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Abstract. In the current paper, first we discuss the concept of Ricci
curvature in Finsler geometry. Next, we derive the formula for Ricci cur-
vature of a homogeneous Finsler space with exponential metric. Based
on this formula, we give a necessary condition for compact homogeneous
space with the afore said metric to be Einstein metric and with vanishing
S-curvature.

M.S.C. 2010: 22E60, 53C30, 53C60.
Key words: Homogeneous Finsler space; exponential metric; Ricci curvature; Ein-
stein metric.

1 Introduction

According to S. S. Chern ([4]), Finsler geometry is just the Riemannian geometry
without the quadratic restriction. The notion of («, 3)-metric in Finsler geometry
was introduced by M. Matsumoto in 1972 ([9]). An («, 8)-metric is a Finsler metric

of the form F = a¢(s), s = é, where o = \/a;;(z)y’y’ is a Riemannian metric on a
«

connected smooth n-manifold M and 8 = b;(z)y® is a 1-form on M. It is well known
fact that (a, 8)-metrics are the generalizations of the Randers metric introduced by
G. Randers in ([11]). (o, 8)-metrics have various applications in physics and biology
([1]). Some important class of («, 3)-metrics are Randers metric, Kropina metric,
Matsumoto metric, exponential metric and infinite series metric etc. Many authors
([10], [12], [13], [14], [15] etc.) have studied various properties of (o, 3)-metrics. The
study of various types of curvatures of Finsler spaces such as S-curvature, mean
Berwald curvature, flag curvature and Ricci curvature always remain the central idea
in the Finsler geometry.

In Finsler geometry, one of the interesting open problems is the problem “Does every
smooth manifold admit an Einstein metric?” posed by S. S. Chern. If the Ricci
curvature of a Finsler space (M, F) can be written as Ric(z,y) = M(z)F?(z,y), where
A is a smooth function on M, then F is called an Einstein metric [2]. Zhou [18] has
given the formulae of Ricci curvature and Riemannian curvature for («, 8)-metrics.
Cheng et al. [3] have proved that the formulae given in [18] are incorrect and they have
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given the corrected formulae of Ricci curvature and Riemannian curvature for (o, 8)-
metrics. Homgeneous Einstein-Randers metrics have been studied in ([5], [6], [16]). In
2016, Yan and Deng [17] have discussed homogeneous Einstein (o, 8)-metrics. They
have derived a formula for Ricci curvature of a homogeneous (o, 8)-metric. Also, they
have deduced a necessary and sufficient condition for a compact homogeneous (¢, 5)-
metric with zero S-curvature to be Einstein metric. Further, they have shown that
any homogeneous Ricci flat (o, §)-metric with zero S-curvature must be a Minkowski
metric. Recently, Deng and Liu [8] have studied homogeneous square Einstein metrics.

2 Preliminaries

Now, we discuss an important geometrical entity, known as Ricci curvature. For a non-
zero vector y € T, M, the Riemannian curvature [3] is a linear map R, : T, M — T, M
defined as follows:

, b )
_ Dt k )
Ry(u) - Rk (y)u axi 9 U U 8xl 9
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_ i 20y 920 i J
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Definition 2.1. [3] Let (M, F) be a Finsler space and tr(R,) be the trace of its
Riemannian curvature, where y € TM. A scalar function Ric: TM — R such that
Ric(y) = tr(Ry) is called Ricci curvature of (M, F).

Now, we give some notations going to be used in the next theorem.

i _ ik Y S _ PG 7
Tij = 5 , Ti=a"Tgy, r; =b"rg; =byr], =100 =0'ry,

bisj = bjii

_ i __ ik
Sij—72 s sj—a

Skj, 8i = b = bjsg,
0 = Tijyja Si0 = Sijyja Too = Tijyiyja To = Tiyi» S0 = Szyz
Theorem 2.1. [3] Let F be an (o, §)-metric on a Finsler space M. Then its Ricci
curvature is given by Ric(Y) = Ric®(Y) + RT}, where
RT¥ :%{ (n—1)A; + Ag}rgo + é[{(n — 1) As + Ay} rooso

