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Abstract. In the current paper, first we discuss the concept of Ricci
curvature in Finsler geometry. Next, we derive the formula for Ricci cur-
vature of a homogeneous Finsler space with exponential metric. Based
on this formula, we give a necessary condition for compact homogeneous
space with the afore said metric to be Einstein metric and with vanishing
S-curvature.
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1 Introduction

According to S. S. Chern ([4]), Finsler geometry is just the Riemannian geometry
without the quadratic restriction. The notion of (α, β)-metric in Finsler geometry
was introduced by M. Matsumoto in 1972 ([9]). An (α, β)-metric is a Finsler metric

of the form F = αϕ(s), s =
β

α
, where α =

√
aij(x)yiyj is a Riemannian metric on a

connected smooth n-manifold M and β = bi(x)y
i is a 1-form on M . It is well known

fact that (α, β)-metrics are the generalizations of the Randers metric introduced by
G. Randers in ([11]). (α, β)-metrics have various applications in physics and biology
([1]). Some important class of (α, β)-metrics are Randers metric, Kropina metric,
Matsumoto metric, exponential metric and infinite series metric etc. Many authors
([10], [12], [13], [14], [15] etc.) have studied various properties of (α, β)-metrics. The
study of various types of curvatures of Finsler spaces such as S-curvature, mean
Berwald curvature, flag curvature and Ricci curvature always remain the central idea
in the Finsler geometry.
In Finsler geometry, one of the interesting open problems is the problem “Does every
smooth manifold admit an Einstein metric?” posed by S. S. Chern. If the Ricci
curvature of a Finsler space (M,F ) can be written as Ric(x, y) = λ(x)F 2(x, y), where
λ is a smooth function on M , then F is called an Einstein metric [2]. Zhou [18] has
given the formulae of Ricci curvature and Riemannian curvature for (α, β)-metrics.
Cheng et al. [3] have proved that the formulae given in [18] are incorrect and they have
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given the corrected formulae of Ricci curvature and Riemannian curvature for (α, β)-
metrics. Homgeneous Einstein-Randers metrics have been studied in ([5], [6], [16]). In
2016, Yan and Deng [17] have discussed homogeneous Einstein (α, β)-metrics. They
have derived a formula for Ricci curvature of a homogeneous (α, β)-metric. Also, they
have deduced a necessary and sufficient condition for a compact homogeneous (α, β)-
metric with zero S-curvature to be Einstein metric. Further, they have shown that
any homogeneous Ricci flat (α, β)-metric with zero S-curvature must be a Minkowski
metric. Recently, Deng and Liu [8] have studied homogeneous square Einstein metrics.

2 Preliminaries

Now, we discuss an important geometrical entity, known as Ricci curvature. For a non-
zero vector y ∈ TxM , the Riemannian curvature [3] is a linear map Ry : TxM → TxM
defined as follows:

Ry(u) = Ri
k(y)u

k ∂

∂xi
, u = ui ∂

∂xi
,

where

Ri
k(y) = 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.

Definition 2.1. [3] Let (M,F ) be a Finsler space and tr(Ry) be the trace of its
Riemannian curvature, where y ∈ TM . A scalar function Ric : TM −→ R such that
Ric(y) = tr(Ry) is called Ricci curvature of (M,F ).

Now, we give some notations going to be used in the next theorem.

rij =
bi;j + bj;i

2
, rij = aikrkj , ri = bkrki = bjr

j
i , r = rijb

ibj = biri,

sij =
bi;j − bj;i

2
, sij = aikskj , si = bkski = bjs

j
i ,

ri0 = rijy
j , si0 = sijy

j , r00 = rijy
iyj , r0 = riy

i, s0 = siy
i.

