On the Riemann curvature on
the product of two spheres

A. Sadighi, R.C. Khatamy, M. Toomanian

Abstract. Let S? be a unit sphere in R? and $? x S? be a product
Manifold. We study the Riemann structure on the product manifold S? x
52, and give some result, on the sectional curvature on S? x 52 and we
are going to prove a famous problem in Riemannian manifold to prove
the existence of Riemannian metric on S? x S? with positive sectional
curvature.
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1 Introduction
We recall some definitions and fundamental results in Riemannian manifolds.

Definition 1.1. A Riemannian metric on a smooth manifold M is a 2-tensor field
g € T2(M) that is symmetric (i.e.,g(X,Y) = ¢(Y,X) ) and positive definite (i.e.
g(X,X)0if X #0). A Riemannian metric thus determines an inner product on each
tangent space T, M, which is typically written <X,Y > := g(X,Y) forall X, Y € T, M.
A manifold together with a given Riemannian metric is called a Riemannian manifold.
We often use the word metric to refer to a Riemannian metric when there is no chance
of confusion. We denote a Riemannian manifold by (M, g).

Proposition 1.1. (An atlas for a product manifold). If {(Uy,xa)} and {(Vs,yp)} are
C* atlases for the manifolds M and N of dimensions m and n, respectively, then the
collection {(Ua x V3,20 X yg)} of charts is a C*° atlas on M x N. Therefore, M x N
is a C°° manifold of dimension mn.[13]

Definition 1.2. If (M, g1) and (Ma, g2) be arbitrary Riemannian manifolds, then
we can define a natural Riemannian metric ¢ = g1 @ go called the product metric,
defined by g(X1 + X9, Y1 + 5/2) = gl(XlaYi) + gg(Xg,}/g), where X, Y; € TpiMi un-
der the natural identification Tip, poyMi x My =T}, My & Ty, Mo. Local coordinates
(x1,...,2™) for My and (™ *1, ..., 2"T™) for My gives the coordinates (z!, ..., z"+™) for
My x Ms. In terms of these coordinates, the product metric has the local expression,
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n+m

g= Z gijdx'dz? | where (g;;) is the block diagonal matrix

we (9i5) = <(gt))ij (93)”> .

It is important in Riemannian manifold to study the relationship between curva-
ture and metric structures. In this section we give a Riemannian metric on S? and
consider the curvature tensor on S? ; in particular we compute sectional curvature
on S2. So we review and discuss some important preliminaries.Let M = S2, (unit
sphere) we define a local coordinate (differentiable structure) with spherical coordi-
nate on M = S2.

Let X; : U; C R? — S? (i = 1,2, 3) be defined as follows:

X1(0,¢) = (sin(0)cos(p), sin(f)sin(y), cos(d)),
Up={(0,9) € R?0< 6 <7,0<p<2r},
Xa(6,) = (sin(8)cos(), sin(8)sin(¢), cos(0)),
Uy ={0,0) ER}0< O <7, -7 <<}
X3(0, ) = (cos(8), sin(0)cos(p), sin(8) sin(y)),
Us={(0,0) €R*| 0<0<m, 0<¢p<2r}.
Hence we have a differentiable structure on S2. The relevant Riemannian metrics
is ds? = df? + sin*(0)dp?.

Theorem 1.2. With the C* structure {(X;,U;)}?_, and Riemannian metric
ds? = df* + sin?(0)dp?,on S?, the sectional curvature of S? is positive constant,
k(o) = 1.