+{(n—1) As + As} rooro + {(n — 1) A7 + As} rooo]

+{(n—1) Ag + Aso} 5§ + Au1 (rroo — 15) + {(n — 1) A1z + A1z} roso

+ A14{?”007"’;§ — rox7( + rookb® — V’Ok;obk} +{(n — 1) Ay5 + Asg} rorsg

+{(n — 1) A1z + Ais} s0;0 + Arosorst + [ Asorsg + {(n — 1) Aoy + Asa} |

+ a{Agg (3skr§ - 2807"2 + Qrkslg - 280;kbk + sk;obk) + A24s§;k}

+a? (A25sksk —+ A%s};sf) ,
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where
A =2(B-5") 0O, —2sWO — O, + 67,
Ay = (B =% (200, — W2) — (B — §%) (60, + U,,) + 257,
Az = —4 (B - 5*) (2QPO, + Q,¥0) +2(Q,0 + 2Q0,) + 4Q0O (s¥ — O) — 205,
Ay = (B =) { = 40 2QW,, + QoW + Qo) +4QW2} + (B — 5%)
{— 402 (Q — 5Qs) +2 (2Qus¥ + QoW + 2QWs,) + 20sQUY, — 20U, }
+ 20 (Q — sQs) — 10sQ¥; — Qss — 4¥s,
As = 406 — 203,
Ag =2(B —s%) (0¥, — WU, p) — 2V,
A7 = -0,
Ag=—(B-$")V,,
Ag =8QU (B — 5%) (Q:0 + QO;) +4Q (5 — Q) +4Q* (6° - ;)
A1g = 4sQUp — Q2 + 2QQ.s — 8QW — 45°Q*W? + 4(2 + 35Q) (Q¥s + Q. V)
+4(B—5*) {Q¥p + Qs¥r — Q (QWss + Qs¥s) — ¥ (2QQss — Q3)
— 45QU (QU, + Q) } +4 (B — 5%)” {2Q¥ Q¥ + Q.
+0% (200 — Q2) — Q*Wl},
Ay = 40 + 402,
Ay = 4Q (O — 200),
A1z = 4QU, + 85QU? —4(1 — sQ) g
+ (B—5*) {4(Qs¥B + QW) + 87 (Q.¥ — QW) },

Ay =2V,

A5 =46Q),

Ajg =2Q, — 20 (1425Q) — 4 (B — s*) (Q.¥ — Q¥,),
A7 =200,

Aig =2(B = s*) (QUs + PQ;) + 25¥Q — Qs,
Ay =2(1+5Q) Qs — 2Q°,
Ao = —8Q (¥ +V7),

Ay = —460Q”,

Ay =20Q — 4 (B — s*) Q¥
Agz = 20Q,

Agq =20Q,

Az = —4VQ%,

Ags = —Q7?,

w: ¢//
2{¢p—s¢' + (B —s?)¢"}’
__ 99 —s(¢8" +¢'¢)
20{¢ —s¢' + (B — %) ¢"}’
¢l
Q= ey
B =1V
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3 Ricci curvature of a homogeneous Finsler space
with exponential metric

Now, we calculate Ricci curvature of a homogeneous Finsler space. Consider a G-
invariant vector field v in m corresponding to the 1-form S with length ¢ = |v| and

v
an orthonormal basis {vl,vQ, ey Uy = f} of m with respect to the restriction { , )
c
of Riemannian metric . The Christoffel symbols 7, are given by V 2. B Let
ij = ([vs,vj],, ,vk) be the structure constants of g. We denote Y ._, CLCry by
C Oy and {[vi,vj],,y) by C?j.

Further, we define

1, if j <k,

f(j’k>:{o it j> k.

We require the following lemma for further computation.

