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Abstract. The aim of the paper is to construct Noether invariants for
lagrangian non-holonomic dynamics with affine or nonlinear constraints,
considered to be adapted to a foliation on the base space. A set of illustra-
tive examples are given, including linear and nonlinear Appell mechanical
systems.
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A geometric setting to study nonlinear constraints for nonholonomic spaces is that
of a foliation; it is motivated by [3], and used in [14], a form followed effectively in
this paper.

We give a way to construct Noether invariants of nonholonomic spaces in the gen-
eral cases of affine and of nonlinear constraints, using infinitesimal symmetries. The
case of non-conservative Lagrangian systems of type (2.1) is given by Theorems 2.2
and 2.5, it covers the case of nonholonomic spaces with affine constraints. The general
case of a dynamics given by a generalized nonconservative Lagrangian system of type
(3.1) is given by Theorems 3.2 and 3.3, it covers the general case of nonholonomic
spaces with nonlinear constraints. In both cases there are given some illustrative
examples of infinitesimal symmetries and Noether invariants: linear and nonlinear
Appell constraints, as well as the Appell-Hammel dynamic system in an elevator.

1 Symmetries of Lagrangians in a foliate setting

If F is a foliation on the manifold M, then we can consider a foliation F® on R x
M, where the real parameter is added to the transverse part. Specifically, using
coordinates on M, (z%, z%), coordinates (z*) are tangent coordinates (on the leaves
of the foliation), while the coordinates (z%) are transverse coordinates. If the foliation
F is simple, i.e. its leaves are the fibers of a submersion f : M — M, then (%) are
coordinated on M and (x*) are coordinates on the leaf f~1(z%), giving together the
coordinates (z%,z%) on M. Thus the parameter ¢ € R in coordinates (¢, z%,z%) on
R x M is transverse, as (z%).

We follow some ideas used in [15], or, more generally, but giving the same in-
finitesimal result, as in [6], adapted here in the case of a regular Lagrangians and a
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nonconservative system (see also [10, Sect. 7.1]). We give here a global form for the
invariant objects, using foliations.

Let L : NF® — R be a Lagrangian, where a real parameter can be (non-
necessarily) involved. This Lagrangian can be obtained as L = L’ o C, using a
Lagrangian L' : R x TM — R and a nonlinear constraint C : R x NF — R x T M.

One say that the Lagrangian action of L is invariant under a set of an e—parameter
local group of foliate transformations

t(t) =t +er(t,a"(t), z"(
(1.1) zU(t) = x(t) +e€" (¢, 2" (t),
ZU(t) = x™(t) + e&™(¢t, x"(t

if there is an other Lagrangian A : NF® — R such that

wy o0 0) G

dxﬂ dz®

= I (t,x“(t),:cﬁ(t), dt(t)) + s%A <t,x“(t),:rﬁ(t), dt(t)) + o(e?).

We say that the local group is infinitesimally exact if the vector field
(1.3)
0

0
et a2ty s =T + X7,

0
+ &t 2y 5 97— Tt

XO:T(taxuaxﬁay ) Oxv

ot

called an infinitesimal action, is a global foliated vector field on 73 = T(M x R).
The energy of L is the Lagrangian £(L) = D, (L) — L, where D, is the vertical

0L
derivation D, (L) = ”a—yi. Let us consider the differential form §(L) € X*(NF)),

given by 0L = dL + E(L)dr, called the Cartan form of L. Using local coordinates, we
have

EL) = gLv (t,x", 2", y")y" — L(t, 2", =%, y"),
8L oL (9L 8L 5 OL

An almost transverse semi-spray S is a vector field on R x NF that projects on
the C-Liouville-type section. Using local coordinates, S has the form
0 - 0 0 0
1.4 S=—+C" (2" z" SU(t
(1.4) o O (@t yt) sy e (wﬂuy)ay
The integral integral curves of the vector field S are solutions of the system of differ-
ential equations

da* u u U, U
W = C (217 LY )7
o _

dt - Yy,

do

el St x", ™ y").