0X 0X
Proof. Let {Xg = W,XSD = 8} be a base of TpSQ, the tangent space of S? at
¥
p € 5% We have g11 = goo = 1, g12 = Goy, = gpo = g21 = 0 and goo = gy, = sin?(0).
We compute Christoffel symbols, Riemannian curvature and sectional curvature of
52, We have:

(9i5) = <(1) sin2(9)> and (gij) = (1) (1)
sin?(0)
Now from i | Oge O g
Tik = 99 (an  z° axk)
, we obtain the component of 7%, as follows: 75, = —lsin(%), V2, = 73, = cot(0)

and other terms vanishes. By computing the component terms of the curvature R in
(X,U) from the formula [14]:

g 9 ! l -
fjk: a:;] - 837’“ +;71k7l537;71]7lsk ; ]_SZ,],]{Z,SSQ,
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we get Rl = —sin?(0), Ry, = sin?(0),R3y;, = 1,R?,, = —1 and other terms,
vanishes. Then we have [7],

Rijii =) Ripsgji;
l
where,
R1212 = —sin2(9),R1221 = sin2(9),R2121 = —sinQ(G),Rgllg = SZ’I’LQ(Q)

and other terms vanishes. Now, we compute the sectional curvature k(o) of S2.
Let < X,Y > be the 2-dimensional subspace of 7,52 then

g(R(X, Y)Y, X)
9(X, X)g(Y,Y) - [g(X,V)]*

k(o) =

.0 0 0
Suppose that x =u'——, Y

=0l —, gi; = (= i) then we get
X, ox;’ v 0X;’ 0X;

Rijksu"usvjvk

[wiud gij][vivi gi;] — [gijuivi]?

k(o) =

[ulv? — uv]?sin?(0)
- [(u')? + (u2sin(0))?][(v1)2 + (v2sin(0))?] — [ulv! + u2v2sin2(0)])2

Now we simplify the denominator as follows:

[(uh)? + (u?sin(0))?][(v")? + (v?sin(6))?] — [uo! + uvsin®(0)]?
= (u!v')? + (uto?sin(0))? + (o' sin(0))? + (u*vsin(6))?
—[(u'v")? + 2utv ue?sin?(0) + (uv?sin?(0))?]
= (u'v? — u?0")2sin?(0).

Hence, k(o) = 1. O

2 The sectional curvature on S% x S2

Since {(X;,U;)}_, is a differential structure on S*, {(X; x X;,U; x U;)}};_; is a
differential structure on S? x S2 [13].

Definition 2.1. Let (M, g1), (M2, g2) be arbitrary Riemannian manifolds and M =
M; x My. We define a natural Riemannian metric as a product metrics by direct sum
of two metrics g = g1 B g2 as follows:

I(p1,p2) (X1+ X2, YV14Y2) = (91)p, (X1, Y1) +(92)p (X2, Y2) VX3, Y € Tp, My;i=1,2.
also we get the tangent space on M = M; x M; as a direct sum of T}, M;, and
Tp,Ms. Let T(y, poyM = Ty, My & Ty, M. If (xt, .. 2™, (et a2t s the
local coordinate on My, Ms, respectively. Then the standard local coordinate on
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product manifold M = M; x M can be show by (z!,...,2""™). In this system of
local coordinates, the product metric is defined by:

n+m

g= Z gijdzr; ® dx;.

ij=1

The matrix of components of the above product metric is given by:

6= (%" )

Corollary 2.1. If M1 = My = S? and gy = g2 = ds* = db? + sin?(0)dp? then
the product manifold S* x S? with the product metric g = g1 © go = ds®> @ ds® is a
Riemannian manifold [9].

Theorem 2.2. Product Riemannian manifold (S? x S2,9);9 = g1 D go = ds®> ©ds? =
dh? + s5in?(01)dp? + dB3 + sin?(02)d3 has positive sectional curvature.

Proof. 1t is easy to show that the matrix of the product metric

n+m
g= Z gijdwi ® da?.

ij=1

is:
1 0 0 0
|0 sin?(61) 0O 0
=10 "0 1 o
0 0 0 sin?(6s)

Obviously, det(g;;) = sin®(01)sin*(f2). Of course for any charts {(X; x X;,U; x
Uj)}} j=1 on S% x S%, we have: V0; sin(6) # 0,therefordet(gi;) > 0. It follows that
gij is inverseable. Hence (¢'7) is equal to

1 0 0 0
0 1 0 0
sin?(01)
0 0 1 0
0 0 0 !
sin?(62)

we take z! = 01, 2 = 1, 23 = 0y, 2* = 5, we get the sectional curvature on
S? x S2 in 4-steps.In the first step compute the Christoffel symbols Vik-