Lemma 3.1. [7] Forv;,vj, vk, vy € m, we have the following values at the origin eH :

bj :Cénj,
c
Sij = icinja
c? "
Si = E ni?
_ _C i J
i =3 (an + Cni) ;

C a n 1 n a i 1 n a i

Sijil = 5 {Cﬂqa +5C% (Clj +Cl, + C{a) +5C4 (CE+Cl, + Cla)} ,

C
Siyj = ¢ (Sm';j + §CZTZJ‘) ;
bisju = C(@z (Va, 05, 01) + Cf, (Vo 05, i) — Ty (Vi 05, 0a) — Ty (Vi 04, D) )
Tijit = Sijit + bjiists

1/ . .
(Vo,05,0) = =5 (Cli + Cli + C5)

1 . .
(Va,03,00) 00 = 5 (ClaCli + CHLClk + Ch.Cl + Ol + CRCH + O Cl )

J

Tk = £(i,§)CE + (Vs, 05, 0k) ,
ork
8xl = <v1§ivj7 Uk> v+ f (l, ’l) (V{,avj, ’Uk> Cli + f (laj) <v77ivaa Uk> Cl_]

— (Pl + (Vo 00, 0a)) T

Using Lemma 3.1, we calculate the quantities used in the statement of Theorem
2.1, at the origin for homogeneous Finsler spaces.
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C
00 = ~5 (Cgo + 020) = —cCpy = cCy,,

k kj
s; = b"sp; = a7 b;skpi = cSni,

2

C
— _ no__ n
SS9 = CSpo = Ci no — 72 n0»

k kj
ri = 0"rgi = a™byryi = crai,
2 2 2 2
C C C
0 n
To CTno - D) ( rTzLO Cnn) - 2 ( n0 0) 2 nO COn?

r=r;b" b= bir; = cry = corpy, = —¢ = (C” +Cr)=0,
ro0:0 = ¢Ciy (Ci + Clo)
c c
ri = a"ry, = —iakl (Cre +C) = —§5kl (Ch + Cri)

_g (Cr]fk + CSk) = —cCk), = cCf,,

k
Tok’l"o

TokTko = {_g (Cgk + Clrfo)} {_g (Clrfo + Cgk)} 1 (CO 050)2 )

(an + Cga + C(;la) (COH + an) )

k n
TOO;kb = TOO;nb = Croo;n =

1\3‘ B9 1\3‘ B9

k n
Tok;0b0" = Tony0b"™ = cron,o =

{enen+ g (€ ctor ) (v i)},
C

2
C C C
TORSG = TokSko = —3 (Cox +Cho) 50750 = ZC‘?’“ (Co+Cky),

¢ A c? o
80,0 =¢C <5n0;0 + gci?orno) = EC:LLaCOa’

2

mﬁzwszﬁag%z—zwm%
CS
SkS) = SkSk0 = anQC 7 CniCio:
02 C3
srh = SO { =5 (Cho+C0%) | = S0 (Cho +Cl)

3
c c n c n n
Tksg = CrnkSko = € {—5 (Cfbo + Cgk)} §Ck0 = ZCOIC (an + Cffn) = COk nks

2 2 4

k C n € n c

n \2
SkS :5 nk? nk:Z( nk:) ’
c 1 1
slg;k = Sk0;k = 5 {C(()lkcl?a + 50120, (CI(:O + C[l)ﬂa + Cl(c)a) + 5 30 (Cl?k + Cl];:a + Cllcfa)}
c a n 1 n va 1 n k 0 n o~k
= 5 COkaa - 7Ckac0k + 7Cka (COa + Cka) + aOCka
= {C 0Cha + Cka (Co + Cla + Cka)} )
k n 2 C n 1a C n a n 0
S0;k0" = s0:n0" = cs0m = ¢ (Sno-n + icaorm) = ZC"“ (COn + Coo + Cm) ,
Sk;OblC = Sp;0b" = CSn;0 = Cga ( no + Coy + C?La) )

