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Abstract. Let S2 be a unit sphere in R3 and S2 × S2 be a product
Manifold. We study the Riemann structure on the product manifold S2×
S2, and give some result, on the sectional curvature on S2 × S2 and we
are going to prove a famous problem in Riemannian manifold to prove
the existence of Riemannian metric on S2 × S2 with positive sectional
curvature.
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1 Introduction

We recall some definitions and fundamental results in Riemannian manifolds.

Definition 1.1. A Riemannian metric on a smooth manifold M is a 2-tensor field
g ∈ τ2(M) that is symmetric (i.e.,g(X,Y ) = g(Y,X) ) and positive definite (i.e.
g(X,X)0 if X ̸= 0 ). A Riemannian metric thus determines an inner product on each
tangent space TpM , which is typically written<X,Y > := g(X,Y ) for allX,Y ∈ TpM.
A manifold together with a given Riemannian metric is called a Riemannian manifold.
We often use the word metric to refer to a Riemannian metric when there is no chance
of confusion. We denote a Riemannian manifold by (M, g).

Proposition 1.1. (An atlas for a product manifold). If {(Uα, xα)} and {(Vβ , yβ)} are
C∞ atlases for the manifolds M and N of dimensions m and n, respectively, then the
collection {(Uα × Vβ , xα × yβ)} of charts is a C∞ atlas on M ×N . Therefore,M ×N
is a C∞ manifold of dimension mn.[13]

Definition 1.2. If (M1, g1) and (M2, g2) be arbitrary Riemannian manifolds, then
we can define a natural Riemannian metric g = g1 ⊕ g2 called the product metric,
defined by g(X1 +X2, Y1 + Y2) = g1(X1, Y1) + g2(X2, Y2), where Xi, Yi ∈ TpiMi un-
der the natural identification T(p1,p2)M1 ×M2 = Tp1M1 ⊕ Tp2M2. Local coordinates
(x1, ..., xn) for M1 and (xn+1, ..., xn+m) for M2 gives the coordinates (x

1, ..., xn+m) for
M1 ×M2. In terms of these coordinates, the product metric has the local expression,

Differential Geometry - Dynamical Systems, Vol.21, 2019, pp. 160-166.
c⃝ Balkan Society of Geometers, Geometry Balkan Press 2019.



On the Riemann curvature on the product of two spheres 161

g =
n+m∑
i,j=1

gijdx
idxj , where (gij) is the block diagonal matrix

(gij) =

(
(g1)ij 0
0 (g2)ij

)
.

It is important in Riemannian manifold to study the relationship between curva-
ture and metric structures. In this section we give a Riemannian metric on S2 and
consider the curvature tensor on S2 ; in particular we compute sectional curvature
on S2. So we review and discuss some important preliminaries.Let M = S2, (unit
sphere) we define a local coordinate (differentiable structure) with spherical coordi-
nate on M = S2.

Let Xi : Ui ⊆ R2 → S2 (i = 1, 2, 3) be defined as follows:

X1(θ, φ) =
(
sin(θ)cos(φ), sin(θ)sin(φ), cos(θ)

)
,

U1 = {(θ, φ) ∈ R2|0 < θ < π, 0 < φ < 2π},

X2(θ, φ) =
(
sin(θ)cos(φ), sin(θ)sin(φ), cos(θ)

)
,

U2 = {(θ, φ) ∈ R2|0 < θ < π,−π < φ < π},

X3(θ, φ) =
(
cos(θ), sin(θ)cos(φ), sin(θ)sin(φ)

)
,

U3 = {(θ, φ) ∈ R2 | 0 < θ < π, 0 < φ < 2π}.

Hence we have a differentiable structure on S2. The relevant Riemannian metrics
is ds2 = dθ2 + sin2(θ)dφ2.

Theorem 1.2. With the C∞ structure {(Xi, Ui)}3i=1 and Riemannian metric
ds2 = dθ2 + sin2(θ)dφ2,on S2, the sectional curvature of S2 is positive constant,
k(σ) = 1.

Proof. Let

{
Xθ =

∂X

∂θ
,Xφ =

∂X

∂φ

}
be a base of TpS

2, the tangent space of S2 at

p ∈ S2. We have g11 = gθθ = 1, g12 = gθφ = gφθ = g21 = 0 and g22 = gφφ = sin2(θ).
We compute Christoffel symbols, Riemannian curvature and sectional curvature of
S2. We have:

(gij) =

(
1 0
0 sin2(θ)

)
and (gij) =

1 0

0
1

sin2(θ)


Now from

γi
jk :=

1

2
gis

(∂gks
∂xj

− ∂gjk
∂xs

+
∂gsj
∂xk

)
, we obtain the component of γi

jk as follows: γ1
22 = −1

2
sin(2θ), γ2

12 = γ2
21 = cot(θ)

and other terms vanishes. By computing the component terms of the curvature R in
(X,U) from the formula [14]:

