S"~! x R.
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In fact, for the case that (R™, F') is Minkowski, we can use a theorem on surjectivity
of cosine transform,

6.1) ano = [ e,

of even functions from Chapter 3 of [5],

Theorem 5.2. For any even C?l"+3)/2 function g on S, n > 2, where || is the
greatest integer function, there is an even function f on S"~' such that C(f) = g.

From it we directly obtain that there exists an even function f on S®~!, such that

. 1
(52) tan =1 [ IO,
gegn—1
On the other hand, for any v = z{, z,y € (R%, F), by Proposition 3.1 we know
1 __
(53) Fo)=—— [ #@mnjl.
Wn—-1 Ji1eGri (R?)

In fact, there is a relation between 2y and wy. Considering the following double
fibration

(5.4) Gri(R") 22 7 B Gr,_1(R"),

where 7 = {(Z,H) € Gri(R?) x Grp—1(R™) : 1 C H}, we have

Proposition 5.3. GT(fQ A dr) = wy, where GT is the Gelfand transform for the
double fibration (5.4) and r is the Euclidean distance of a hyperplane H to the origin.

Proof. For any x,y in any 2-plane II C R™, we know that the length of Ty,

#(@y N Dlwolgr -

(5.5) e - [

4 Jicarmm

where Gr (IT) := {z €CGnR™) 1l C n}.
Let [ = {z € Gr() C Gri(RY) : T N1 # ¢} and Gy == m(my L(H)) for H €
Grp—1(R"). By the fundamental theorem of Gelfand transform, Theorem 1.2,

(5.6) / #(INGy)|fQ A dr| :/|GT(fQo Adr)].
HeGr, _1(R™) I

Therefore,

Sicara # @I NDIGT(fQo A dr)l [, 1GT (£ A dr)|
(5.7) = Juca—m #UNGy)|fQ A dr|
Jecsn 16 ZD) ()
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since Gr,,_1(R") = S"~1 x R. By (5.2)and (5.5) we thus obtain

(5.8) /l o HENDIGT(7 )] = /

leGrq (H)

which implies GT(fQO/\dr){GTI(H) = "JO‘Gn(H) for any plane IT C R”™ by the injectivity
of cosine transform (5.1).(In Chapter 3 of [5] Groemer shows by using condensed
harmonic expansion and Parseval’s equation, that C(f1) = C(fs) iff f;" = f;, where
+ — fi+fi(=v)
fir(v) = 2
and fo on S"71)
Now define a basis for T)Gri(R"?), the tangent space of Gri(R™) at [ € Gri(R™).

Note that Gri(R?) z TS%™" from Section 2. Let {e; :i=1,--- ,n} be the basis
for R™, and curve 7; with 7,(t) = [ + te; for i = 1,--- ,n — 1, where [ € Gr1(R?),
and then define g; := 7}(0) for ¢ = 1,--- ,n — 1. Let I(z,&) be a line in Gry(R")
passing through = with direction £ and r;(¢)(€) for be the rotation about origin with
the direction from e,, towards e; for time ¢, then let v;(¢) be the parallel transport
from v (I(z,€) along on 7;(t)(¢) on Sp~', and then define curves ¥,(t) = ¢~ (v;(t))
fori=1,---,n—1, thus we can define €; :=7,(0). Then {€;,gj:i,j=1,---,n—1}
is a basis for T;Gr1(R").

Here we have four cases to discuss.

First of all, one can obtain the fact

and similarly for f;, for any bounded integrable functions f;

(59) GT(fQO A d’l“)(éi,éi) = WQ(Ei,Ei)
by choosing a plane II; with the tangent space of Gri(Il;) spanned by €; and €; for
i1=1,---,n—1.

On the other hand, in the double fibration (5.4), 7T2|771_1(Lij)7 in which L;; is be
the lines in Gri(R™) obtained by translation along € or €; for 4,5 = 1,---,n — 1,
is not a submersion from 7, '(L;;) to Gr,_;(R"). Precisely, choose & and é; in
Tq,mZ, | C H such that dmi(é;) = € and dm(€;) = €;, moreover, dmy(€;) and
dms(€;) are linearly dependent in Ty Gry,—1 (R™). Therefore w175 (fQo Adr);(€;,€;) =
fﬂ_—l(l) 75 (fQo ANdr)(e;,e;) =0 for 4,5 =1,--- ,n— 1, and obviously wy(e;,e;) = 0,

1
thus

(5.10) GT(fQo Ndr)(e;,e;) = wo(e;,€;) =0

fori,j=1,---,n—1.
For the case of €; and €;, 4 # j, i =1,--- ,n — 1. Let L;; be the lines in Gry(R")
obtained by translation along €; or rotation along €;. Again, 72|z, in (5.4) is not a

submersion from 7, ! (L;;) to Gr,_1 (R") either, and it also can be explained precisely
as the above case, therefore m1,75(fQo A dr)(€;,€;) =0 for i,j =1,--- ,n— 1, and
obviously wo(e;,€;) = 0, thus

(5.11) GT(fQ A dr) (e, &) = wo(@i, &) =0

fori#j,4,5=1,---,n— 1
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Similarly for the last case of ¢; and €;, 4,7 =1,--- ,n — 1,
(512) GT(fQO AN dT)(El,EJ) = wo(a,a) =0.
So we have GT'(fQ A dr) = wp on Gri(R"?). O

One can use the diagonal intersection map and Gelfand transform (see, for in-
stance, [15] and [3]) to construct Crofton measure for the k-th Holmes-Thompson
volume.