. 1 ..,09s; Ogj OGks
V;szw( 9sj g]k+ gk)

29 ozk oz’ oI
sin(260
7212 = _¥a
’Y%z = ’731 = cot(01),
sin(26s)
L)

Va1 = Yig = cot(f2)
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and the other terms vanishes.
Second step : computing the components of the curvature R

Mg 9 l l .
fjk = ax’] - ot + Xl:%k”ﬁs] - ;ij’nsk’ 1 < Z7]ak73 < 47

R%zz = —sin2(91) ) R%u = sin2(91)7
R:{m =1 ) R%n =-1,

Ry, = —sin2(92) , R3,, = sin*(6s),
Ry = ) Rizs = —1,

and the other terms vanishes.
Third step: computing

z_]kl ZRkagls

Ri91 = —sin*(6y) ; Roy21 = sin®(6y),
Rio12 = sin’(6,) , Ro110 = —sin?(6y),
Rsua3 = —sin®(02) , Ruygas = sin®(62),
Rsy34 = sin®(0:) ; Ryszq = —sin®(0s),

and other terms vanishes.
Fourth step:Let

_ .1 2 2 2\ _ 2 2
u=u Qu ET(pl,pg)(S XS = (‘91,801)(927802)) XS

ol a2 2 2
v=vt®v? € T(p1,p2)(5? x 5?) ((01¢1)(02w2) 2% S8?)
Where u! = (ul,ul),v? = (u},u3),v? = (v1702) v? = (v3,03) and 0 =< u,v >
be the 2- dimensional subspace of T(pl, p2)(S? x S?) is generated by u,v. Then
g(R(u,v)v,u) v (u; Rijriur)vg

k(o) = = )
g(u,w)g(v,0) — [g(u,0)]*  glu,u)g(v,v) - [g(u,v)]’

where w1 = u},us = ub, uz = u?, uy = u3 and vy = v}, v2 = vi,v3 = v}, vy = V3.

) ) o  ,09 L0

Let u =uigg +urg ) +uigy, tusg,, andv = vigg tuag s vige t g

then we have,
g(u,u) = gr(u', u') + go(u?, u?) = [(u1)? + (ugsin(61))?] + [(us)® + (uasin(62))?]
g9(v,0) = g1(v',0") + g2 (v*,0%) = [(v1)? + (vasin(61))?] + [(vs)? + (vasin(62))?] ,

g(u,v) = g1 (u',v") + g2 (u?,0*) = [(u1v1) + ugvesin®(61)] + [(usvs) + ugvasin®(62)] .
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Then the denominator

B = gluwg(v,v) ~ [g(u,v)]’
= [(u] + (u2sin(61))?) + (u3 + (uasin(62))?)]
X [(v% + (vesin(61)) ) (v3 + (vgsin(62)) )]
[(ulvl + UgV28IN (01)) (Ugl}g + ugqvysin® (0 ))]
= (u1vs — u3v1)? + (u1ve — ugvy)?sin?(01) + (u1vs — ugvy)?sin0y
+ (ugvz — uzv)?sin?(01) + (usvy — ugvs)?sin®(0y)
+ (ugvy — ugvo)?sin®(01)sin?(0s).

Obviously B is always positive. The numerator of the fraction is

A = v(wRijpw)vk

Rioo1u1u1v2v9 + Ra121uauiv1v2 + Ri212U1Usv201 + Ra112Uauavi vy

+  R3443u3uzvivy + Ry343u4u30304 + R3434U3u40403 + R4334U4U40303
9

= [ugugvav1 — UU VU — UaUaVIUT + Ul V1 V2] SiNZ(07)

. 9
+  [usugvavs — uzuzV4V4 — ULU4V3V3 + U4U3V3V4] STNZ(O2)

= [ujvg —ugvl] sin (91) + [ugvy —u4v3] sin (92)

Then k(o) = % > 0 and this complete the prof. O
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