A new class of Finsler-metrics and its geometry
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Abstract. In this paper we introduce a new class of a family of («, §)-

.2 2 — .
Finsler metrics, defined as F = %, where a = /a;;y'y’ is a

Riemannian metric; 8 = b;y’ is a 1-form and a1, as, k1, k2, k2 are constants.
We study some important properties for this family of («, 8)-metric, such
as: the projectively flatness for the Finsler space endowed with a type of
this metric, the nonholonomic frame for the Finsler space endowed with
this family of («, 3)-metrics; the S-curvature, the Landsberg curvature
and also the bounded Cartan torsion.
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1 Introduction

The main purpose of this paper is to analyze some of the properties of an important
family of («, 8)-metrics:

ki1o? + koo + k3 3?
ayo + azf3

(1.1) Fe, B) =

which is a more general class of Finsler metrics, which were investigated in many
articles in the literature. The Matsumoto metrics from [16], [17], and also the Kropina
metric [12], have in common the property that they belong to this family of («, 3)-
metrics (1.1). The above mentioned important metrics can be described as follows:

is obtained from family of metrics (1.1) for: k1 = 1; ks = 0; k3 = 0; aq
ag = —1.

e The Matsumoto metric: F; = a—f introduced by M. Matsumoto in paper [16],
B

e Another Matsumoto metric: Fy = a+ %2 introduced by M. Matsumoto in paper
[17], is obtained from family of metrics (1.1) for: k1 = 1; ko = 0; k3 = 15 a1 = 1;
a9 = 0.

e The Kropina metric: F3 = %2 introduced by V. K. Kropina in paper [12], is

obtained from family of metrics (1.1) for: k; = 1; ko = 0; k3 = 0; a; = 0;
a9 = 1.
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e Also, in [21], we introduce an (a, §)-metric, which can be obtained from the
same family of (o, 8)-metrics (1.1) for: ky = a; ke =1; k3 =1;a1 = 15 a2 =0
and where a € (§,00) is a scalar. This metric was given as follows:

2 2

Fla,8) = 8+ 222
@

In this paper, we investigate this important family of Finsler («a, §)-metrics (1.1)
and we obtain a nonholonomic frame for this kind of metric. The importance of
this type of («, 8)-metric is huge. Many important («, 8)-metrics can be viewed as
particular cases obtained from this family. We compute also the S-curvature for this
family of metrics. The S-curvature has an important signification in Finsler geometry
because we can characterize the Finsler metrics among Berwald metrics, Riemannian
metrics and locally Minkowski metrics using this important non-Riemannian quantity.
Also, we prove that an important class of metrics from this family has bounded Cartan
torsion. From this important class we can remark the Matsumoto and Kropina metric
for which the bound of Cartan torsion have been studied in several papers, but our
approach is more general because we study the Cartan torsion boundedness for a more
general class of («, 8)-metrics. The Cartan torsion boundedness give us informations
about the immersion of a manifold M endowed with this family of («, 8)-metric into a
Minkowski space. The Minkowski spaces have remarkable physics properties. So, this
is one of our main motivations to investigate this important family of («, 8)-metrics.

The projective changes between a Finsler space with («, 8)-metric and its as-
sociated Riemannian space with metric a is well known in the literature and were
investigated in many articles. Let’s recall just two of them: [24] and [18].

The relationship between the geodesic coefficients of F' and «, namely G and G
is presented in paper [9] in the following form:

1.2 Gy g (S Ry ).

(1.2) G =G+ + 59 ayr Y F

In some articles, (for example, see [13]), the (o, §)-metric is presented in the following
form: F = a¢(s), where s = 3/a. The function ¢ = ¢(s) is a C™ positive function
on an open interval (—bg, bg) and it satisfies the following condition:

B(s) — s¢'(s) + (b* — s%)¢"(s) >0, |s] <b < bo.

Also, it is well known that F' is a Finsler metric if and only if ||8;]|o < bo for any
x € M.
In [13], the author gave the another form for expression (1.2), as follows:

Lemma 1.1. (/13]) The spray coefficients G* are related to e by:

Gl = 67' + aQSB + J{—QQO&SO + 7’00} yg + H {—2@0&80 + 7“00} {bl — Si}
_ ¢ 7 ¢'(¢—s¢') D ¢ .

where Q = 577 J = 5 —serm-e H = sGsar e
s=B/a, b=1Balla; sij = 5(bij; — bjjs), 10 = s1y", 50 = siob;
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. il —1 ail
GZ = g4 {[Fz]g,kyl yk - [Fz] ;ck} ) G = 4 {[az] xkyl yk - [az]xk} ) (gm) = % [Fz] yiyj
and
(aij) = (aij) ™" Also, rij = 5 (bij + bjs)» 00 = 459"y’
It is well known from a result of [25] that a Finsler metric F' = F(z,y) on an open
set U C R™ is projectively flat if and only if

kaylyk - sz =0.
By using this result, the following lemma holds:

Lemma 1.2. ([25]) An («, 5)-metric F = a¢(s), where s = §/a is projectively flat
on an open subset U C R"™, if and only if

(1.3) (amla2 — Yy )GR + a3Qsi0 + Ha(—2aQso + 100) (i — sy;) =0
where

2G" = 4 + 2B"

. alg Ls ; alao (1 ‘
Bzza ﬁsz +C*{B Byz_a (ayz_gbz)}

La 0 al La
2 2 . 2 __ 32 2 _ P2, _871;
B+ Lo+ ay Laa #0; v =b"a 67La—aa
oL 0L,
L :7.Laa:7
EGTE da

the subscript 0 means contraction by y' and

aB(rooLa — 2asoLg)

O = N PLa+ av’Lan)

The homogenous polynomials in 3 of degree 7, are denoted by hp(r). Another
important result is the following (according to [2]): A Finsler space F™ with an (o, 8)-
metric is a Douglas space if and only if BY = Biy/ — Biy' is hp(3). Also, from [2],
we know that

OlLﬁ i 4 i a2Lao¢
I, G0 T

BY = C*(b'y? — blyh).
1.1 Finsler spaces with (o, §)-metric

Definition 1.1. A Finsler space F™ = (M, F(x,y)) is said to have an («, §)-metric if
there exist a 2-homogeneous function L of two variables such that the Finsler metric
F:TM — R is given by:

(1.4) F?(z,y) = L(a(z,y), B(z,y)),

where o?(z,y) = a;;y'y?, a is a Riemannian metric and B(z,y) = b;i(z)y’ is a 1-form
on M.
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If we consider the fundamental tensor of Finsler space g;; = %%, then the
following formulae are well known from literature:

il o0 Qa1 0L
p —ay —az‘jaTjj7 bi = Qizp = oyt —zy —gij@a

ij 1, i i i o L
li:gj@:pi+bi§ bi=1rh U=ppi=11pi=7;pli=—;
;B B
bi b= -5 bzll = —.
P «a L

Using these notations, in [19], we have the relation between the metric tensors a;;
and g;; as follows
L 8 L
9i3 = —aij +bipj + pibj + bibj — —pipj = —(aij — pip;) + lil;.
Again, from [19], we have the following useful results.

Theorem 1.3. ([/19]) For a Finsler space (M, F), consider the matriz with the en-

tries:

defined on TM. Then, Y; = Yf (%) ,j€1,2,-+-  n is a nonholonomic frame.

Theorem 1.4. ([19]) With respect to this frame, the holonomic components of the
Finsler metric tensor (aqag) is the Randers metric (g;):

9ij =YY aqp.

Also, from [25], we know that for a Finsler space with (o, 8)-metric F?(z,y) =
L(a(z,y), B(x,y)), the Finsler invariants are given by :

2 2 2
(1.5) 1 0L 10°L 1 0°L 1 <8L 18L>7

1= 500’ © =205 " T 200006 "2 202 902 ada

where subscripts —2,—1,0, 1, gives us the degree of homogenity of these invariants.
For a Finsler space with («, 8)-metric, we know from [25], that:

(1.6) p—10 + p_2a2 =0
and also that the metric tensor g;; of a Finsler space with («, 3)-metric, is given by:
(L7)  gij(@,y) = praij(x) + pobi(z) + p—1 (bi(@)y; + bj(2)yi) + p—2yiy;-

From (1.7), we see that g;; can be obtained as a result of two Finsler deformation:

(1.8) ai; — hij = pra;; + p%g (p—1bi + p—2y:i) (p—1bj + p—2y;)
hij = gij = hij + 55 (pop—2 — p%4) bib;.
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The Finslerian nonholonomic frame that correspond to the first and second deforma-
tion, acording to [3], are given respectively as

) ) 1 B2 ) ) . .
(1.9)  Xj=/p16; — 52 (x/pTi \/P1 T P2> (p—10" + p—2y")(p—1V’ + p—2y’)

and

. . 1 p,QCQ
1.10 Vi=gi— — (14 )1+ 522 — 2, | bby,
(1.10) A ANGE ( \/ MY R

where B and C' are given by:

B = aij(p-1b" + pay") (p—1b’ + p_ay’) = p21b° + Bp1p_s;
. 1
% = high't? = pib® + ——(p1b* + p2)*.

