Prolongation of Jacobi 2-form on Weil bundles

A.J. Nguéngué Louvouandou, O. Mabiala Mikanou and B.G.R. Bossoto

Abstract. Let M be a smooth manifold, A a local algebra and M4 the
associated Weil bundle. When (M,wys) is a Jacobi manifold, we con-
struct the prolongation of the Jacobi 2-form, wy;4 on M# and we give the
necessary and sufficient condition such that (M#,wjs4) be the A-Jacobi
manifold.
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1 Introduction

In what follows, all structures are assumed to be of class C*°. We denote by M a
smooth differential manifold, C°°(M) the algebra of smooth functions on M and by
X(M), the C>°(M)-module of vectors field on M.

1.1 Weil algebra and Weil bundle

A Weil algebra (or a local algebra in the sense of André Weil) is a real commuta-
tive, associative, unitary algebra of finite dimension with unique maximal ideal m of

codimension 1. We have
A=Rodm.

Let M be a smooth manifold of dimension n. We recall that an infinitely near
point to x € M of kind A is a homomorphism of R-algebras

£:0°(M) — A

such that &(f) — f(x) € m, for all f € C>(M) [17]. We denote by M2 the set of all
infinitely near points to z € M of kind A and

MA = M
zeM

The set M# is a smooth manifold of dimension dim A x dim M and the triplet
(M4, 7, M) is a bundle called bundle of infinitely near points or simply Weil bundle
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(4], [14].
If f: M — R is a smooth function, then the mapping
UMY — A E— ()

is also a smooth function. The set C°°(M4, A) of smooth functions on M4 with
values on A, is a commutative algebra over A with unit 1ge (a4 4) and the mapping

C®(M) — C®(MA,A), f — 4

is an injective homomorphism of algebras [1]. Then, for f,g € C*°(M) and for A € R,
we have:

(f+9 = +gh NP =A% (F-9t =110
The mapping
C®(M*) x A — C®(M*,A),(F,a) — F-a:&— F(€)-a
is bilinear and induces one and only one linear mapping
0: C®(MA) @ A — C®°(M4, A).

*
&3

When (aa)a=1,2,...dim 4 is a basis of A and when (a

the basis (aa)azl,Q,...,dimAa the mapping

Ja=1,2,... dim 4 is a dual basis of

dim A
o7l CF(MAA) — AR C®(MA), 0 — Y aa @ (a} 0 ¢)

a=1
is an isomorphism of A-algebras and the mapping
7 :O®(M) — A® C®(M?), f — o H(f4),

is a homomorphism of algebras [1],[12].
For any ¢ € C®° (M4, A), we have

dim A

o= (a}00)- a..

a=1

Let M be a smooth manifold, A and B both be Weil algebras. Then the mapping
(MA)P — MA9B 1 — (ida @) oy

is an isomorphism of smooth manifolds [17].

1.2 Differential operators and Kahler differentials

Let R be a commutative algebra with unit over a commutative field K with charac-

teristic zero and let £ be a R-module. We denote by D[Ig (R, E) the R-module of
differential operators of order < 1 from R into F i.e. the set of K-linear maps

6:R— F
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such that, for any a, b € R,
d(ab) =06(a)-b+a-06(b) —ab-5(1g)

where 1 is the unit of R.

When E = R, we denote by D[Ig (R) instead of DL?(R, R), the R-module of dif-
ferential operators of order < 1 from R into R. The R-module of K-derivations of
R, denoted by Derg(R) is simultaneously a R-submodule and a K-Lie subalgebra of
DY(R).

Let Qr[C°°(M)] = Qcoe (ary/r be the C°°(M)-module of Kélher differentials forms
of C>*(M) and

Opr : C (M) — Qr[C(M)], f +—— [ @ Lo i) — loo ) @ f

the canonical derivation which the image of d s generates the C*° (M )-module Qg [C™(M)]
i.e. for € Qr[C>*(M)],

T = Z fi : 6M(gl)7
i€l: finite
with f;, g; € C°°(M) for any ¢ € I[3],[10], [11],[8].
The map

Ay =idoo(ny @ 6n : CF(M) — CF(M) ©r Qr[C(M)], f — f+m(f)

is a differential operator of order < 1 and the image of Ay, generates the C°(M)-
module C*° (M) ®g Qr[C>(M)].