Let Q2,1 := fQ A dr and define a map

7k N
(5.13) T Gro_1(R?) \Ap — Gry—,(R™)
W((Hh'" 7Hk:)):Hlﬂ"'ﬂHk7

where A, = {(Hy, -, Hg):dim(HyN---NHg) >n—k} and then let Q,_j :=
W*Q’fl_l.
Now consider the following double fibration,

(5.14) Gri(R™) & T, 2 Gr,_(R7),

where Zj, = {(Z,S) € Gri(R") x Gro_p(R") : 1 C S}. Then we have the following
proposition about the Gelfand transform on (5.14)

Proposition 5.4. GT(Q,_;) =wh for 1 <k<n-—1.
Proof. Let

L
K

(5.15) H:= {(L(Hl,Hg,---7Hk))eGr1(R")xGrn,1(R”) :lCHlﬁ---ﬂHk}

and consider the following diagram

2.k

Gri(R") & 1, Gron_k(R")
(5.16) AR t
"B G R
in which 7 : H — Zj, is defined by 7((l, (H1, Ha,--- , Hg))) = (I, HHN Hy N -+ - N Hy)).
Note that

(517) 7Tl*7T§Qn71 = Wo,

by Proposition 5.3.
For the lower part of the diagram (5.16),

Ay * T2 AT
(5.18) Gri(R") < H =3 Gri(R™)
By manipulating the map 7o = w9 X - -+ X mg, the product of k£ copies of the map mo,
—_—
k
applying Fubini theorem for (5.17) and using the fact that 71 x 72 : H — Gri(R?) x

—k
Gri(R")" is an immersion, one can infer 71,750k | = wh.
Thus, by the commutativity of the diagram (5.16) we obtain 7T1’k*7T>2k7an,k = wlg.

]
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In order to study the k-th Holmes-Thompson volume, one can restrict on some
k + 1-dimensional flat subspace. So fix S € Gri4+1(R") and then define a map by
intersection

s Grp—k(R?)\ A(S) = Gri(S)

(5'19) 7T.S<Hn—k) — Hn—k: ns

for H"= % € Gr,_x(R™) \ A(S), where

(5.20) A(S) = {H”*k € Gra s (R : dim(H" * 1 S) > o} :
Then we have the following proposition

Proposition 5.5. (75):Qn—k = Wilgrgsy, for 1<k <n—1.

Proof. From Proposition 5.4, we know that 7T1’k*7T;7an,k = wlg for the double fibra-
T2k T1.k 7N 7t~

tion Gry,_(R"?) & I, = Gri(R").
Therefore, one can obtain by the definition of the intersection map (5.19)

(521) (WS)*Qn—k = ﬂ-lak*ﬂ-;,kgn—kicrl(s) = wgiGrl(S)'
0

Finally, one can obtain the following theorem about Holmes-Thompson volumes.

Theorem 5.6. (Alvarez) Suppose N is a k-dimensional submanifold in (R, F).
Then ’l)OZk(N) = i fpem#(NmP)|Qn_k| fO’F 1 S k S n—1.

Proof. By Proposition 4.2, the claim is true for hypersurface case.
It is sufficient to show the claim for the case when N C S for some S € Gri41(R?).
We obtain by Proposition 4.2 and Proposition 5.5,

volp(N) = %fleicm(S) #(N N1)|wk|
(5.22) = ? fleGrl(S) #(N n l)‘(ﬂ—S)*Qn—H

2¢, JPeGr_(R™) #(Nﬁp)lgnfﬂ‘

as desired. O

6 Length and related issues

The classic Crofton formula is

e 2
(6.1) Length(y) = i/o /0 #(yNl(r,0))dodr

for any rectifiable curve in Euclidean plane, where 6 is the angle of the normal of the
oriented line [ to the z-axis and r is its distance to the origin. Let us denote the affine
1-Grassmannians (lines) in R? by Grq(R2) .

As for Minkowski plane, it is a normed two dimensional space with a norm F(-) =
[| -], in which the unit disk is convex and F' has some smoothness.
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Two of the key tools used to obtain the Crofton formula for Minkowski plane are
the cosine transform and Gelfand transform. Let us explain them one by one first and
see their connection next. A fact from spherical harmonics about cosine transform is
there is some even function on S* such that

(62 FO) = 1 [ 1€ lste)e

if F is an even C* function on S*. A good reference for this is [5]. As for Gelfand
transform, it is the transform of differential forms and densities on double fibrations,
for instance, R? 2 7 ™3 Gr;(R2), where 7 := {(z,l) €R?x Gri(R?) :z € z} is the
incidence relations and 7, and o are projections. A formula one can take as an
example of the fundamental theorem of Gelfand transform is the following

(6.3) / mam3lQ = / £y D)9,

1€Cr (R2)
where 2 := g(0)df A dr. But we give a direct proof here.