Rs
ijk =

∂γs
ik

∂xj
−

∂γs
ij

∂xk
+
∑
l

γl
ikγ

s
lj −

∑
l

γl
ijγ

s
lk ; 1 ≤ i, j, k, s ≤ 2,
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we get R1
221 = −sin2(θ), R1

212 = sin2(θ), R2
121 = 1, R2

112 = −1 and other terms,
vanishes. Then we have [7],

Rijkl =
∑
l

Rl
iksgjl,

where,

R1212 = −sin2(θ), R1221 = sin2(θ), R2121 = −sin2(θ), R2112 = sin2(θ)

and other terms vanishes. Now, we compute the sectional curvature k(σ) of S2.
Let < X,Y > be the 2-dimensional subspace of TpS

2 then

k(σ) =
g(R(X,Y )Y,X)

g(X,X)g(Y, Y )−
[
g(X,Y )

]2 .
Suppose that χ = ui ∂

∂Xi
, Y = vj

∂

∂Xj
, gij = g(

∂

∂Xi
,

∂

∂Xj
) then we get

k(σ) =
Rijksu

iusvjvk

[uiujgij ][vivjgij ]− [gijuivj ]2

=
[u1v2 − u2v1]2sin2(θ)

[(u1)2 + (u2sin(θ))2][(v1)2 + (v2sin(θ))2]− [u1v1 + u2v2sin2(θ)]2
.

Now we simplify the denominator as follows:

[(u1)2 + (u2sin(θ))2][(v1)2 + (v2sin(θ))2]− [u1v1 + u2v2sin2(θ)]2

= (u1v1)2 + (u1v2sin(θ))2 + (u2v1sin(θ))2 + (u2v2sin2(θ))2

−[(u1v1)2 + 2u1v1u2v2sin2(θ) + (u2v2sin2(θ))2]

= (u1v2 − u2v1)2sin2(θ).

Hence, k(σ) = 1. �

2 The sectional curvature on S2 × S2

Since {(Xi, Ui)}3i=1 is a differential structure on S2, {(Xi × Xj , Ui × Uj)}3i,j=1 is a

differential structure on S2 × S2 [13].

Definition 2.1. Let (M1, g1), (M2, g2) be arbitrary Riemannian manifolds and M =
M1×M2. We define a natural Riemannian metric as a product metrics by direct sum
of two metrics g = g1 ⊕ g2 as follows:
g(p1,p2)(X1+X2, Y1+Y2) = (g1)p1(X1, Y1)+(g2)p2(X2, Y2) ∀Xi, Yi ∈ TpiMi; i = 1, 2.
also we get the tangent space on M = M1 × M2 as a direct sum of Tp1M1, and
Tp2M2. Let T(p1,p2)M = Tp1M1 ⊕ Tp2M2. If (x1, . . . , xn), (xn+1, . . . , xn+m) is the
local coordinate on M1, M2, respectively. Then the standard local coordinate on
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product manifold M = M1 ×M2 can be show by (x1, . . . , xn+m). In this system of
local coordinates, the product metric is defined by:

g =
n+m∑
i,j=1

gijdxi ⊗ dxj .

The matrix of components of the above product metric is given by:

(gij) =

(
(g1)ij 0
0 (g1)ij

)
.

Corollary 2.1. If M1 = M2 = S2 and g1 = g2 = ds2 = dθ2 + sin2(θ)dφ2 then
the product manifold S2 × S2 with the product metric g = g1 ⊕ g2 = ds2 ⊕ ds2 is a
Riemannian manifold [9].

Theorem 2.2. Product Riemannian manifold (S2×S2, g); g = g1⊕g2 = ds2⊕ds2 =
dθ21 + sin2(θ1)dφ

2
1 + dθ22 + sin2(θ2)dφ

2
2 has positive sectional curvature.

Proof. It is easy to show that the matrix of the product metric

g =
n+m∑
i,j=1

gijdx
i ⊗ dxj .

is:

(gij) =


1 0 0 0
0 sin2(θ1) 0 0
0 0 1 0
0 0 0 sin2(θ2)

 .

Obviously, det(gij) = sin2(θ1)sin
2(θ2). Of course for any charts {(Xi × Xj , Ui ×

Uj)}3i,j=1 on S2 × S2, we have: ∀θ; sin(θ) ̸= 0, therefordet(gij) > 0. It follows that

gij is inverseable. Hence (gij) is equal to
1 0 0 0

0
1

sin2(θ1)
0 0

0 0 1 0

0 0 0
1

sin2(θ2)


we take x1 = θ1, x

2 = φ1, x
3 = θ2, x

4 = φ2, we get the sectional curvature on
S2 × S2 in 4-steps.In the first step compute the Christoffel symbols γi

jk.