We recall that a Jacobi structure on a smooth manifold M is due to the existence
of a bracket {, }as on C*°(M) such that the pair (C°°(M), {, } ar) is a real Lie algebra
such that, for any f € C°°(M) the inner derivation

ad(f) : C*(M) — C=(M), g — {f, g}nm
is a differential operator of order <1 i.e.

ad(f)(gh) = g-ad(f)(h) +ad(f)(g) - h — gh - ad(f)(Lc=(ar))
{fa gh} = g{f7h} + {f7g} ~h— gh{fa 1C’°°(M)}

for f,g,h € C*°(M). In this case we say that C>°(M) is a Jacobi algebra and M is
a Jacobi manifold [6].

In [8], Mahoungou and Bossoto study the prolongation of Poisson 2-form on Weil
bundles. In this paper we use same technick to study the prolongation of the Jacobi
2-form wjys on Weil bundles.

In the following, M# denote the Weil bundle of M of kind A, R = C®(M%)
the set of smooth functions on M# with real values and R = C°°(M#4, A) the set of
smooth functions on M# with values on A.
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2 Lie derivative with respect to a differential oper-
ator on M4

2.1 Differential operator and module of Kahler differential on
Weil bundle

If M4 denotes the Weil bundle of M of kind A, let Q4[R] = QR4 be the R-module
of Kilher differentials of R which are A-linear (with R = C>(M#, A)) and

dpa R — Qa[R], 0 0 @ Loso(a,a) — Lo (s, a) @ @
the canonical derivation which the image of ;4 generates Q4[R]. According to [§],

Proposition 2.1. The mapping dpra : R — Q4[R] is a unique A-linear derivation
such that for any f € C*(M),

631 (I = Sra (F4).

Consider the R-module, R & Q4[R] definite for any ¢, in R and for any w €
Qa[R] by
(e +w) = (¢ +whp =p+ 1w =g +wih.

Let E be a R-module. We recall [2] that a differential operator on M4 with values
in F is a A-lineair mapping
®:R— F

such that for any ¢, 9 € R,

D(pY) = (@) -+ ¢ 2(¥) —¢- ¢ 2(IR).
Proposition 2.2. The mapping

Apya :R—ROU[R], o — ¢+ dpa(p)

is a unique differential operator on M4 with values in the R-module R ® Q4 [R] such
that, for any f € C*(M),

Apra (fA) = [AM(f)]A-
Proof. - For any ¢, in R,

Apa (p+v) = o+9Y+opalp+9)
o+ +dprale) +dpra(®)
= Apya (0)+ Apa (V).

- For any ¢ € R and for a € A,

o+ dpalap)
“pta-dpalp)
(¢ +dara(yp))
“Apralyp).

Apa (a-p)

|
° 2 o o
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- For any ¢, in R,

Apa (- 9) = Apa (9) Y — - Apya (V) +¢ -1 Apa (IR)
= @+ opyale-P) = e v +onyalp) ] —lp- Y+ -dpya@)]+¢-¥-[Ir +0]
Spralp ) —Onalp) - — @ - dpra(¥)
0

1.e.

Apa (p-P) =Apa (0) v+ - Apya () =@ Appa (Lose(ar4,4))-
- For any f in C*°(M),

Aya (fY) = '+ 0ua(FY)
= o
= [f+ B
= [Am(H)I*
Since R is generated by the functions f4, we conclude that the proposition is
proved. O

According to [10],[12], we have the following theorem:

Theorem 2.3. The pair (R®QA[R], Aysa) satisfies the following universal property:
for all R-module E and for any differential operator

op:R— F,

with values in E, there exists a unique R-linear mapping

0 : R®Q4R] — FE
such that

0o Apya =0g.

Proof. To construct the action of 0%, it suffices to explain the action of 47 on fAe
R = C>®(M*,A) and on [da(f)]* € Qrya. We must necessarily have:

Sp(f*) = f* 0p(1pya).