Proof. First, consider the case of Q) = df A dr. For any v € T,7, since there is some
v' € T, such that m1.(v') = v, then

(w3l alv) = ([, 1 7312 (0)
= Lot (w3120 ()

(6.4) = [ (m3]d0 A dr|)(v')
= Jou ldr(ma.(v"))]d0
= Joi (v, 0)|d0
= 4.
So [, m.m3|Q = ALength(v) = [,z #(7 N1 by the classic Crofton formula.
When Q = f(0)df A dr, we just need to replace df by ¢g(#)df in the equalities in
the first case. |

Moreover, from the above proof and (6.2), for any curve v(¢) : [a,b] — R? differ-
entiable almost everywhere in the Minkowski space,

b b
©5) [ memsiel= [ (mml) )= [ 4P @)= dLength(a),
¥ a a
so then by (6.3) we know

1
(6.6) Length(y) = — / #(yN1)[g(0)do A dr|
4 Jican®)

for Minkowski plane.

The Holmes-Thompson Area HT?(U) of a measurable set U in a Minkowski plane
is defined as HT?(U) := £ [}, |wo|?, where wy is the natural symplectic form on the
cotangent bundle of R? and D*U := {(z,£) € T*R? : F*(£) < 1}. To study it from
the perspective of integral geometry, we need to introduce a symplectic form w on the
space of affine lines Grr1(IR2), for which one can see [13].
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7 Holmes-Thompson area and related issues

Now let’s see the Crofton formula for Minkowski plane, which is Length(vy) = 7 f G @) #(yN
)|w|. To prove this, it is sufficient to show that it holds for any straight hne segment,

(7.1) L 1[0, |lpa = poll] = B2, L(t) = p1 + o2,

[[p2 — p1l|
starting at p; and ending at ps in R2. First, using the diffeomorphism between the
circle bundle and co-circle bundle, which is

oF : SR? — S*R?

(7.2) or(@,6) = (x,dF),

we can obtain a fact that

fo{upi o1 \}('DFOCO - fsTlF(LXﬂ@iﬁ ) o
p2—p -
(73) = 0 = aOdFszfpl : ((ngfghvo))dt
P2 —P1
_ [lp2—p1l]
- 0 dFui;:zh‘ (HPQ le)dt
where «aq is the tautological one-form, precisely age(X) = &(mp.X) for any X €

TeT*R? and doay = wo. Applying the the basic equality that dFe(¢) = 1, which
is derived from the positive homogeneity of F, for all £ € SR?, the above quantity
becomes fo\lprmH 1dt, which equals to ||p2 — p1]|.

Let R:={{, € S*R?:x € pipz} and T = {l € Gri(R2) : INpipz # }7 and p’ is

the projection (composition) from S*R? to Gry(R2).
Apply the above fact and p*w = wy,

fT|w| = fp/(R)lwl = fR|pI*W| = fR|w0|
‘fR+w0‘+|fR*w0|
‘faR+a0|+|faR—a’0‘
4{|p2 — p1]-

(7.4)

Thus we have shown the Crofton formula for Minkowski plane.
Furthermore, combining with (6.6), we have

1 1
(7.5) 7/ #Wmmm:—/ #(v N D,
4 Jican ®) 4 Jor®)

where © = ¢g(0)df A dr. Then, by the injectivity of cosine transform in [5], || = |w|.
To obtain the Holmes-Thompson area, one can define a map

7: Gri(R2) x Gri(R?) \ A — R?
( y=inl,

where A == {([,I') : 1 | I' orl =I'}, by the construction of taking intersections in [15].
The following theorem is obtained.

(7.6)
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Theorem 7.1. For any bounded measurable subset U,

1
(7.7) HT?*(U) = %/ x(z N U)|m. 02
z€R?

in which HT?(U) denotes the Holmes-Thompson area of U.
Proof. On one hand,

1 1 1
(7.8) 7/ w(Q):f/ w(Q):f/ ap A wo.
™ Jp*U T JoDp*U T JsxUu

On the other hand, let Ty := {((l,l’) € Gri(R?) x Gri(R2) : INl € U},

1 1 1
(7.9) 7/ x(zNU)T,0% = 7/ Tew? = 7/ w?.
T JzeR2 T Ju ™ JTy

Let T*U = {(&:,&)) : &z, &, € SiUY, then

(7.10) (' xp) "N (To) =TUN\{(& &) : & € S3UY.
Therefore
1 2 1 *x, 2
xlnw ?f *U\{@x,gm):&mesw}p;“
(7.11) T Jrev\((en eayesessvy @0
- gf{(sm,m:&mes;zf} Qo A\ wo
= = fS*U oo N\ wg.

Thus, the claim follows from (7.8),(7.9

~

and (7.11). O
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