Remark 1.2. The metric tensors a;; and h;; are related by: h;; = Xikal.akl. Also,
the metric tensors h;; and g;; are related by: gm, = Yn’;YT{ hij.

One of the most important problems in Finsler geometry is to find if a Finsler
manifold can be isometrically immersed into a Minkowski space. Using the Cartan
torsion of a Finsler metric, we can study the immersion of the manifold M endowed
with that metric. Shen proved in [30], that a Finsler manifold with unbounded Cartan
torsion can not be isometrically imbedded into any Minkowski space.

Another most important tasks in Finsler geometry is to find the classes of metrics
with bounded Cartan torsion. This is one of the goals of this paper, more precisely
we prove that the (o, 8)-metric class (1.1) is with bounded Cartan torsion and this
underline the importance of the class of metrics to be studied.

Some articles, in which the S-curvature was investigated, are: ([10], [26], [22]). The
S-curvature was introduced in Finsler geometry by Z. Shen in [27]. The S-curvature
is constructed by Shen for given comparison theorems on Finsler manifolds. This
non-Riemannian quantity is used for characterizing of Finsler metrics among Berwald
metric, Riemannian metric and locally Minkowskian metric (see [37], [38]). For some
recent works on S-curvature (see [7], [10]). The Landsberg curvature and the Cartan
torsion were investigated in Riemann-Finsler geometry by many geometers (see [[14],
(15, [20], [26], [31], [32])).

2 Preliminaries

Let M be an n-dimensional C'*°-manifold. Denote by T, M the tangent space at
x €M, by TM = | T.M the tangent bundle of M, and by TMy = TM \ {0} the

reM
slit tangent bundle on M. A Finsler metric on M is a function F : TM — [0, 00)

which has the following properties:

(i) Fis C* on T My;
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(ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M;

(iii) for each y € T, M, the following quadratic form g, on T, M is positive definite,

1 92
gy(w,v) = 555

[F?(y + su+tv)] |s4=0, u,v € T, M.

Let x € M and F,, := F|r, . To measure the non-Euclidean feature of F,, define
C,:T.MeTyMeT,M — R by

Cy(u,v,w) := %% [gertw(u, v)] lt=0, u,v,w € T, M.

The family C := {C, },ernm, is called the Cartan torsion. For y € T, My, define mean
Cartan torsion I, by I, (u) := I;(y)u’, where I; := g?*C;;x. By Diecke Theorem, F is
Riemannian if and only if I, = 0.

There are many connections in Finsler geometry (see [39]). In this paper, we use
the Berwald connection and the h- and v-covariant derivatives of a Finsler tensor field
are denoted by symbols ”|” and ”,” respectively. The horizontal covariant derivatives
of I along the geodesics give rise to the mean Landsberg curvature Jy (u) := J;(y)u’,
where J; := I;,y°. A Finsler metric is said to be weakly Landsbergian if J = 0. For
more details on Finsler metrics; Cartan torsion and Landsberg curvature please see
[1] and [36].

Given a Finsler manifold (M, F), a global vector field G is induced by F' on T'Mj,
which in a standard coordinate (%, y") for TMj is given by G = y' 52 — 2G'(x, y)a%iv
where

2 2 2
Gz‘::l il[a (£7) k_a(F)}) y €T, M.
Ox!

47 Loxkoyt 4

The G is called the spray associated to (M, F'). In local coordinates, a curve c(t) is
a geodesic if and only if its coordinates (c(t)) satisfy ¢ + 2G%(¢) = 0.

For a tangent vector y € T, My, define By : T,M @ T, M @ T, M — T, M and E, :
T,M@T,M — Rby By,(u,v,w) = Bijkl(y)ujvkwl 8% » and Ey (u,v) := Eji(y)uiv*
where

gkl ~— ayj(?ykayl’ jk — 2 jkm:
The B and E are called the Berwald curvature and mean Berwald curvature, respec-
tively. Then F is called a Berwald metric and weakly Berwald metric if B = 0 and
E = 0, respectively.
The S-curvature was introduced by Z. Shen in [27], in the following way:

Definition 2.1. ([27]) Let V be an n-dimensional real vector space and F be a
Minkowski norm on V. For a basis {e;} of V, let:

B Vol (B™)

Vol {y' € R*|F(yte;) < 1}

OF
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where Vol represent the volume of a subset in the standard Euclidean space R™ and

B™ is the open ball with radius 1. The quantity: 7(y) = lni”detiiij(y)), y eV —{0},
is called distorsion of (V, F'). Let (M, F') be a Finsler space and 7(z,y), the distorsion
of the Minkowski norm F, on T, M. For y € T, M — {0}, let 7(t) be the geodesic with
7(0) = z and 7(0) = y. Then the quantity

d .
(2.1) S(a,y) = 2 [7(a(8),6())] le=o
is called S-curvature of the Finsler space (M, F).

Remark 2.2. A Finsler space (M, F) is said to have almost isotropic S-curvature if
there exist a smooth function ¢(x) on M and a closed 1-form 7 such that:

(2.2) S(x,y) = (n+1) (c(x)F(y) +n(y)),
zreM,yeT, M.

Remark 2.3. If; in (2.2), we have = 0, then (M, F) is said to have isotropic S-
curvature. If n = 0 and c(z) is constant, then (M, F') is said to have a constant
S-curvature.

The S-curvature of an G-invariant homogeneous (a, §)-metric F = a¢(s), can be
expressed in the following way ([6]):

f'(b)
bf (b)

(2.3) S = <2‘I’ - > (ro + 80) — 071% (roo — 2aQs0)

where

_ S (sint)" 2T (beos t)dt

0 . _ _ nn—2 _ / 2 2\
fb) = N T(s) = ¢(¢ — s¢')" 72 [(¢ — 5¢') + (b* — s7)¢""] ;
_ Y A oy @
= A=1+sQ+ (b +s7)Q"; ¥= %
(2.4)

®=—(Q—sQ){nA+1+sQ}— (> —s*)(1+s5Q)Q"

rij = % (batj + byja) ;505 = % (batj — byla) ;

s;=0b'sij; sh=asy; so=siy's sh=sly's roo=ryy'y’; ry= by
The Busemann-Hausdorff volume form dVgg = op(x)drldz?...dz", is defined by
B Vol (wy,)
 Val {yl € R|F($,yia%i) < 1}.

OF

Then, the S-curvature is given by

(25) 5() = S 01) — o nw (0]

0
ox?

where y = y' =% |, € T,,M. For more details please see [6].
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Lemma 2.1. (/6]) Let F = a¢(s); s = B8/a, be a non-Riemann («, 8)-metric on a
manifold M of dimension n > 3 and 8 = ||Bz||,. Suppose that F is not a Finsler
metric of Randers type. Then F is of isotropic S-curvature, S = (n + 1)cF, if and
only if one of the following holds:

(i) B satisfies: r;; = €(b*a;; — b;b;), s; = 0; where e = €(z) is a scalar function
and ¢ = ¢(s) satisfies: ® = —2(n + l)k%, with k = const. In this case,
S = (n+1)cF, with ¢ = ke.

(i) B satisfies ri; = 0; s; = 0. In this case, S = 0.

The Landsberg curvature is expressed in [28] and is given by:
(2.6) Lijk = 6%075 {hZhJCk + h]hkCZ + hihij + 3EiTjk + 3EjTik + SEkTij}
where
hi = ab; — sY;; Ty = @?ai; — Y5, Ci = (Xaroo + Yaaso) hi + 3AD;
El' = (XGTOO + YﬁCVSO) hz + 3‘uD1, Dl = 012 (51‘0 —+ F’I’io —+ HO[SZ‘) — (FTOO + HQSQ) ?i’
(2.7)

1
Xy

- IA2 {_ZAQW +3(Q — SQ/)Q” + 3(b2 _ SQ)(Q//)Q} :
Xg = Tig {(Q — Q)2 +2 [2(5 F020Q) — (12 — $2)(Q — SQ’)] Q”} ;

Yi = —2QX4 + 3an; Yo = —2QX¢ + w7
1 1
A=-Q" uz—g(Q—sQ’); F:Z; H:—%.