On the other hand,

55 ([dar (HIY) = 65 (Ana(f4) = f4) = 66(f*) — fadp(Lya).

The action of &% on f4 and on [da(f)]? for all f € C°°(M), is thus (only )
determined by

0p(f4) = fade(ya), Sp(dufIh) = 06(f4) = fadp(Laa).

Since f4 for all f € C*(M) generates C=°(M*, A) as A-module, the action thus
defined is prolonged by A-linearity in that of an A-linear operator of R ® Qg /4 in E
such

(5E = (SE O AMA .
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This fact implies the existence of a natural isomorphism of R-modules
Homg (R ® Q4[R], E) — DY(R,E),0 — 0 Aya

where DE] (R, E) denotes the R-module of differential operators of order < 1 from R
into E which are A-linear.
In particular, if £ = R, we have

[ReQaR]]" =~ DY(R,R)=DLI(C™(M",A),C=(M*,4))
(2.1) = ).
2.2 Lie derivative with respect to a differential operator on
MA

We introduce in this section the exterior algebra

/\A[R ® Oryal.

We will also be led to consider algebra

AR e Qpel,
R

where R denotes this time the vector R-space C°° (M) attached to the smooth mani-
fold M above which, M# is presented as a real bundle of rank n x (dim(A) — 1), but
is also equipped with an A-manifold structure[14],[1][15].

The canonical dérivation dp;a : R — Qg4 induices a differential complex

50 A=0,,4 51 . 2 &, P
R ""— QR/AL)/\QR/AHL)/\QR/A*)
p
For any z["l € A(R @ Q4[R]), 2! has the form

p
2P = Z o0 [\ Apa(ny),

€I, #I<4o00  j=1

where ¢, and ¢, ;, (j =1,...,p), are in R.

We define an operator

2
Aja R&Qru — (RS Q)

thus: forallz € R ® Qg a,

z= > @Byalh) = Aya(z) = D Apya(e) ANAya() - z.
vel, #I<+0 vel, #I<+0
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This operator is well defined. Indeed, if

Z P Apa (wb) =0,

LET, #I<~+00

we observe that

Z @ﬂ/&) = 0

eI, #I<+0

Z (pL(sMA(wL) =0
el #I<+0

Z ¢L5MA(<PL) = 0.
vel, #I<+0

We deduce immediately that

Z Apra (‘PL) N Apa (%) =0.

Vel #I<+00

This implies that A}, 4 is an A-linear operator from R @ Qr/a to /\2(R © Qrya)
whose action is well defined.
An important observation is that

Apa(p Apa()) = Apralp) A Apga () — 0 Apgaleh)

(2.2)
_ (AMA(SO) — @AMA(IJMA)) N Appa(t)

for any o, € R. In particular, we have A}WA (AMA (gp)) = 0, which is in agreement
with the realization of a complex. The condition A}WA oApa = 0 on R actually
replaces here the nilpotency clause 5?\4/& = 0 (this nilpotence clause is obviously false
for Ajpza).

We can redo all this work (construction of the differential complex, realization of
an R-linear operator A}, : R® Qp/p — A’ (R & Qg r) in the context where this
time R = C'*°(M) denotes the vector R-space of the functions of class C*° on the
differential manifold M.

More generally, we have, when ¢, 91, ...,9, € R:

P P
(2:3) Ana(p N\ Aua(w)) = Aaa@) A N Apra ().
j=1 j=1
We can also define the action of the operator A}, 4 by duality according to the formula
(Aha(w), 2) = (W, Apa(2)) Y2z ERDQra,Vwe (RO Q)Y

So we have
<A7\4A (90 W), Z> = <w? A]\/IA ((PZ)>,

hence the formula

(2.4) Alya(pw) =@ Aa(w) + Alya(p) Aw.
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Because C>®°(M#, A) is generated as A-module by the elements f# (with f €
C>°(M)), that R & Qg4 is also generated as A-module by Ajpa(f4) (with f €
C°°(M)) and that the operator Aj,a is an A-linear operator, the algebra A ,(R @
Qr/a) is generated (always like A-module) by the elements of the form

féA’ /\AMA(fjA)? p€N7 f07f17"'7fp€COO(M>‘
j=1

The application (a, f) — a f* for A x R into R induces besides a R-morphism of
the differential R-complex

AR /\QR/JR id/L@t)iM A® /\QR/R
R R
in the differential R-complex

6,,A
A ra =5 N\ RS Qryal.