2

) c
ik __ _ n \2
SkS; = SikSki = 5 szCm Y (Cik)™
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Next, we calculate A1 to Asg for exponential metric as follows:

d 1 2
Q“:dslu—s)? TR
o— ese® — s (efe® + ese’) _ (1-2s)
2es{e* —ses + (B—s?) e} 2{(1—s)+(B—s?)}’
e’ 1
WZQ{es—seS—i—(B—sQ)es}:2{(1—5)—1—(3—32)}’
_1@[ 1 ]_ (1+2s)
20 |[{(L-s)+(B=s) | 2f(1-s)+(B-s2) )}
by L0 1 _ =
PT20B |[{(—9)+(B=)}| 2(1-s)+(B-s2)}"
18[ ~1 ] — (14 2s)
Usp = = 5| = 3
20s | {(1—s)+(B—s2))} {1-s)+(B—s%)}

v :1(9[ (1+2s) ]: (352 435+ 2+ B)
T20s [{(1—s)+(B-s2) )] {(1-s)+(B-s)}"
al 1—23 ]_ (—252 + 25 — 2B — 1)

S 0s |2{(1-s)+(B-s2)} _2{(1_5)_,_(3_82)}2’
0. _ (1—2s) 1: (25— 1)
"= 95 q{1-9)+B-N}] 2{(1-5)+B-)}
A (B—s?)(-2s?+2s—2B—1) (125> —10s + 4B + 3)
L -+ B-)) {(1-s5)+B-2)}
(852 +8s+7+4B) (B—s2)> (125 + 95+ 4+ 2B) (B — )
A2: 1 - 3
4{(1-5)+(B-s)} 2{(1-s)+(B-s?)}
s(1+2s)
{(1—s)+(B—s2)}"
2s (1 —2s) (4s® — 35> — B)

2 2

-9 {(1-9+B-2)) (-5 {(1-5+(B_s)]
(—65% 4+ 7s? —3s —2sB+ 1+ 4B) (B — s?)
(1—5)2{(1-s)+(B-s)}
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—16s* 4 115® + 10s% + 2Bs?® + 8s + 11sB — 11 — 5B — 2B?)
(1—5)*{(1—s)+B-s)}"

A= (B-#?)* [(

- 2(1 4 2s)° ] [ (1852 + 195 + 10 + 4B)
(1—s){(1—5)+(B—s)}° (1-s){(1—s5)+(B-s)}°
4(-252+ B+1) 1 B2 (1—2s)
+{(1—3)—|—(B—52)}2(1—s)3 ( )+(l—s)2{(1—s)+(3—32)}
B 55 (14 2s) B 4(1/2+ s) 2
{(l—s)+(B=s)Y(1—s) {(1=s)+(B-2s)} (@1-9
2(1— 2s)
A5: 5
{A-s)+(B-s)}
e 3(1+2s)(B—s?) (1+2s)
6 — 3 2
{1-9)+(B-s)} {(1-5+(B-s)}
(2s—1)
Ar= 2{(1—s)+(B-s2)}
 —(142s)(B-5?)
2{1—5 (B—sQ)}2
_ 2(B-s%) (45°—3s° — B) N (852 —8s + 4B +3)
(1—5){(1=-s)+B-s)} (1—-s2{(1-s5)+(B-s))
2(2s — 1) 4
+ 2 37
(1-s){(1=5)+(B-s2)}" (1-3)
3 2 1
Ajg=——7+3(B-5 - 5
") +3( ) Q=) {(1-s)+(B-sH)}
(—453—232+3+3+2B) 5
+ 7| t(B—s
1-5)°{(1—s)+(B-s2)} ( )
2 (14s% +3s* —Ts —2Bs =3B —5) 6
1-5{1-9+B-2)} (1= {(1-9+(B-5)}
2 (552 — s — 3 B) ] (—115% — 95 + 10s + 65B + 4)
+ - S|+ - £,
{1-9s)+(B-s)} (1-s) (1—s)?{(1-5)+(B—s2)}
-1
A = 5
{(1-5)+(B-s2)}
B 4(2s—1)
(1—8){(1—s)+(B—s2)}"
_ 6(1+429)(s—1)(B-5?
(1=’ {(1=s)+(B=-s)}"
Aug = !
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e 2(1 - 2s)
o {(1—s)+(B—32)}(1—3)’
:3(1+5)(B—52)+(1—25+52)
{(1—s)+(B—s2)} (1 —s)
Ay = (1—2s)
(175){(1fs)+(B752)}’
3s(B—s*) —(1- 5)2 2s
A = A = ,
" (l—s){(l—s)+(B—52)}2 v (1—s)°
2
. A - )
(3.1) 20 (1—3){(1—5)+(B—82)}2
. 2(25 — 1)
T -5+ (B-s) (1-5)"
Agy = (1-5)° — (1+55) (B -5
{(1—s)+(B—s2) 17 (1—s)
1 2
Ags (l—s){(l—s)—l—(B— 2)},1424—(1_8)7
—2 -1
A25:(1_s){(1—s)+(3—s2)}’ A%_u—sf