Remark 2.4. The Landsberg curvature for an («, f)-metric is given in [32] in the
following way

_ 2 [0))

(28) + ﬁ |:\1/1 + 52] (7’00 — QOAQSO)hZ + o |:an50}11‘ + OéQ(aQSi — @50)

(0]
+ a?Asig + a?(ri0 — 20Qs0) — (roo — QOZQSO)ZJZ} A)
where
!
) 7 2
\I’l — b2 — s2Az Eﬁs ,
A2

hi = ab; — sY;; Ui = aiy’

(2.9) ©=—(Q-5Q)(nA +1+5Q) — (b* —5*)(1+5Q)Q".

For more details please see [32].
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Remark 2.5. Acording to [10], the S-curvature of the («, 3)-metric F = a¢(s), can
be computed as follows:

S ={Q —2VQs —2[VQ]' (> — s*) — 2(n+ 1)QO + 2} 59

(2.10) +2{U + A rg+a  {(* — )V + (n+1)0} roo,
where \ = —2‘2/#(83) and

—1

(2.11) p(b) = ﬁpr((;)gl) Uoﬂ ;&nco?e)]

Here, I' represents the Euler function.

Remark 2.6. The mean Cartan torsion of an (a, 8)-metric is given by:

B 1 a ¢ S¢// 38@5// _ (b2 _ 82)¢/”
C12) =gy (Ve T T s+ 7
() — s¢/
= M(O‘bisy”'

For more details please see [32].
Another important result of [1] is:

Lemma 2.2. ([1]) Let F be an («, 8)-metric. Then F is locally Minkowskian if and
only if a is flat and b;; = 0, (that is § parallel with respect to o, rij = 0; s;5 =0).

3 Main Results

Analyzing metric (1.1) we establish the relations between the spray coefficients in two
ways, using (1.2) and Lemma 1. Acording to (1.2), we compute:

[02(keay — agk1) + 2kszaraf + ksaz8%] By

F =
I (a1 + azf)?
[052(/€2a1 — agkl) + 2/{,'3&10{6 + k‘3a262] i
= by 5 .
(a1 + azf8)
Here, in computations, we take account of [10] and we consider a;, = 0 and j3), =
bijky'-
|
Next, we compute
8}7\]6 _ g (12(]452@1 - agkl) + 2]4136[1056 + k3a2ﬁ2
oy HiY (a1 + a2)?
0 (la?(kz2ar — agky) + 2ksaraf + k3a2ﬂ2> P &
3.1 + b =— ik
3.1) " oy ( (a10 + azf3)? vy

Then, one can obtain
8Fk a2(k2a1 — agkl) + 2]630,1055 + k3a2ﬁ2

ke _ F, = 5 (bk|; — bjjk)
dyi (a1 + a2 )
i ag(kgal — agk‘l) + 2]63@10[6 + k3a252 yiyk
oyJ (a1 + azf)? '

(3.2) + bi|k
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Remark 3.1. If § is closed, then, the above relation reduces to

oF _F.o—b i a?(kaar — agky) + 2ksar1af + kzaz8%\ ; &
oy VT T Mgy (a1 + asf3)? v

Now, by using (1.2), we are ready to formulate the following

Theorem 3.1. The link between the spray coefficients G and G for the metric (1.1),

s given by:

aQ(k‘Qal — agl{?l) + 2ksaraff + k3a262
(a1 + azf) (k1 + k2a B + k3 5?)

G =G+ ( ) by 'y

(3.3)
kio® + kpaf + k3f? 4 rk 0 (042(/62% — asgky) + 2kzaraf + k3a262)
2(ar + azf3) 97 OrkY Y Oy (a1a + as3)? '

Proof. The proof is direct, by using (3.1) and (3.2) and replacing in (1.2). O

Let’s now expressed the metric (1.1) in the following way

o2 (kl + ko B 4 ks (5)2)
F = B)

[e3%

alar + ag

2
where we denote & = s. Also, we denote by ¢(s) = Kithasthas™
@ a1+ass

Now, the metric (1.1) can be expressed in the form: F' = a¢(s).

We start to compute @, J, H from Lemma 1 for the above function ¢(s), and we
obtain
(3.4) Q=

k332a2 + 2ksa1s + koay — agky
]{1382a1 — k‘gSQCLQ —2 /{318(12 — k1a1

(kas2ay — kys2ap — 2kysag — kyay) (kgsZag + 2kgays + kgay — aghy)

2 (—k353a20,1 —352a12kg 4 kos3ag2 4+ 3s2agkgay 4+ 3kisagay 4+ k1ag2 + 2b62kga12 — 2b2agkgay + 2b2a22k1> (k32 + kas + k1)

kgai? — agkgay + ag?ky

—kgs3agay — 3s52a12kg + kos3ag? + 3s2ankoay + 3kysagay + kyay1? +2b2kza12 — 2b2agkgay + 2b2ap2k;

Using (3.4), (3.5) and (3.6) in Lemma 1, we are ready to formulate

Proposition 3.2. The link between the spray coefficients éi and G for the metric
(1.1), s:

2
; ; kzsZag + 2kgzays + kgay — agk ;
G1:G1+o¢<— 3° 92 391 241 21)57'

k3s2aq — kgs2ag — 2kysag — kjay

. (k3s2ay — kps2ap — 2kysag — kpay) (kgsZag + 2kgays + koay — a2k1>
2(

—kgs3agay — 3s2a12kg + kgs3an? + 3s2agkgay + 3kysagay + kia12 +2b2kza12 — 2b2agkgay + 2b2a22k1) <k3s2 + kos + k1>

, kgs?ag 4+ 2kgays + kgay — agky S yl
s0 + 700 ¢ —
kgs2ay — kos2ag — 2kysag — kiay a

. kga1? — agkoay + ag?ky
—kgs3agay — 3s2a12kg + kgs3ag? 4+ 3s2agkoay +3kysagay + kia1?2 +2b2kza12 — 2b2agkgay +2b2ag2k;

k332a2+2k3a15+k2a1 — agky yi
2 asg + oo by —s—
kzs2a; — kosZag — 2kysag — kjaj a




A new class of Finsler-metrics and its geometry 133

Proof. The proof is direct, using (3.4), (3.5) and (3.6) and replacing it in Lemma 1.
(]

Example 3.2. Let us consider the case i = 2, where
Y i [(1)2 22 i 1 2
(a:5) = 0 1) 4= VY'Y = (¥')2+ (¥?)? 8 =biy" = by +bay

The metric (1.1), in this case becomes

kia? + koaf3 + k332
- aro + asf3
R+ (57)?) + ka(biy' +bay?)y/ (y)? + (¥2)2 + ks(biy' + bay®)?
- a1/ (y')? + (¥?)? + az(b1y* + bay?) '

y' =rcosy

F

with r € [0,1],¢ € [0,27], the metric (1.1),

In polar coordinates, { 9 )
y= =rsing

becomes in this case:
ke + kor (b1 cos @ + by sin ) + ksr(by cos p + by sin p)?
- a1 + a2(b1 cos ¢ + ba sin p)

. k1 + ko(by cos ¢ + ba sin @) + kz(by cos ¢ + by sin p)?
- a1 + a2(by cos p + b sin )

F

which is the correspondent of F' = a¢d(s) = « (M)

a1+ass

Now, taking into account that for our case s = by cos ¢ + bs sin ;

k1 + ka(by cos o + by sin @) 4 k3(by cos ¢ + ba sin ©)?
N a1 + az (b1 cos ¢ + ba sin @)

o(p)

and replacing in Lemma 1, we can compute easily the coefficients Q, J, H for the
metric (1.1). Then, we get:

Q) = 2 (b cos () + by sin (¢)) (—by sin (@) + by cos (¢)) — by sin (@) + by cos (¢)
' (b1 cos (@) + by sin ()2 4 by cos (v) + by sin (¢) + a — @ (2 (by cos (¢) + by sin (¢)) (—by sin (v) + by cos (¢)) — by sin (v) + by cos (¢))

We have done the computations for Q(s) in Maple 13, also easily in the same
software program the computations can be done for J(s) and H(s). After that,
applying the same treatment as in (3.4), (3.5) and (3.6), we can get easily the link for
the spray coefficients as in Lemma 1 but this time for this particular type of metric
from family (1.1). For the metric introduced in [21], which can be considered as a
particular case of metric (1.1), as we suggested in the Introduction of this paper, we
choose k1 = a; ko = 1; k3 = 1; a1 = 1; as = 0 and where a € (%,oo) is a scalar. The
same computaions for Q(s), J(s) ang H(s) can be done in Maple 13 and after using
Lemma 1, we can find easily the relations between spray coefficients.