Recall that for 8 € DE] (M%), according to (2.1), there exists 8* €Homg (R @©
QA[R],R) = (R & Q4[R])* such that 8" o Ayya = 9.

Proposition 2.4. If 0 ¢ D[j] (M4, the map
Ko : (R®Q4[R]) x (ROQR]) — RDQ4[R]
such that for any X andY in R & Qa[R],
Ko (X,Y)=0"(X) -V -8 (V) - X
is skew-symmetric R-bilinear.

Proof. The fact that Kg is R-linear results from the fact that 8™ is an R-homomorphism
from R @ Qg4 into R. The fact that it is an R-linear application which is antisym-
metric is immediate by construction. (]

We denote by
ig: A2 (R® Qa[R]) — R & Qa[R]

the unique R-linear map such that
is(X AY) = Kp (X,Y).
For any ¢ € C®°(M4, A),
lp.8 = Q- 15.
According to [2], if 0 : C°°(M) — C*°(M) is a differential operator on M, then

there exist an unique differential operator, 84 : (M4, A) — C>°(M4, A) which
is A-linear, such that for any f € C*°(M),

04 (f4) = 10(f)" .
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Let 0 € DE](M 4) be a differential operator on M# which is A-linear. The
A-linear map

Lo=1ig0Ala+Ayaod :R®QR] — R QU[R]
is the Lie derivative with respect to a differential operator 9.

Proposition 2.5. For any ¢ and v in C=<(M*4, A) and for any 8 € DE](MA), we
have

Lo Apna(y)) =0(0) Apa(®) + o Apa(8(1)) — (¢ Apa(v)) 8(1r),

and for z = Z 0, Appa (%);
eI, #I1<+00

Lolz)= > (8(e) Ana() + 00 Aura(9(®)) ) = 20(1r):

VeI #I<+00
Proof. For z = ¢ Aa()), we have

Al (2) = (Bara(9) =9 Aara(Ir)) A Ayra(¥),
since @ = 0" o A ;4. Thus,

i5((Analp) — o Apa(¥)) A Apa(¥))
= (0(p) — 901w (nra,4))) Apra() — 8pra(p) B(Y)
() Apra () — dppa(p) 0(¥) — O(1R) 2.

Afterwards,
(Apa0d") (SDAMA (7/))) = Apya (<P 0" (Apa (1/1))) =Apya (<P 3(7/)))

= 00W)+dya(pd(y))
W)+ dna(0()) +0() daralyp).

‘We obtain

Lo(pApa(y)) = 0(p) Apa(¥) + o Apa (0(¥)) — (¢ Apa(v)) O(1r).

Proposition 2.6. For any 8 € DE](MA) and for any ¢ € R, we have
Lo(Apa(p)) = Aya(8(p)).

Proof. We observe that if z = A4 (), we have A},4(z) = 0. The calculations made
in the proof of the proposition 2.5 are simplified in this case and only the contribution
of the second term remains in the expression of Lg(z), which immediately provides
the result. |
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For any ¢ in R, for any & € DE](MA) and 2 =), ;0. Apa() € RO QAR
we have
) =9 8(p.) + B(p)p. — P O(Low (ara,a));

(2.5) Lo(pz) =¢La(2)+ (8(p) — 0 0(Lo=(ra,n))) 2,

(2.6) L, 0(z) =pLa(z)+ 0%(2)dpalp).
Proposition 2.7. For any x in C®°(M) ® Qr[C°(M)] and 0 € Dl (M),

Loa(z?) = [Lo(a)]* .