152 M. Popescu and P. Popescu

We denote below by % the action of S on real functions on T(NFF).

We say that the Lagrangian L is invariant up to a gauge term, if for every almost
transverse semi-spray S, corresponding to some non-linear constraints, there is an S—
related vector field X € X (NFR), called an infinitesimal symmetry, and a Lagrangian
A : NFR, called the gauge term, such that

(1.5) SL(X) = S(A).

Proposition 1.1. If the Lagrangian action of a reqular Lagrangian on NFX is in-
variant under (1.1) and the local group is infinitesimally exact, then L is invariant
up to a gauge term A, having as a infinitesimal symmetry given by an infinitesimal
action.

We have

(1.6)

oL oL oL df“ oL dr dz® 0L
L —
dt Oy

8t+§ T 0 Tt oy

Notice that the action of the operator % € X' (R x NF) has the form

d 0 u(gt g de* 0  dz® 9  d*z® O
(1.7) @ = oo T ) g e T e
9 9 8  dy® 9

- 8t+c 3“+y 8x’7+ dt oyt

The regularity conditions on Lagrangians and Lagrangian actions we consider in
that follows is to verify the hypothesis of Proposition 1.1 above. Thus an allowed
Lagrangian action corresponds to a regular Lagrangian on NJF®, the Lagrangian
action is invariant under (1.1) and the local group is infinitesimally exact.

The existence of A in formula (1.5) rise the problem if it depends or not on S. If
A comes from a local group action, as in hypothesis of Proposition 1.1, then A does
not depend on S. In this case, taking into account the formula (1.4), the equality
(1.6) implies

OL | W OL 0L (068 06"  0¢"\ oL
"ot T8 e T o <8t+06“+y3x“>8“
or u OT 5‘7 dz™ 0L
B 8A+CU8A oA
" ozv Y Grv
and

(1.9) OE% OL or (L_dx 8L) _0A

ay oy oy "t oyr) T oy
The two relations (1.8) and (1.9) are called Killing equations in the classical case [15],
r [11] in the nonholonomic case.
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2 The case of nonconservative Lagrangian systems

A nonconservative Lagrangian system has the form

d OL oL o
_—— = - _ T. % g% 4%
dt ayu axu +Qu(t, 733 71‘ 7y )7
dx® o
2.1 e A (A A LT
( ) dt C (t7 73: 7$ 7y )7
dar
o = T

This is the case of nonholonomic spaces with affine constraints, as studied for
example in [2, 14].

But we can extend the definition above to the case when

Qu = Qu(t, T,z 2", y", Y = di)
dt

The dependence can be considered by higher order derivatives, but we need here only
a particular case in the next section.

Two global forms associated with a Lagrangian L are d,L € I'(m3, z(N*F)) (the
vertical differential) and H, L € T'(7} 2z (N*FQN*F)) (the vertical Hessian), given by
dyL(Z) = Z(L) and H,L(Z1, Z>), for vertical lifts Z, Z; and Zs. In local coordinates,

oL . - 8L - -
dx", H,L = ———dz" ® dx".

dyL = — _
oyt Oyt oy?

If the vertical Hessian of L is non-degenerated, then L is regular and the nonconser-
vative system (2.1) is said to be also regular.

Proposition 2.1. If the Lagrangian L is reqular, then curves on M that are solutions
of a monconservative Lagrangian system (2.1) are exactly the integral curves of an
almost transverse semi-spray L (called the canonical semispray of the nonconservative
Lagrangian system).

, 0
In the autonomous case (i.e. %—? = 0), the term — does not appear in the formula

ot

(1.4) of an almost transverse semi-spray.
If S is an almost transverse semi-spray, one say that an h € F(NFR)) is S—
invariant if S(h) = 0.