Remark 3.3. As we know from [9] that the function F' = a¢(s) is a Finsler function
if and only if three conditions are satisfied:
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(i) ¢(s) >0,
(i) @(s) — s¢'(s) >0,
(iif) [p(s) — s¢/(s)] + (b* — 5%)¢"(s) > 0.

Theorem 3.3. The («, 8)-metric (1.1) with ¢(s) = %ﬁ;’?f is a Finsler metric

if and only if, for the scalars ki, ko, k3, a1, as are satisfied the following conditions:

(’L) ko < v/ 2](11]{33 and a1 + azs >0
(Z’L) kq (kla% + ]{33a% — kgalag) < 0,

(k2a22—k3a2a1)33+(—3 ksai2+43 a2k2a1)52+3 kiassa1+2b%as’k1+kia124+2b%ksar2—2b%askoar
(ii1) 3 >
(azs+ar)
0.

Proof. From the above Remark 19, we get (i) ¢(s) > 0 < ki + kos + kzs? > 0
and also a; + ass > 0. The first condition is equivalent with ks < +/2k1k3, when
we impose the condition for the discriminant of the second order equation to be
negative. Hence, first part of the theorem is proved. For (ii), we have ¢(s) —

2
s¢'(s) > 0 & —(ksar—koag)s”=2kiags=har g and from this, we get easily that

(a2s+a1)?
kq (klag + ksa? — kgalag) < 0. which the second relation. For the last part the
theorem we have

[6(s) — 59 ()] + (b* — s*)¢"(s) > 0 =

<k2a22 — k3a2a1) s34+ (—3 k3a12 + 3a2k2a1) s2 4 3kjagsay + 2b2022k1 + k1a12 + 2b2k3a12 - 2b2a2k2a1

(ags +ap)3

and this completes the proof of the theorem. |

Next, we analyze when the metric (1.1) is projectively flat on an open subset
U CR"™
For this, first we compute:

I (k2ag — arks) B2 + 2kicvasff + kra?ay I (kaay — agk1) a® + 2 k3B a1 + kzf%ay
a = ) 8 =
(a2 + ala)2

(azp + 61104)2
Lo =2 52 (k1a22 — arkoas + a12k3) : Lﬁﬁ _9 o? (k1a22 —arksasg + a12k3) .

(a8 + ala)g (a2 + 61104)3

Next, we compute using metric (1.1), the following:

i P ((250k2a1 — 2sgagky) a3 + (—rgokial + 4sgkgBa) a2 + (—Z'roklaq,’i + 250k3[32a2) o — rookaB2ag + rooa,1k3[32> (agB + aja)
= —-1/2

B (k1a3a12 +3kiaZagBag + (2 k1a22B2 4 2~2kjas? — 2~42a1kgas + ajkoB2ag —a12k3zB2 + 2'\/2a12k3) o+ koB3ag? — a1k3ﬁ3a2)

o (a2k2a1 7a2a2k1 +2k36a1a+k3B2a2)a B (k1a227¢z1k2a2+a12k3) (yiB—a2bi)
+ 2
koB2ag +2kiaasB + kia2a; — agkgB2 (a8 + ara) (kaB2ap + 2k1aazf + kyaZay — agkzp?)
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where C* is given by

a ((2spkgar — 2spagky) a® + (—rgok1a1 + 4sokgfar) a? + (—2rggk1agB + 2 s0kgfp2az) a — rookafZag + ropa1k3h?) (azh + aga)

c*=-1/2 - .
B (k1aBa1? +3k1a2ap8 a1 + (2k102282 + 242k1a9? — 292a1kgag + a1kaBZag — a12k3B2 + 2v2a12kg) o + kpp3ag? — arkgBas)

Next, we compute

B — ((k2a1 —agki) a® + 2ksBaja + k352a2) o (i r )
B kof2as + 2 k1 asf + k1a2a; — ayks B2 oY oY

1o (/{1(122 — a1k2a2 + a12k3) 6042
(agﬁ =+ aloz) (k‘gﬂQag + 2k« agﬁ =+ k1a2a1 — a1k362)

) C*(b'y’ —bly').

Using Lemma 2 and the above relations, we are ready to formulate the following:

Proposition 3.4. The (a, 8)-metric (1.1) is projectively flat on an open subset U C
R"™, if and only if:

(3.7) (amia® — YmY1) Gl + ?Qsi0 + Ho(—2aQsg + 7o0) (b — sy;) = 0.

Here Q, J, H are given in (3.4), (3.5), (3.6).

4 Finsler space endowed with the (o, §)-metric (1.1)

In this section, we consider a Finsler space endowed with the fundamental function

L=F2= <k1a2 + koS + k252>2
ayo + azf3

for the («, 8)-metric (1.1) and we construct the nonholonomic Finsler frame for this
kind of metric. We use the results from subsection 1.1. presented in introduction of
this paper.

After computations, we obtain

oL 5 (k352 + ko 8 + k1a2) ((kz(lg —arks) B% +2kiaazff + k1a2a1)

41 - = I
( ) aa (G,Qﬁ-i—ala)g
(4 2) 87[/ —9 (kgﬂz + kgaﬂ + k1a2) ((k2a1 — (12]?1) a2 -+ 2]€3ﬂ a1 —+ k3B2a2)
' op (agﬂ—i—ala)B ’
’L ) (k2B + 2 k10)* q (k382 + koo B+ k10?) (k2B + 2 k1) ay
da? (a2 + ala)2 (a2 + ala)3
k382 + k kia?) k ks B2 + k k1a2)® ;2
(4.3) +4(35+20ﬂ+ 10%) ky 6(3/3+2Oéﬁ+ 10%)a17

(a2 + aloé)Q (azB + ala)4
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L _, (2ksB + kaa)? < (k32 + koa B+ k102) (2 k3 + ko) az

P (a2B + ala)2 (a2B + ala)3
4 o (k382 + kaa B + k;oﬂ) ks (k32 + koa B + kljﬂ)Q a22;
(azB + ara) (a2 + a1c)
0L 5 (k2 4+ 2 k1) (2 k3B + ko) 4 (k362 + koo B+ k1a2) (2k3f + ko) ay
0adp (a2 + ala)2 (aefB + ala)B
49 (k3B? + kaa B+ k1a?) ko 4 (k3B + ko B + k1a?) ag (koS + 2 k1)
(agﬁ—l—ala)Q (agﬂ—i—ala)?’
(45) +olRfthafs b10%) oz
(asf + ara)?

2
Theorem 4.1. If we consider the Finsler space L = F? = kro® thoaB ks for
aiatazf3
which the condition (1.6) is true, then

i _ yvivyk
vi= X1

is a Finslerian nonholonomic frame with X}, respectively ij given by (1.9) and (1.10)
and can be computed for the («, B)-metric family (1.1).