3 Jacobi structure

When M is a smooth manifold, A a Weil algebra and M# the associated Weil bundle,
the A-algebra R =C>(M#, A) is a Jacobi algebra over A if there exists a bracket
{.,.}a4 on R =C*(M#, A) such that the pair (R =C>(M#, 4),{.,.} ) is a Lie alge-
bra over A satisfying

{o 1}, ={p, 1}, -2+ 1 {o, 2} 4 — 1 -2 {0, 1C°°(MA,A)}A

for any ¢, 11,92 € R. When R is a Jacobi A-algebra, we will say that the manifold
(MA,{.,.}4) is a A-Jacobi manifold [2].

For any f € C°°(M), there exists the unique differential operator A-linear denoted
by ad(f) = [ad(f)]* € DLI(M*) such that [ad(f)] (9*) = {f.g}* for any g €
C=(M)[2].

3.1 Jacobi 2-form and Jacobi 1-form on Weil Bundle
When (M, {,}) is a Jacobi manifold, the mapping

ad : C=(M) —s DY(M), f — ad(f)
such that [ad(f)] (g) = {f, g} for any g € C>°(M), is a differential operator. Thus :
Proposition 3.1. There exists a differential operator A-linear
ad? : R — DE](MA)
such that
(3.1) VfeCT(M), ad(f4) = [ad(f)]".

Proof. Let
ce(MAA) s DL(4)
T M T K

ce(M) 2 pliar
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be the commutative diagram i.e.
Toyy = Koad,

where
YM - COO(M) — COO(MAﬂA)af — an

7. 0(MAA) — DY (MA), o 7(p)
such that 7(¢)(v¥) = {¢, ¥} 4 and
K : DU (M) — DY(MA), 61— 04
We have for any f € C®°(M),
7o (f) =7(f*)
and

Koad(f) = Klad(f)

Thus, there exists ad® = 7 such that

ad”?(f*) = [ad(f)]*.

We will ask, given two elements ¢,9 € R = C®(M4, A):

{p.0}a = [ad*(p)] (@)

Since
ad? : C%(M4, A) — D)

is a A-linear differential operator, according to the universal property of the pair
(R® Qa[R], Ajra), there exists a unique R-linear mapping

[ad?]* : R @ Qa[R] — DY(MA)

such that
[ad?]* 0 A4 = ad?.

Let
oa 6" € [R®QAR]] — ¢" 0 Ay € DY (M),

be the canonical isomorphism and let

JRIA)A

(0%,4) Vo [ad?]" s R Qa[R] ™ Dl ar4) "2 R e QuR)

be the mapping.
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Proposition 3.2. The mapping
wya (RO QUR]) x (R Qu[R]) — C®(M4, A)
such that
wira (t,2) = =[(07374) " 0 [ad"]*(#)] (2)
is a skew-symmetric 2-form on R @ Q4[R]. Moreover, for any v,v € R, we have
(3.2) {p,h}a = —wpa (AMA(SD), Ajpra (T/J))

Proof. For any ¢ and % in R, we have:

1.
wrra (Bua (@) Aua()) = —[ (@30 [0 Apra(0)] ] (Ansa ()
= @) 8 )] (Bua @)
= —[aa* )] @)
= —{e.d}a
2.
wira (Analp), Ayaly)) = —{v, 0la.

Proposition 3.3. If
war : (C(M) & Q=[C=(M)]) x (O (M) © Q[C=(M)]) — O (M)
is a Jacobi 2-form of a Jacobi manifold M, then, for any f,g € C*(M)
(3.3) wya(f4g") = lwm(f,9)1
and
wira (Bua(F4), Ana(g") = = [ad(F)] (9%) = ~{£.9)* = ~{F*, 9"} a

In this case, we will say that wjsa is the Jacobi 2-form of the A-Jacobi manifold
M4 and we denote (M#,wy4) the A-Jacobi manifold of Jacobi 2-form wya.