Theorem 2.2. Consider an allowed Lagrangian action that corresponds to a reqular
Lagrangian L on NF=, let S be the canonical semi-spray of a nonconservative La-
grangian system (2.1) and, supplementary, let us suppose that there is an f € F(NF®)
such that

df - . oL
2.9 = _ _ U AN u u
(22) = Qu (€ =Ty — (€ = TC") o
where T' is the Liouville vector field. Then the function h = 7E(L) — d,L(§) + A+ f
is an S—invariant.

In the case @ = 0, one recover the case of a Lagrangian system.
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Corollary 2.3. Consider an allowed Lagrangian action that corresponds to a reqular
Lagrangian on NFR, let S be the canonical semi-spray of the Lagrangian system and
let us suppose that there is an f € F(NFR) such that

df oL
2.3 — = (1C* = &%) —.
(23) Yot ) e
Then the function h = TE(L) — d,L(§) + A+ f is an S—invariant.
Corollary 2.4. Consider an allowed Lagrangian action that corresponds to a regular
Lagrangian on NF®, let S be the canonical semi-spray of the Lagrangian system, let

us suppose that the infinitesimal symmetry is compatible with constraints and also
T =1. Then the function h = E(L) —d,L(§) + A is an S—invariant.

The case when L : NF - R, or L: NF = R, is the case when the Lagrangian
function does not depend on the parameter ¢. We look now to some special situations
below.

But the existence of a function f is not always possible, even locally (see below,
in an example at the very end of this section). Thus we state the following variant of
Theorem 2.2, that is true in this case.

Theorem 2.5. Consider an allowed Lagrangian action that corresponds to a regu-
lar Lagrangian L on NF=X, let S be the canonical semi-spray of a nonconservative
Lagrangian system (2.1). Then

(2.4) % (TE(L) = duyL(&) + A) + Qu (6" — Ty") — (£ = 7C") % =0.

Corollary 2.3 have the following general form:

Corollary 2.6. Consider an allowed Lagrangian action that corresponds to a reqular
Lagrangian L on NF®, let S be the canonical semi-spray of the Lagrangian system
given by L. Then

=0.

d oL
2. — L)—d,L A v
(25) = (TE(L) = dyL(E) + A) + (7O — €)=
As an example, we consider the linear Appell constraints as in [14, Example 5.1]
(see also, for example, [13]). The manifold is M = R3 x T? and the foliation is
the simple foliation defined by the fibers of the canonical projection R* x T? — T2

Consider the coordinates (z!,2?,23) on R? and (z',2%) on T?. The linear Appell
constraints are given by the formulas

(2.6) C' = Ry' cosz%,C? = Ry' sina?, C® = ry’.
The Lagrangian is
1 2 2 1 2 1 NNz 1 5\ 2
L= 3¢ ((yl) + (yQ) ) + 55 (y3) + 51’1 (y1> + 5[2 (yz) + .

and the constraints are given by (2.6). The induced Lagrangian has the form

N2 1 A\ 2
(I + aR? + BTQ) (yl) + 5[2 <y2) + yad

N2 1 N2
o (yl) +50 (y2) + a3,

1,2 .3 ,.1,.2 1, 2 _
Lc(x7xaxax7x7y7y) -

1
2
1
2
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An infinitesimal symmetry is given by &% = ¢%, €3 =0, 7 = 79 = const. and
1 N2 1] N\ 2
A= 5o/’ (yl) + 5]2 (y2> , since it verifies Killing relations (1.8) and (1.9), thus
also (1.6). We have Q3 = yrdz7, thus the equation (2.2) has the form

df
2 = roayt (L) + yrryt =ryyt,
_ 1 _
But y! = a thus one can take f = ryz! +c and we can use Theorem 2.2. Tt follows
that h = — (14 79)A + 702 + T'yxI + ¢ is an invariant along the integral curves of the

linear Appell constraints system, where c is a real constant.
_ 1 -
Another infinitesimal symmetry is given by £* = ix“7 =2 r=tand A =0,

since relation (1.6) holds; relations (1.8) and (1.9) also hold, thus this infinitesimal
symmetry is a Killing one.
The equation (2.2) has the form

o d
Since z! and 2® can not be in the form d—?, in this case we can not find a global

function f to satisfy the above relation, as in the case of the previous symmetry. In

this case, we can not use Theorem 2.2, but Theorem 2.5. Since 7€(L) —d,L(§) + A =
1 N2 1 N2