Proof. Now, we compute the Finsler invariants for the («, §)-metric (1.1), using (1.5).
After tedious computations, one obtains:

(4.6)
1 0L (k3ﬁ2 + ko B + k1a2) ((]412&2 — alkg) 52 +2kiaasf + ]4?10{2a1)
Pl = 7 — 3
2c0 O (a2f + a10)” «
1 a2L
P=17 34 daos

((2k1ks + k2?) ap? — daykgkoaz +3a12k32) 6% + 2 (3 kakias? +ay (—2kyks — k2?) ag + kgkga1?) a g3
(a6 + a1t a

(4.7)
6k1202a0282 + 4k12a3ag8 ag + ky2ata;2
(agB + ara)d
B ((k3a227€2 - k32a2a1) B+ (4 kgajakgag — 4k32a12a) B3 + (6 aZagkiarky —3aZas?kiky +3a%ko?ajag — 3¢12k2a12k3) ﬁ2)
Pm2 7T (anB + aja)d ad
(4.8)
(4 adap?hy? - 4&3’€2a1k1a2) B+ atagkiZay — atkgar iy
+ (a26+a10¢)4 a3
2kia’koan?B — dagkiatkoar +6k3282a12a2 + 2kgkiatar? + atkg2a12 4 k32B%an? + 3ag2k;2at
PO (agB + aya)t
(4.9) 4a2k1a3k35 ay — 4k3253a2a10¢ — 6k3pB k2a3a12 + 2a3k22a25 ay

(agB + aya)t
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Using (1.9) and (1.10), we can formulate now; the nonholonomic Finsler frame that
correspond to the first deformation, respectively to the second deformation for metric
(1.1) as follows

i i 1 B2 i i j j
(4.10) X} = /p10; — B2 VprEy[p1+ F (p—10" + p—2y") (p—1V" + p—29),

s 1 p—20?
411 Viedsi— — (1+1+ 227 02 | bidy:
( ) J 1T 02 Dop—a P_1 j

where pg, p_2, p—1; p1 are given by (4.6)-(4.9) and where B and C, respectively are
given by
B? = p% 0" + Bpip_o,

and
o 1
C? = hib'V = p1b® + p—(p_lb2 + p_2f)>.
-2
and can be easily computed from (4.6)-(4.9). O

Next, for the (a,)-metric (1.1), we compute the S-curvature, the Landsberg
curvature and the Cartan torsion. First, using (1.5), we compute for the metric (1.1),
the following:

k352a2 + 2 kssaq + koay — askq
(kgal — agkg) 82 -2 klazs — k1a1 ’

Q:_

k3234a2a1 +3k352k2a12 - k254k’3a22 - 3k2252a1a2 +3k232a22k1 — 4 kgsagkjay — 5k1k352a1a2

o=
2 (—kgsBagay — 3kgs2a12 + kpsBag? + 3kps2agay +3k1agsay + kra12 +2b2kga12 — 2b2agkpay + 2b2a22k1> (k352 + kas + k1)
4kz?s3a1? — kikoar? +4ag?ky2s + agky2a) — 4 kgsSkoajan
+ 3 2,.2 34,2 2 2 2 2 2 24,2 2 '
2 (—kgsBagay — 3kzs2a12 + kgsBag? + 3kgs2agay + 3kiagsay + ka2 +262kga12 — 2b2agkgaq + 262092k ) (kgs2 + kos + k1)
(4.12)
kza1? — agk 2k
o - 3a1 agkgay + a3k
—kzs3agay — 3kzs2a12 + kos3an?2 + 3kgs2agay +3kjagsay + kjay? +2b2kza;? — 2b2askoay + 2b2ag2ky
2 2 2
Ql 9 (ngS + kos + k1) (ksa1” — askoar + a2k
- 2
(k352a1 - k252a2 -2 k1a2s - klal)
o s (=s2kpa2? + kgs2agay — 2kpayags + 2kgsar? — agkiay) (kgar? — agkgay + ag2ky)
(*k353a2a1 — 3kzs2a12 + kgs3ag? + 3kos2agay + 3kjagsay + kia1? +2b2kza12 — 2b2agkgay + 2b2a22k‘1)2
(4.13)
vo—s (*32k2a22 + k3s2a2a1 — 2kgajags + 2 k35a12 - ‘12]‘71‘11) (k,3a12 — agkgay + a22k1)

(—k3s3n,2a,1 — 3kgs2a12 4 kgs3ag2 4+ 3kgs2agay + 3kiagsal + k1ag2 + 2b62kga1? — 2b2agkgay + 2 b2rz,22k1)2

Now, we can formulate
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Theorem 4.2. The S-curvature for the (a, §)-metric (1.1), can be computed in the
following way

2 2 2
(kss +k28+k1) (ksfn —agkgay + a3 kl) ;)2 2 r1(s)
S = |2 5 —2wQs — 2(¥Q) (b% — %) —2(n 4 1) +2X|sg
(k3s2ay — kps2ap — 2kiags — kpaq) p2(s)
kga1? — agkgay +ap?k;
+2 +x|rg
—kzs3agay — 3kgs2a12 + kos3ag? + 3kgs2agay + 3kjagsay + kjay? +2b2kgay? — 2b2ankoay + 2b2ag2ky
(4.14)
N _1 [3 (b2 —s2) (—s2k2a22 + k332a2a1 — 2kgajags + 2k35a12 — a2k1a1) <k3a12 — agkoay + a22k1>
[e3
(~kgsBazay — 3kgs2a12 + kpsBan? + 3kps2agay + 3kjagsay + kray? + 2b62kgar2 — 2b62agkgay + 2b2a22k1)2
(n+1) (k32s%agay +3kgs?koa1? — kpstkgas? — 3kp2s%aras + 3kosZag?ky — 4kgsagkiay — 6kykgsZajay)
+

2 (—kgsBagay — 3kgsZar? + kgsBag? + 3kgsZagay + 3k1agsay + krar? +2b2kgay? — 2b2agkpay + 2b2a22k1> (k32 + kgs + k1)

(n+1)(4k32s%a12 — kikgay? +4ag2ky2s + agky2ay — 4 kgsSkgajag)

700
2 (*k353a2a1 — 3kzs2a1?2 + kgs3ag? + 3kos2agay +3kjagsay + kiayp? +2b2kza12 — 2b2agkgay + 2b2a22k1) (k352 + kos + kl)}

where A = — 2’2;52) and p(b) for the metric (1.1) is given by:
T (n=L ™ ; n—2 -1
(4.15) ey = Y5 [/ (sin 0) "
r (%) o (b?cos?60+bcosh + a)™

Also, ¥Q) is given in (4.13) and

P1 (8) = (—4 k23a2k1a1 - 6k;1/<;382a1a2

+ k3284a2a1 +3 k332k2a12 — k234k3a22 -3 k2282a1a2

+3 k282a22k‘1 + 4k32s3a12 — k1k2a12 + 4&22k128

+ a2k12a1 — 4k333k2a1a2) (k‘382a2 + 2 k38a1 + k2a1 - 0,2]61) )

p2(3) =2 (—k353a2a1 — 3]63820,12 + k233a22 + 3k252a2a1 + 3 kiassaq + k1a12
+ 2b2k‘3a12 — 2b2a2k2a1 + 2b2a22k1) (k382 + kos + k‘l) (k:352a1 — k252a2 —2kiags — k‘lal) .

Proof. The proof is direct, replacing (4.12) and (4.13) in (2.10). O
Next, we compute the following quantities from (1.8) for the (a, §)-metric (1.1):

k1 + kas + k‘3$2
P(s)=——"
ai; + ass
. k352a2 + 2kssay + koar — asky

¢'(s) (025 + 01)?

)

#'(s) =2 ksai1? — askzar + azzlﬁ’

(ags + a1)3
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(kigSz + kos + k‘l) (k‘352a1 - k252a2 —2kiags — k‘lal)

pP=—
(a28—|—a1)3

N 55k2k3a22 - 35k32a2a1 + k2234a22 + 2k354a1k2a2 - 3k32s4a12 + k233a22k1 + 2k353a1k1a2 + 353k22a1a2 - 353k3k2a12

(k3s2ay — kas2ap — 2kjags — k1a1)2

25262k kgag? + 6 kgs2agkia) — 2s2agbkoar kg + 252b2kz2a;? — 2kgs2ay2ky + 2sb2k1kgag? — 2sagbZko?ay + 3ky2agsay
+

(k352a1 — kgs2ag — 2kjags — k1a1>2

2sb2kgay2ky + skikoar? + 2b2k12a02 — 2a1b2k koag + k12a12 + 2b%kgaq 2k
+

(kgs2ay — kys2ay — 2kyaps — k1a1)2

0= k382a2 + 2 kszsaqy + koay — agky
- ]{3352(11 — k232a2 -2 klags — k1a1 ’

(k382 + kQS + kl) (]{73(112 — a2k2a1 + a22k1)

(]{7382(11 — k282a2 -2 klags — k1a1)2

Q=2

. (—2s3k3k2a2 +253k32a; — 352kg2ag + 3s2kgar kg — 6skokiag + 6skgaiky — 4k12ag + kQﬂ,lkl) (k3a1? — agkgay + ap?ky)
Q = —

(k352a1 — kgs2ag — 2kjags — k1a1)3

o~ 12 (sthghaZag? — 25%k3%arkgag + s¥kgar? + 25%k63%as? — 453kgarkpZag +25%kg2a12ky) (k3a1? — agkpay + az?ky)

I
(kgs2ay — kps2ay — 2kyaps — kpag)

(652k32k1az2 — 12 52kgarkokiag + 6 52kg2a12ky + 8 skak12an? — 2sagka?kyay) (kga1? — agkgay + ap?ky)
+