Proposition 3.4. If (M,{.,.}) is a Jacobi manifold and
wya (R®QR]) x (RO Q[R]) — R,
the Jacobi 2-form of the A-Jacobi manifold M4, then, for any p, € C®(M4, A),

(3-4) Loga (o) [Ana ()] = Apra ({9, ¥} a)-
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Proof. For any ¢ € R, ad®(¢) € DE] (M#). Thus,

Loarol B ()] = Aua([ad ()] @)
AIVIA({%Z/J}A)~

Proposition 3.5. When (M,{.,.}) is a Jacobi manifold, then the mapping
igwaa : R® Q[R] — C®(MA, A)

such that
i1pwara(X) =wpa (Ir, X)

is a 1-form on the R-module R & Qa[R]. Moreover, for any x € Qr[C*>°(M)], we

have
A

iigwara(z?) = (i1 oo (ary @ ()]
Proof. - For any X, Y ¢ R® Q4[R] and a € A,
pgwya(X +Y) = wya (g, X +Y)
wyra (Ir, X +Y)
wya (Ir, X) +wya (1R,Y)
= figwpya(X) Figwpya(Y).

ilRwMA(a-X) = WA (lcoo(]\/jA’A),CL'X)
a-Wpyra (1R,X)

e a'ilRwMA(X)'
- For any = € Qg[C>(M)],

igwapa(z?) = wya (Ig,z?)

[war (1C°°(M)7x)]A
= [ilcoo<M)wa(x)]A

]

The 1-form i1, w4 is the prolongation on M# of the Jacobi 1-form 1 oo a1y WM
of the Jacobi algebra (C*°(M),{.,.}).

Theorem 3.6. The bracket
[,]Ja : (REQR]) x (RBQ4[R]) — R Q4[R]

such that
[t,2]a = Apalwara(t, 2)] — Liagaj- ) (2) = Liaaa)sz)(t)
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defines a structure of A-Lie algebra (the bracket [.,.]a is A-linear) on R & Q4[R).
Moreover,

(35)  [tozla = (1807 (0)(0) — [0 (0) (Lemara ) ) 2 + 91, 2
for any t,z in R® Qrya and for any ¢ € R. Finally, the maps

Aya - (R, .3a) — (R Q4RI [ ]a)

[0d]": (R® QAR [ Ja) — (DL (M), [ ])
are two morphisms of A-Lie algebras.

Proof. The verification that [.,.]4 is a Lie bracket on R © Qg/4, that is, the A-
bilinearity (immediate), of the condition [t,t]4 (immediate as well) and Jacobi’s iden-
tity are not a problem. The mapping

Apa s (R, 3a) — RO Qrya, [ -]a)

is indeed A-linear. Moreover, we have, for all, p,2) € R, that:

[Apa (), Apa (V)] = Apafwara (Apa (0), Apa ()]
+£[adA]*(AMA(¢)) (Ana (¥)) - ‘C[adA]*(AMA(u;)) (Axra (¥))
= AMA {30’ w}A .

Similarly, the mapping
[ad®)" s (R® Qrya, [ ]a) — (ORI A4, )
is R-linear. For all i) € R, if we pose t = A4 (¢) and z = Az (1), we have
[ad" " (A {pvty) = (ad*) {0}
[ad T [An (), Anra W]y = [(ad") (@), (ad?) ()]
ad 2], =[] (®),[ad ") (=)

Hence the assertion. One can be satisfied here to prove the A-bilinearity, the identity
of Jacobi, so that [.,.]a realizes well a Lie hook, to consider only the elements of

R @ Qgrya of type o Apa(1)).
Let’s now establish the conditions (3.5) (in fact, we will prove the

Now let’s establish the conditionss (3.5) (in fact, we will prove the last assertion of
the theorem, which will prove it completely). Given the 2-form of Jacobi wjy;a on
(R=C>(MA,A),{.,.}4)) and the operator R-linear

[ad?]" i R® Qrya — DL (M4,

we can also introduce operators

p+1
d dA]* /\HOI’DR(REBQR/A —>/\HOH1R(REBQR/A>
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associated with representation

[2d4]* : (R ® Qrya, [ Ja) — (DY), )

P
The action of these operators is defined as follows: for all n* € A ,Homg (R © Qgry A)
and for all £1,...,¢,.; € R® Qr/4, we have

1

oo (b1,estyi)) = (17 ad (1) [ (b1 Bty )|
1

E ~ o~
Y VT (It b B Bty )
1<k<l<p+1
p+1

= —Z(—l)jil WhprA (tj, AMA |:’I7 (tl,...,@,...,tp+1)i|>
j=1

k+2¢ " o
+ > -yt 17([tk,tZ]A,tl,...,tk,...,tg,...,tpH)
1<k<t<p+1

S
+

<.
Il

The form wj,a is a closed form for this operator dfid,q]*, which means that

(3.6) dipqaj.wpra = 0.