Summarizing the above calculations, we get

Theorem 3.2. The Ricci curvature of the homogeneous Finsler space (G/H, F') with
exponential metric F = aeP/ is given by

Ric(Y) = Ric*(v) + & (CE,) {n-1Dar+4}+ %{ (n—1) (A3 — As)

(YY) 2a(Y)
Cpo (S + CF
+A4—A6}+C kO(aT(L;C/) 0){(n—1)A7+A8}
4 (0m )2
_’_%{(n—l)(Ag—AlQ)'*‘AIO_All_Alg}

2
62 n k 0
+ ZCOk (Cro+C1) { (n—1) A5 + Aw}
2
+ %Cﬁkc&{ (n—1) A7 + AlS}
2 3
- CZ (01?0)2 Arg + %Q(Y)C?ocﬁk{ (n—1) A + Azz}
3
+ Sa){Ch, (400 + Cf) +4C3Cly P Ay

2
C C
+ 2a(W){200,CF + Ol Cf pAn + Ta? (V) (C)° Axs — (C1)* Aso

where Y (#£ 0) € m, Ay to Asg for exponential metric are given by (3.1).
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Definition 3.1. [17] Let F' = a¢(s) be an («, 8)-metric on a homogeneous Finsler
space. The smooth function ¢(s) is said to be normal if it satisfies the following
condition:

Zrmi(s) =constant — r;=0Vi=1,2,...,7,

where

d1(s) = { (0= 1) Ay + Ao } (2 = 57),

ha(s) = { (n—1) 4, +A2}52 — ;{(nf 1) (A3 — As) + Ay ng}s

%{(n—l) (Ag—A12)+A10—A11—A13},
= —{(n-1)Ar+ Ag}s + 2{A14+(n—1)A17+A18}
= —{(n-1)Ar+ Ag}s + :{—A14+(n—1)A15+A16},
=—{(-1 A7+A8}s— <t
6o(9) = ~3{ (n = D A7 + 45},
b1(5) = =% v

Using Theorem 3.2 and Lemma 4.1 of [17], we obtain the following result.

Theorem 3.3. Let (G/H, F) be a compact connected homogeneous Finsler space with
G-invariant exponential metric F = aeP/®. Then S-curvature of (G/H,F) vanishes
if and only if (X,[v, X],,) =0V X € m. Further, if F' is Einstein metric, then either
S-curvature of (G/H, F) vanishes or ¢ is not normal.

Corollary 3.4. Let (G/H,F) be a compact connected homogeneous Finsler space
with G-invariant exponential metric F = aeP/®. Further, suppose that S-curvature
of (G/H, F) vanishes. Then Ricci scalar is given by

2
. PN C n
Rie(Y) = Ric*(Y) = 5 (Cfa)? As + a(V) (5 CloCha + 01 CPy ) Az

2

- zaz(y) (Ch.)? Ase.

Proof. Suppose S-curvature of (G/H, F') vanishes, then by Theorem 3.3,

(V,[0,Y],) =0VY €m.
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Therefore, for non-zero Z € m, we have
(v, Z],,)

-z
(#1570 =0
(

Vis [Un, Vil ) + (V55 [V vily)

(o [l )+ (e [

= { (ool + (o 0] + (0 o0l + (o 00l
ot gl + o+ o) )

= (v, Tl + ol )

1
= <vi + v, [v, v +vj]m>

Co

mn

Ct. +CJ

nj

—0vV1<ij<n.
Next,
= ([vn, Vil )
=[G
{{[v, vl » v} + ([0, 03], vi) }

<[v Vi) » 0+ Vi)

— Hnw‘b—‘

Finally, using Theorem 3.2, we get the required result. (]
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