(k332a1 — kgs2ag — 2kjags — k1a1)4

(8sagkgaik1? + 2skgaykoky + 4k13%ap2 — 2kgark2ag + k12kga1?) (kga1? — agkgay + ap?ky)

T
(k3s2ay — kys2ap — 2kyaps — kpaq)

X = iy {2007 +3(Q - Q)@ + 307 - (@)}
Xo= xg {(Q - sQ)P 42 [2s 4 12Q) — (12— (@ - s@)] Q")
Yy = —2QX, + %QH’ Yo = —2QXs + (QLQ/)Q/’

A A
—_ N __1 _ / _l __Q
A_ Q7 ,LL— 3(Q SQ)’ F_A, H_ A

Now, using (2.6) and the above equalities, we can formulate the following

Theorem 4.3. The Landsberg curvature for the (o, B)-metric family (1.1), is given
by:

Liji = ot {hah; O+ hihiCi 4 hihiCy + 8B Ty + 3E; T + 3BTy}
where

hi = ab; — sy Ty; = &P ai; — §;7;,
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Ci = (Xuroo + Yaaso) by + 3AD;,
E; = (X¢roo + Ysaso) hy + 3uD;,

D, = a? (81‘0 +I'riyo + HO[SZ‘) — (F’l‘oo + HQSO) Y;
and X4, Xg, Yy, Y5, 1L A, A, pu, T are given in the above equalities.
Proof. The proof is direct, if we replace the above equalities in (2.6). O

Remark 4.1. The mean Cartan torsion, for the («, 8)-metric (1.1), can be computed
by using (2.12), and after computations, has the following form

(4 16) I (0] ((k3a1 — k2a2) 82 — 2k1a25 — k1a1

~ 2Aa? (k3s? + kos + k1) (a2s + a1) ) (abi = s1)
where ®(s) is given in (2.9).
The following important result is well known:
Lemma 4.4. (/8]) An («, 5)-metric F' is Riemannian metric if and only if ® = 0.

Next we find necessary and sufficient conditions for the (o, 8)-metric (1.1) to be
Riemannian.
First, we can formulate the following:

Theorem 4.5. The (a, 8)-metric F defined in (1.1) is a Riemannian metric if the
following conditions holds
()
(7]63]432&22 + k32a1a2) 54 + (74 ]{330,1]{32&2 + 4k32a12) 53
+ (3 k1k2a22 — 6&2]?33]610,1 — 3&2]{}22@1 + 3k3a12k2) 82 + (4 k12a22 — 4]62(11]91&2) S

(4.17)
+ ki*aras — kaay*ky =0,

(ii)

—a1  —ko + Vko? —4dkski ko + Vo 4k3k1}

4.1
( 8) € { as 2]€3 2]{3

Proof. We use Lemma 26 and impose the condition ® = 0 in (4.16) for the (a, §)-
metric F' defined in (1.1). The equality ® = 0, could take the place if both Q(s) —
sQ'(s) = 0 and 14+sQ(s) = 0 take place. Imposing the first condition Q(s)—sQ’(s) =0
to the metric (1.1), we obtain

(—k3k2a22 + k32a1a2) s+ (—4 ksarkoas + 4 k32a12) s3

+ (3 k1k2a22 — 6askskiar — 3a2k22a1 +3 k/’galzkg) 52 + (4 k12a22 —4 kg(llk‘lag) S

+ k12a1a2 - k2a12k1 =0.
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This equation leads us to complex roots. This is the first part of the theorem. The
second condition 1+ sQ(s) = 0 leads us to the following equation

k353a2 + k352a1 + k252a2 + S]CQCLl + klags + k1a1

=0
/€382a1 — k252a2 — 2/@1@28 — k:1a1

which gives following solutions

c {(ll 7k2 —+ kgz — 4k3k1 kg + ]{322 — 4k3k1 }
S —_— ;=

as ’ 2]()3 2k3

which is (ii); Hence, the proof is complete. O
Now, we recall the following useful result of [35].

Theorem 4.6. (/35]) Let F = a¢(s) be a non-Riemann («, 8)-metric on a manifold
M of dimension n > 3. Then the norm of Cartan and mean Cartan torsion of F,
satisfy the following relation:

3p% + 6pg + (n+ 1)¢?
(1.19) o=/ i1
n+1

where p = p(x,y), ¢ = q(x,y) are scalar function on TM, satisfying p+q =1 and
given by the following:

n+1

(4.20) p= " 508" +'¢) - 69,
(4.21) a1 = ¢(¢ — s¢'),

_ 56" ¢ =350 + (1 — 7)o"
(4.22) A== ) =)

Now, we can formulate the following.

Theorem 4.7. Let F = %, be the (a, 8)-metric defined in (1.1) on the

manifold M of dimensionn > 3. Then the norm of Cartan and mean Cartan torsion,
for metric F, satisfy:

3p2 + 6pg + (n + 1)q¢>
1Cll = \/

4.23
( ) n+1

171l

where p = p(x,y), ¢ = q(x,y) are scalar function on TM, satisfying p+q = 1 and
given by

n41 [a2k3 (—kgag + a1kg) s* + (—4kgkgatap + 4kg2a12) s + (3kgkgar? + (—6kiks — 3k22) agay + 3kgaz?hy) s?

ajA (ay +ags)?
(4.24)
(4a22k12 — akyagkgay) s — kikga1? + aghky2ay

. q=1-—p.
(a1 + ags)? ]
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(4 25) = ((k3a1 — kgag) 82 -2 klazs — klal) (k382 + kQS + kl) .
. 1= )

3
(ass +ay)
(n—2)s (k3a12 —agkgay + a22k1) (n+1) (k352a2 + 2kgsay + koay — azkl)
A= -2 —
(ags +ay) ((kgay — kpap) s2 — 2kjags — kyay ) (k352 + kas + k) (ags + a1)

(4.26)
(k3a1? — agkgay +ap?ky) (=35 + b2 — s2)

—1/2ay (kgay — kgag) 53 — 3/2ay (kgay — kpaz) 2 +3/2agsarky + (1/2k1 +b2k3) a12 — b2agkgay + b2ag2ky

Proof. Using (4.20), (4.21) and (4.22), we get for the («, 8)-metric family (1.1) the
relations (4.25), (4.26) and (4.24). Replacing (4.25), (4.26) and (4.24) in (4.19), hence
we get the asesrtion of the theorem. O

Now, we prove that a class from family type (o, )-metrics defined in (1.1) is
Cartan bounded. This class can be obtained from (1.1), if we choose ko = k3 = 0.
Next, we give the following result.

Theorem 4.8. Let

k1a2

1,27 Fo_me
(4.27) ara + azf3

be a class from family of the type (o, B)-metrics defined in (1.1), where « is a Rie-
mannian metric; B is an 1-form and the conditions from Theorem 20 are satisfied.
Then F' has bounded Cartan torsion.

Proof. We consider the case of dim M = 2. We take the local orthonormal coframe
{w1,ws} of Riemannian metric . In this case, a can be written as o = w} + w3.
We explain in Theorem 20, the conditions for the («, 5)-metric (1.1) to be a Finsler
metric. Next, we proceed in a similar maner like in [15]. If we adjust the coframe
{w1, w2} properly such that § = kw, then by = k and by = 0. Hence: |, =
\/a¥b;b; = k. For an arbitrary tangent vector y = ue; + vey € T, M, we obtain:
alp,y) = Vu? + 0% B(p,y) = ku.

The («, 8)-metric (4.27) becomes

B k1(u? + v?)
a1 VuZ + 02 + asku’
Assume that y* satisfies: g, (y,y>) = 0; g,(y=,y) = F%(p,y). The frame {y,y*} is

called Berwald frame. Let y = r(cosf)e; + r(sinf)es, i.e. u = r(cosf), v = r(sinh).
Plugging this expression in Maple, we get:

(4.28) F(u,v)

L raee (07 + 20000k cos (6) + (cos () aa%k?) 7
T {f1(9)’ 2(0) }
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where

f1(0) = H—4 2%k (cos (0))® — 17 ayas®k® (cos (0))7 + (—28a1ax*k" + 6 a2®k®) (cos 0))°

+ (28 a1a2°k" +8 k*r2agtk,? sin (0) — 22 a1’ask?) (cos 6))°

18 ) 4 8
+53 a2 <53 askr?k,? sin (0) a1 + 3 kit + as’kla? — 3 a14> k2 (cos (0))4

—8ay <a2k12 (a2’k® — 3/2a:®) r*ksin (0) — 1/87%k1%ay — 13/2a2%k%a,® +1/8 a15>k (cos (6))*

+ ((2 r2ki2aska;® — 18 k3r2a23k12a1) sin () — 6 (r4k14 —14/3 a14) a22k2) (cos (9))2
—12aqa9 (—2/3 ar1* + askr?k;? sin (0)a; —1/12 r4k14) k cos (0)

1
2

+ 3%k a0k + ki tar? + a1® — 272k 2askay® sin (9) ] (a1 + agk cos (0))2]

and f5(#) is given by

-1 5
f2(0) = @1 T sk cos )2 (22 a1 (cos (0))° as®k® — r¥ky* (cos (0))? arask

— k1 agagk cos (8) + 4a2°kS (cos (0))° — 3rtky ask? + 8 ar* (cos (0))" ax?k?