Indeed, if the trivial representation

id? 9 € (Dyfa(MH),[.,.]) = 0 € (DY (M), [.,))
has the associated cohomology operator df?d e and that we note
a=wya(lya +0, )z € Qpa (M),
we have the ”twisted” relationship:
df:dA]*wMA = df?dA]* WprAa +a AN WprA.

As
A
d[idA]* wiya = —aAwpa,

we deduce the closing clause (3.6). We are here in the framework of the notion of
Lie-Rinehart-Jacobi structure introduced in [10] and [11].
The ”anchor” morphism of vector R-bundles

p=pr ® px(ay : DY (M) — R@ X(M?)

(by R, here we mean the trivial bundle above M%) induced at the A-modules of
global sections (once we move from the R-varieties framework to the A-manifolds
framework ) the A-linear morphism here precisely noted [ad“4]* and we thus have the

relations(3.5) if we observe precisely that, for all t € D]E](M),

¢ € R Ora— ([d"]"(8)(9) = ¢ [2d") () (L= (2 ) ) | = pz () € Dera (R)
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The triplet (R®Qg /4, [ad?]*,wyr4) corresponds to a structure of Lie-Rinehart-Jacobi
A-algebra in the sense of [?], [?] on R® Qg 4, considered as the algebra of the global
sections of an A-bundle of rank n+1 above the differential manifold M. This completes
the proof of the proposal. (Il

In fact, the triplet
(R®Qr/a, [ad”]", wpya)

corresponds to a Lie-Rinehart-Jacobi A-algebra structure in the sense of [?],[?] on
R®Qgr/a, considered as the algebra of the global sections of an A- fiber of rank n + 1
above the differential manifold M.

3.2 Characterization of Jacobi algebras (M, {.,.} ,)on Weil bun-
dle

In this section, we propose to establish the following theorem:

Theorem 3.7. Let M be a smooth manifold, A a Weil algebra, and M* the Weil
bundle of near points from M of kind A. Conditions below are equivalent:

1. It exists a bracket {.,.} 4 on M* allowing to equip R = C>®(M*, A) with a
structure of A-Jacobi algebra.

2. There is a structure (R ® Qrya, [.,.]a) of Lie algebra on R @ Qg4 as well as
a differential form of degree 2 on M4 (with values in A), i.e an antisymmetric
R-bilinear mapping

w (R@QR/A,[.,.]A) X (R@QR/A,[.,.]A) — R

such that the triplet
(R 2 QR/A7 FwAa LUA)

generates a Lie-Rinehart-Jacobi structure when
. Al arA
FwA .REBQR/A —)DA (M )
1s the operator whose action is defined by

(3.7) F,,(z) :p e R— wa(Apyalp),z) Vze R® QR4

Proof. In the sense (1) = (2), the assertion has been the object of the theorem 3.6..
The only thing to observe is that the application [adA]*, corresponding to the ”anchor”
application of the Lie-Rinehart structure is precisely in this case the mapping

zeR® Qg s — DU (M), 2 — F,, (2)

defined by(3.7). Indeed, the Jacobi bracket {.,.}4 on M is connected to the form
w4 precisely by the relation

(3.8) {p. 0} a =w(Apalp), Apa() Voo e C®(MAA).
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It should be noted the very important role played here by the application ”anchor”:
[ad4]" i R® Qr, s — DL (MA).

This application should be seen as a morphism of A-bundles, once we consider
M4 as equipped with its A-manifold structure (before considering the action induced
on the A-modules of sections fibred above the open of M4).

In the sens (2) = (1), we observe that if the 2-form w is closed relative to défA]*,

the bracket defined by (3.8) is a Jacobi bracket on the A-algebra C°°(M#4, A), which
makes it possible to equip this A-algebra of an A-structure of Jacobi. This completes
the proof of the theorem. O
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