(t —1) A —tyz3 where A = §o/’ (y1> + =1 (yQ) , it follows that along the integral

2
curves of the linear Appell constraints system, we have

d

% (t—1)A —tya®) + ;x1+7x =0.

3 The case of generalized nonconservative Lagrangian
systems

A generalized nonconservative Lagrangian system is a dynamic system of the form

d 8L oL a Ay’
da* u u u o ,u
(31) E = C (thwT LY )7
ar_
dt = T.

0%L
We say that the Lagrangian L is quasi-regular if the matrix ((’9_8_ — buv> has
Yy oy?

an inverse in every point.
Notice that the definition of a generalized nonconservative Lagrangian system can
be extended by replacing, in the first relation (3.1),

o ody? o
bﬂﬁ(ta T7 xu,xu’yu) 5 _(t7Ta xuyxuayu) by Qﬂ(t=T> xu,x ayua dgt )and then the
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0?L

———— — bgs | be replaced by the non-singularity of
Oy*oy®

non-singularity of the matrix <

0*L Q4
Oy ody®  Oy?
since the case of nonlinear constraints for nonholonomic fit in the case we study here.

An analogous of Proposition 3.1 is the following result.

the matrix ( . But we do not need this general case in this paper,

Proposition 3.1. If the Lagrangian L is quasi-reqular, then the curves on M that
are solutions of a generalized nonconservative Lagrangian system (3.1) are exactly the
integral curves of an almost transverse semisprayy L (called the canonical semispray
of the generalized nonconservative Lagrangian system,).

Theorem 2.2 extends in the following way, having a similar conclusion.

Theorem 3.2. Consider an allowed Lagrangian action that corresponds to a reqular
Lagrangian L on NF®, let S be the canonical semi-spray of a generalized nonconser-
vative Lagrangian system (3.1) and, supplementary, let us suppose that there is an
f € F(NF®) such that

d N - oL
(3.2) éézz (Qa+basS”) (" —7y") — 5=

Then the function h = TE(L) — d,L(§) + A+ f is an S—invariant.

(e —7C).

Similarly, Theorem 2.5 extends in the same way, as follows.

Theorem 3.3. Consider an allowed Lagrangian action that corresponds to a reqular
Lagrangian L on NF®, let S be the canonical semi-spray of a generalized nonconser-
vative Lagrangian system (3.1). Then along its integral curves, we have:

o
Oxv

(383) L (rE(L) — duL(E) + A) + (Qu + buS?) (€7 — 77) —

- (€ — 7Cv) = 0.

As an example, we consider the nonlinear Appell constraints as in [14, Example 5.2]
(see also, for example, [13]). The manifold is M = R3 and the foliation is the simple
foliation defined by the fibers of the canonical projection on the first two coordinates,

R? — R2?, (xl,x27x1) — (xl,xg). The nonlinear Appell constraint is given by the
formula

2 5\ 2
(3.4) C'=ay/(y") + (¥2)".
The Lagrangian is
N2 N2
= b)) ot
and the induced Lagrangian has the form
Le(xt, 22, 2%, 2t 22yt y?) = o (yi)2 + (yi)2 + 6z'
) ) ) 9 ) ) 2 )

B+ o’y
——

where o =
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An infinitesimal symmetry is given by % = y% ¢! = 0, 7 = (= const.) and
/

@ 1) 2)? ac oL _ Say®
A:2<(y> +(y) ) We have Qu = 37 551 = k-
The equation (3.2) has the form

daf
- =6C1,
dt
thus we can take f = dx' + ¢, where c is a real constant, since % = C'. Thus

h=1o(A—6z') —2A+ A+ dz' +c= (1 —79)(dz' —A) +¢, or
(3.6) h=(1-1)(0z"—A)+ec.