— 47k * (cos (0))" ax?k? 4 611k *ao?k? (cos (0)) — k1% a1 — 6 a2®kS (cos ())°

— 1% 4 28a,2 (cos (0))® as*k* + a1® (cos (0))® azk — 28 ay*as®k? (cos (0))?

— 52a1°a5°k? (cos (0))” — 53 a1 2as*k* (cos (0))* — 8.y ask cos ()

+ 17 aas”k® (cos (0))" — 28 ayask® (cos (0))° + 1272k1 2as®k?a1? cos (0) sin (6)

+ 272k 2askay® sin (0) 4 18 k3r2a53k, % sin (0) ay (cos (0))? — 18 k*r2as®ky % sin (8) (cos (A))* aq
—12k*r%as2k; 2 sin (0) (cos (0))? a1? — 2 kr2agk: sin (6) (cos (6))% ay®

1

2

— 8k r2ay k1% sin () (cos (0))° + 8 k*r?ay k2 sin (0) (cos (0))* )}

We know also from [15] that for the Berwald frame {y, yJ-}7 we get the bound of
the Cartan torsion as follows:

ICll, == sup &(p,y)

y€eT, P _{0}
where
y) |Cy ™t yt yt)|

F(p
Elp,y) = >
) 90,y

After other computations in Maple, we get

3 f3(9)‘
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where
f3(0) = sin(0) Ha26k6 (cos (0))° + 6 kPas’as (cos (0))® + 15 ar%az*k* (cos (A))”

+ (20a1%a2’k® — 3 E*r?ay*k,? sin (9)) (cos 9))°

1 ) 5
— 12a,? (agkr2k12 sin (0) a1 + 1 ikt — 14 ) k% (cos (6))°

1 1
— 18ay <3 ar1* + askr?k;? sin (0) a1 + 3 7"4l<:14> ask (cos (0))4

+ (—12 r2ki%aska,® sin (0) + 3rtkitas?k? — 31tk al? + a16) (cos (9))3
+ ((-3 arr?k,? + k16r6) sin () + 6r4k14a1a2k) (cos (0))% + 3k 1% as? cos ()

— sin () k:167"6] as (1/4 a1* 4+ 5/4 arask cos (0) + a22k2) k}
and

fa(0) = {(al T g 008 02 a1 4 1tk %01 — 4455k (cos (0))° + ik *ayagk cos ()

+ 8k*r2ay Kk, 2 sin (A) (cos (0))° — 8 k*r2ay k12 sin (0) (cos (6))*

— 18 k31%ayky 2 sin () ay (cos (0))? — 1272k; 2as?k?ay 2 cos (6) sin ()
+ 18 k312 ay k12 sin () (cos (0))* a1 + 1272k, %az2k? sin (8) (cos (6))
+3r* k1 Ya0?k? — 17 a1as®k® (cos (0))7 + 2 azkr?ky % sin (0) (cos (6))% a,®
+ 74k * (cos (0))? arask + 6 as®kS (cos (0))° — 2r2ky 2agka,® sin ()

+ 47r%ky* (cos (0))* an?k? — 614k as%k? (cos (0)) — 8ay* (cos (0))* ax?k?
—28a12 (cos (0))° az*k* — a1® (cos (0))® agk + 28 a3 *as?k? (cos (A))?
+52a1%a2%k? (cos (0))® + 53 a1 2ask? (cos (0))* + 8 a1’ azk cos (6)

+ 28 aqay’k® (cos (A))° )} .

—~

Next, we define three functions f5, fs and g on [0,1] x [—1, 1], as follows:
fs(x, k) =1 —a? Ha26k6x9 +6k%as%a12® + 15a;2a k2’
1
+ (20 a13ax’k® — 3k%ax k21 — m2> 2% — 12452 <a2kk12\/1 —22qq + 1 ki
5 4\;2.5 Ly 2 3 L,y 4

— Zal k“xz® — 18 ay fgal + agkk1“V1 — x2a,q +§k1 askx

+ (—12 ki12aska® V1 — 22 + 3k Yas?k? — 3k ta 2 + a16) x°

+ ((73 a1tk ® + k16) V1—22+ 6k14a1a2k) 22 + 3k ta e

1
—4/1- 1’2/€16:| as < a? + g ajaskx + a22k2> k} ,

4
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fﬁ(x7 k) - |:(a_’_ax)2 (a16 + kj14a12 - 4@26]{;6&38 + k14a1a2kl‘
1 2

+ 8k*as*k1? /1 — x22° — 8 k4a24k‘12m3m —18 k3a23k12Ma1x2

— 12k12a22k2a12xm + 18 k3a23k12x4ﬂa1 + 12k12a22k2 \/ﬁxgalz
+ 3k1tas’k? — 17 a1a2° k27 + 2 askky 222 Mals + k1 *23ara0k + 6 ax8k028

- lezagka13m + 4k fatas?k? — 6k as’k2a? — 8aytrtasy?k?
—28a122%a0 kt — a1 P23 ask + 28 a1tax’ k22 + 52 a1 2ax k32

+53a12a2*k st + 8aPaskx + 28 a1a25k5x5>}

and

3

f5(37,k’) ’
f6(x7k) .

Hence, we derive

€1, = maz |g(k.cos0)].

We compute that

. 3 .
ot =3t

fS(ka) ’
fG(ka)

for all x € [-1,1] with fs(z,k) # 0. Therefore, we conclude that kliql g(x, k) is
I

continuous and has an upper bound G. Then, it follows that there exists § > 0, such
that 1 =6 <k <1 and z € [-1,1], and we obtain

gk,z) <G+1 = [Cf,<G+1

and thus the proof is complete. (]

Example 4.2. In the above Theorem 31, if we choose k1 = 1,a7 = 0 and as = 1,
then we get the Kropina metric. In that case the functions f5(z,k), and fs(z, k),
respectively become

fs(x, k) =1 — 22 (kﬁxg —3k*/1 — 222% — 3k%2° + 3K%23 + V1 — 222 — V1 — x2) k2,

and

\/—4k6x8 + 6 k626 + 8k4V/1 — 2225 + 4 k22% — 8kAvV1 — 2223 — 6 k222 +3k2x
k2x2

(k%S —3/2k525 — 2k* /1 — 2225 — k2 + 2k* /1 — 222% + 3/2k%2* — 3/4 k2>

fﬁ(ka) =
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Next, we can easily compute in this case:

lzm L g(w, k) = l

2 k—1—

fs(x, k)’
fG(SC k)

for all x € [—1,1] with fs(z, k) # 0. Hence, we conclude that klzm g(z, k) is continuous

and has an upper bound G. Then, it follows that there exists § > 0, such that
1-d<k<landzxe€][- 1,1],andweﬁnd

gk,z) <G+1 = |C],<G+1

In conclusion, we prove that for the Kropina metric the Cartan torsion is bounded.
More generally, in Theorem 30 we prove the Cartan torsion boundness for all the

(o, B)-metrics of the type: F = al’;{f‘;ﬁ and this underline the importance of this
family of metrics.

Remark 4.3. In [40], it is proved also the Cartan torsion boundness but using another
method (using the definition of the norm of mean Cartan torsion) for two («,3)-
metrics. One of them is the Kropina metric. The conclusion is the same, namely that
the Kropina metric has bounded Cartan torsion.

Remark 4.4. In this paper we use the Maple 13 program software for computations.