γi
jk =

1

2
gis

(∂gsj
∂xk

− ∂gjk
∂xs

+
∂gks
∂xj

)
γ1
22 = −sin(2θ1)

2
,

γ2
12 = γ2

21 = cot(θ1),

γ3
44 = −sin(2θ2)

2

γ4
34 = γ4

43 = cot(θ2)
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and the other terms vanishes.
Second step : computing the components of the curvature R

Rs
ijk =

∂γs
ik

∂xj
−

∂γs
jk

∂xi
+
∑
l

γl
ikγ

s
lj −

∑
l

γl
jkγ

s
ik; 1 ≤ i, j, k, s ≤ 4,

R1
122 = −sin2(θ1) , R1

212 = sin2(θ1),

R2
121 = 1 , R2

211 = −1,

R3
344 = −sin2(θ2) , R3

434 = sin2(θ2),

R4
343 = 1 , R4

433 = −1,

and the other terms vanishes.
Third step: computing

Rijkl =
∑
s

Rs
ijkgls

.

R1221 = −sin2(θ1) , R2121 = sin2(θ1),

R1212 = sin2(θ1) , R2112 = −sin2(θ1),

R3443 = −sin2(θ2) , R4343 = sin2(θ2),

R3434 = sin2(θ2) , R4334 = −sin2(θ2),

and other terms vanishes.

Fourth step:Let
u = u1 ⊕ u2 ∈ T(p1, p2)(S

2 × S2) = T(
(θ1,φ1),(θ2,φ2)

)(S2 × S2) ,

v = v1 ⊕ v2 ∈ T(p1, p2)(S
2 × S2) = T(

(θ1,φ1),(θ2,φ2)
)(S2 × S2).

Where u1 = (u1
1, u

1
2), u

2 = (u2
1, u

2
2), v

1 = (v11 , v
1
2), v

2 = (v21 , v
2
2) and σ =< u, v >

be the 2- dimensional subspace of T(p1, p2)(S
2 × S2) is generated by u, v. Then

k(σ) =
g(R(u, v)v, u)

g(u, u)g(v, v)−
[
g(u, v)

]2 =
vj(uiRijklul)vk

g(u, u)g(v, v)−
[
g(u, v)

]2 .
where u1 = u1

1, u2 = u1
2, u3 = u2

1, u4 = u2
2 and v1 = v11 , v2 = v12 , v3 = v21 , v4 = v22 .

Let u = u1
1

∂

∂θ1
+u1

2

∂

∂φ1
+u2

1

∂

∂θ2
+u2

2

∂

∂φ2
and v = v11

∂

∂θ1
+v12

∂

∂φ1
+v21

∂

∂θ2
+v22

∂

∂φ2
.

then we have,

g(u, u) = g1(u
1, u1) + g2(u

2, u2) =
[
(u1)

2 + (u2sin(θ1))
2
]
+
[
(u3)

2 + (u4sin(θ2))
2
]
,

g(v, v) = g1(v
1, v1) + g2(v

2, v2) =
[
(v1)

2 + (v2sin(θ1))
2
]
+
[
(v3)

2 + (v4sin(θ2))
2
]
,

g(u, v) = g1(u
1, v1)+ g2(u

2, v2) =
[
(u1v1) + u2v2sin

2(θ1)
]
+
[
(u3v3) + u4v4sin

2(θ2)
]
.
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Then the denominator

B = g(u, u)g(v, v)−
[
g(u, v)

]2
=

[(
u2
1 + (u2sin(θ1))

2
)
+
(
u2
3 + (u4sin(θ2))

2
)]

×
[(
v21 + (v2sin(θ1))

2
)
+
(
v23 + (v4sin(θ2))

2
)]

−
[(
u1v1 + u2v2sin

2(θ1)
)
+
(
u3v3 + u4v4sin

2(θ2)
)]2

= (u1v3 − u3v1)
2 + (u1v2 − u2v1)

2sin2(θ1) + (u1v4 − u4v1)
2sin2θ2

+ (u2v3 − u3v2)
2sin2(θ1) + (u3v4 − u4v3)

2sin2(θ2)

+ (u2v4 − u4v2)
2sin2(θ1)sin

2(θ2).

Obviously B is always positive. The numerator of the fraction is

A = vj(uiRijklul)vk

= R1221u1u1v2v2 +R2121u2u1v1v2 +R1212u1u2v2v1 +R2112u2u2v1v1

+ R3443u3u3v4v4 +R4343u4u3v3v4 +R3434u3u4v4v3 +R4334u4u4v3v3

= [u1u2v2v1 − u1u1v2v2 − u2u2v1v1 + u2u1v1v2] sin
2(θ1)

+ [u3u4v4v3 − u3u3v4v4 − u4u4v3v3 + u4u3v3v4] sin
2(θ2)

= [u1v2 − u2v1]
2
sin2(θ1) + [u3v4 − u4v3]

2
sin2(θ2).

Then k(σ) =
A

B
> 0 and this complete the prof. �
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