We obtain a non-trivial invariant for 7o # 1.
A classical example of time dependent nonlinear constraint is the Appell-Hammel
dynamic system in an elevator considered in [9], having the time dependent constraints

(37) o () + (#)) - o =) =o.

It is easy to see that the above Appell example corresponds to the particular case
when v°(t) = 0.

We take C! (t,yi,yi) =09(t) + « (yi)2 + (yé)2 and the Lagrangian (3.5), as
in the case of a nonlinear Appell system, a particular case of this example, when
v9(t) = 0. The induced Lagrangian in this case is

LC (x:l?xI?l‘Q’ yi7 yé)

— @ <(y1)2 N (y2)2> +’yv0 (yi)z 4 (y§)2 st 4 % (1)0)2,

oL 0 “
y [CV’ [an]] =0

Let us denote A = (yi)2 + (yé)2 and o/ = B+ a?v, thus the induced Lagrangian
has the form

and the pseudo-curvature is Ry =

o 0 1, 1 0\2
LC:7A—|—’Y’U VA + bz +§(v) .

An infinitesimal symmetry is given by £% = my®, ¢! = (u - —) V000 T =19 =
A 0y
+ fyvO\/K) + u@
oCt oL, N 9*°C" OL  ady" gi _
oyt Ozt Otdym dyv A N VA
S% =0, and the equation (3.2) has the form

1"

a
const., u = const. and A = 7 <

We have Qz =
oL &C
Oyt oyuoy©’
d . . .
dl; =-0 ((u — %O) 0090 — ToCl) + (15 — 7o) (’V’UO\/Z-F vovo)

=900 (1§ — bu) + 76C*
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, thus we can take

Il
SN
/N
—~
4
NI=)
S—
[\v]
—~
s
|
%

IS
SN—
+
=
>,

S
~

(+)"
f= 5 (18 — 6u) + Todz" + ¢,
where c is a real constant. We have & (L) = y* oL _ L=y" (a”y“ + yo° 0 ¥" ) —
| 2 8yﬂ2 va
" 0 " 0
aA—vvox/Z—éml—i(v) :—aA—éacl—(U)
2 2 ) 2 )
oA () ", i 0 y" oA GO
Thus h = 5 Y 5 —y* "y +'yv\/z +— OVA+ 5 (15 — du)+

0\2
o0zl + ¢ = (v2) (18 — 1= du) —1—(7'0—1)6:6 +ec.
We consider now the case when v () = vot—i—co, where v) and ¢ are real constants.
An infinitesimal symmetry is given by % = y%, ¢! = WUO\/Z 7 =0and A =

// _ _
A + y0°VA, where A = (y1)2 + (y2)2. We have Qz = Oii%
(3.2) has the form

and the equation

%_ =< uL’_a&gﬂﬁ_lO _ _ 0
pril Qzé fax“_i\/ﬁy (55110\/3—(045 'yvo)\/g

ad — yv) (ad — )
= TO <v0 +a\/Z) T (v8t+co)

od fab =y [ ot
- dt( o vy Tt e

thus we can take f = ¢’ (x - vg% - cot) + c1, where c is a real constant and §' =

Sa —
w_ Thus
o
"A t2 "A
h:—o/’\/A—vvo\/A—l—O;+7vaA+§’(m1—v82—cot)+01:—a2 +

t2
5’11 — 5/ (’1}82 —+ Cot) + Ct.

For v] = ¢o = 0, we obtain a non-trivial invariant, similar to the invariant (3.6) of

a nonlinear Appell system, obtained previously.
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