5 Conclusion

In this paper we have investigated an important (¢, 3)-metrics family and we succeed
to obtain a nonholonomic frame for this kind of metrics. Also, we tried to do a study
as complete as possible for this kind of metric family. The importance of this type
of (a, B)-metrics is huge. Many important (¢, 8)-metrics can be viewed as particular
cases obtained from this family. We compute also the S-curvature for this family
of metrics. Also, we proved that an important class of metrics from this family has
bounded Cartan torsion. From this important class we can remark the Matsumoto
and Kropina metric for which the bound of Cartan torsion have been studied in
several papers, but in our approach we make a more general study. The Cartan
torsion boundness give us informations about the immersion of a manifold M endowed
with this kind of («, 8)-metrics into an Minkowski space. The Minkowski spaces
have remarkable physics properties. In conclusion, this family of («, 8)-metrics have
important applications in physics and also using the («, 3)-metrics we can understand
better the geometric properties of the Finsler metrics in a general case.

References

[1] P.L. Antonelli, R.S. Ingarden and M. Matsumoto, The Theory of Sprays and
Finsler Spaces with Applications in Physics and Biology, FTPH, Kluwer Aca-
demic Publishers 58 (1993).

[2] S. Bacsé, M. Matsumoto, On Finsler space of Douglas type. A generalization of
the notion of Berwald space, Publ. Math. Debrecen 51 (1997), 385-406.



A new class of Finsler-metrics and its geometry 147

3]
[4]

[5]

I. Bucataru, R. Miron, Finsler-Lagrange geometry. Applications to dynamical
systems, Ed. Academiei, 2007.

V.K. Chaubey, B.N. Prasad, D.D. Tripathi, Equation of geodesic for a («,3)-
metric in a two dimensional Finsler space, J. Math. Comput. Sci., 3, 3 (2013),
863-872.

X. Cheng , H. Li, Y. Zou, On conformally flat («, 8)-metrics with relatively
isotropic mean Landsberg curvature, Publ. Math. Debrecen, 85, 1-2 (2014), 131-
144.

X. Cheng, Z. Shen, A class of Finsler metrics with isotropic S-curvature, Israel
J. Math. 169 (2009), 317-340.

X. Cheng, On (a, B)-metrics of scalar flag curvature with constant S-curvature,
Acta Math. Sinica, English series, 26(9) (2010), 1701-1708.

X. Cheng, H. Wang, M. Wang, On (a, 8)-metrics with relatively isotropic mean
Landsberg curvature, Publ. Math. Debrecen 72 (2008), 475-485.

0. Constantinescu, M. Crasmareanu, Examples of connics arrising in Finsler and
Lagrangian geometries, Anal. Stiint. ale Univ. Ovidius Constanta, 17, 2 (2009),
45-60.

N. W. Cui, On the S-curvature of some («a,[)-metrics, Acta Math. Scientia,
26A(7) (2006), 1047-1056.

M. Hashiguchi, Y. Icijyo, Randers spaces with rectilinear geodesics, Rep. Fac. Sci.
Kagoshima Univ. 13 (1980), 33-40.

V.K. Kropina, On projective Finsler spaces with a metric of some special form,
(in Russian), Nancn. Dokl. Vyss Skoly, Fis. Mat. 2 (1959), 38-42.

B. Li, Projectively flat Matsumoto metric and its approximation, Acta Math.
Scientia 27B(4) (2007), 781-789.

B. Li, Z. Shen, On a class of weak Landsberg metrics, Sci. China Ser. A, 50(1)
(2007), 75-85.

M. Xiaohuan, Z. Linfeng, A class of Finsler metrics with bounded Cartan torsion,
Canad. Math. Bull. 53 (1) (2010), 122-132.

M. Matsumoto, A slope of a mountain is a Finsler surface with respect ot time
measure, J. Math. Kyoto Univ. 29 (1989), 17-25.

M. Matsumoto, Finsler spaces with (a, 3)-metric of Douglas type, Tensor N. S.
60 (1998), 123-134.

Matsumoto Makoto, Projective changes of Finsler metrics and projectively flat
Finsler spaces, Tensor, N.S. 34 (1980), 303-315.

Matsumoto Makoto, Foundations of Finsler Geometry and Special Finsler
Spaces, Kaisheisha Press, Otsu, Japan, 1986.

S.K. Narasimhamurthy, A.R. Kavyashree, Ajit and Y.K. Malikarjun, On a class
of weakly Berwald («, §)-metrics of scalar flag curvature, Int. J. of Math. Res. 5,
1 (2013), 97-108.

L.I. Pigcoran, V. N. Mishra, Projectivelly flatness of a new class of (a, 8)-metrics,
Georgian Math. J. 26, 1, 133-139.

L.I. Pigcoran, V. N. Mishra S-curvature for a new class of («, B)-metrics, Re-
vista de la Real Academia de Ciencias Exactas, Fisicas y Naturales, Serie A.
Matematicas 111, 4 (2017), 1187-1200; DOI:10.1007/s13398-016-0358-3.



148

[23]

Laurian-Ioan Piscoran, Lakshmi Narayan Mishra and Siraj Uddin

S. Pandey Approzimation by some Linear Positive Operators Using One and
Two Parameters Quantum Algebra, Ph.D. Thesis, Sardar Vallabhbhai National
Institute of Technology, Surat-395007, Gujarat, India 2019.

P. Senarath, Differential geometry of projectively related Finsler spaces, Ph.D.
Thesis, Massey University, 2003.

Z. Shen, On projectively flat (o, B)-metrics, Canadian Math. Bulletin 52 (1)
(2009), 132-144.

Z. Shen, Landsberg curvature, S-curvature and Riemann curvature. In: A Sam-
pler of Finsler Geometry, MSRI Series, Cambridge University Press, Cambridge,
2004.

Z. Shen, Volume comparison and its applications in Riemannian-Finsler geome-
try, Advances in Math. 128 (1997), 306-328.

Z. Shen, On a class of Landsberg metrics in Finsler geometry, Canad. J. Math.
61 (2009), 1357-1374.

Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Acad. Dor-
drecht, 2001.

Z. Shen, On Finsler geometry of submanifolds, Math. Ann. 311, 3 (1998), 549-
576.

A. Tayebi and M. Barzagari, Generalized Berwald spaces with («, 3)-metrics,
Indagationes Mathematicae 27 (2016), 670-683.

A. Tayebi and H. Sadeghi, On generalized Douglas-Weyl («, 5)-metrics, Acta
Mathematica Sinica, English Series, 31(10) (2015), 1611-1620.

A. Tayebi and H. Sadeghi, Generalized P-reducible (c, B)-metrics with vanishing
S-curvature, Annales Polonici Mathematici 114 (1) (2015), 67-79.

A. Tayebi, T. Tabatabaeifar, E. Peyghan, On the second approximate Matsumoto
metric, Bull. Korean Math. Soc. 51, 1 (2014), 115-128.

A. Tayebi and H. Sadeghi, On Cartan torsion of Finsler metrics, Publ. Math.
Debrecen 82/2 (2013), 461-471.

A. Tayebi, On the class of generalized Landsbeg manifolds, Periodica Math Hun-
garica 72, 29-36, (2016).

A. Tayebi, E. Peyghan and H. Sadeghi, On locally dually flat (o, B)-metrics with
isotropic S-curvature, Indian J. Pure Appl. Math 43 (5) (2012), 521-534.

A. Tayebi, H. Sadeghi and H. Peyghan, On Finsler metrics with vanishing S-
curvature, Turkish J. Math. 165 (2014), 38-154.

A. Tayebi, B. Najafi, Shen’s processes on Finslerian connections, Bull. Iran.
Math. Society 36 (2) (2010), 57-73.

Tian Huangjia, On two classes of (a,f)-metric with bounded Cartan tor-
sion, Advances in Mathematics(China), 44 (2) (2015), 287-297; DOI:
10.11845/sxjz.2013078b.

Authors’ addresses:

Laurian-loan Pigcoran

Department of Mathematics and Computer Science,

North University Center of Baia Mare, Technical University of Cluj Napoca,
Victoriei 76, 430122 Baia Mare, Romania.

E-mail: plaurian@yahoo.com



A new class of Finsler-metrics and its geometry 149

Lakshmi Narayan Mishra (Corresponding author)

Department of Mathematics,

School of Advanced Sciences,

Vellore Institute of Technology University, Vellore 632 014, Tamil Nadu, India.
E-mail: lakshminarayanmishra04@gmail.com, lakshminarayan.mishra@vit.ac.in

Siraj Uddin

Department of Mathematics,

Faculty of Science, King Abdulaziz University,
Jeddah 21589, Saudi Arabia.
E-mail:siraj.ch@gmail.com