Theorem 2.1. [3] Let F be an (α, β)-metric on a Finsler space M . Then its Ricci
curvature is given by Ric(Y ) = Ricα(Y ) +RT k

k , where

RT k
k =

1

α2

{
(n− 1)A1 +A2

}
r200 +

1

α

[
{(n− 1)A3 +A4} r00s0

+ {(n− 1)A5 +A6} r00r0 + {(n− 1)A7 +A8} r00;0
]

+ {(n− 1)A9 +A10} s20 +A11

(
rr00 − r20

)
+ {(n− 1)A12 +A13} r0s0

+A14

{
r00r

k
k − r0kr

k
0 + r00;kb

k − r0k;0b
k
}
+ {(n− 1)A15 +A16} r0ksk0

+ {(n− 1)A17 +A18} s0;0 +A19s0ks
k
0 + α

[
A20rs0 + {(n− 1)A21 +A22}

]
+ α

{
A23

(
3skr

k
0 − 2s0r

k
k + 2rks

k
0 − 2s0;kb

k + sk;0b
k
)
+A24s

k
0;k

}
+ α2

(
A25sks

k +A26s
i
ks

k
i

)
,
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where

A1 = 2
(
B − s2

)
ΨΘs − 2sΨΘ −Θs +Θ2,

A2 =
(
B − s2

)2 (
2ΨΨss − Ψ2

s

)
−

(
B − s2

)
(6sΨΨs + Ψss) + 2sΨs,

A3 = −4
(
B − s2

)
(2QΨΘs +QsΨΘ) + 2 (QsΘ + 2QΘs) + 4QΘ (sΨ −Θ)− 2ΘB ,

A4 =
(
B − s2

)2 {− 4Ψ (2QΨss +QsΨs +QssΨ) + 4QΨ2
s

}
+
(
B − s2

){
− 4Ψ2 (Q− sQs) + 2 (2QssΨ +QsΨs + 2QΨss) + 20sQΨΨs − 2ΨsB

}
+ 2Ψ (Q− sQs)− 10sQΨs −Qss − 4Ψs,

A5 = 4ΨΘ − 2ΘB ,

A6 = 2
(
B − s2

)
(2ΨΨs − ΨsB)− 2Ψs,

A7 = −Θ,

A8 = −
(
B − s2

)
Ψs,

A9 = 8QΨ
(
B − s2

)
(QsΘ +QΘs) + 4Q (ΘB −Qs) + 4Q2

(
Θ2 −Θs

)
,

A10 = 4sQΨB −Q2
s + 2QQss − 8Q2Ψ − 4s2Q2Ψ2 + 4 (2 + 3sQ) (QΨs +QsΨ)

+ 4
(
B − s2

) {
QΨsB +QsΨB −Q (QΨss +QsΨs)− Ψ

(
2QQss −Q2

s

)
− 4sQΨ (QΨs +QsΨ)

}
+ 4

(
B − s2

)2 {
2QΨ (QΨss +QsΨs)

+ Ψ2
(
2QQss −Q2

s

)
−Q2Ψ2

s

}
,

A11 = 4ΨB + 4Ψ2,

A12 = 4Q (ΘB − 2ΨΘ) ,

A13 = 4QΨs + 8sQΨ2 − 4 (1− sQ)ΨB

+
(
B − s2

) {
4 (QsΨB +QΨsB) + 8Ψ (QsΨ −QΨs)

}
,

A14 = 2Ψ,

A15 = 4ΘQ,

A16 = 2Qs − 2Ψ (1 + 2sQ)− 4
(
B − s2

)
(QsΨ −QΨs) ,

A17 = 2ΘQ,

A18 = 2
(
B − s2

)
(QΨs + ΨQs) + 2sΨQ−Qs,

A19 = 2 (1 + sQ)Qs − 2Q2,

A20 = −8Q
(
ΨB + Ψ2

)
,

A21 = −4ΘQ2,

A22 = 2ΨQ− 4
(
B − s2

)
Q2Ψs,

A23 = 2ΨQ,

A24 = 2Q,

A25 = −4ΨQ2,

A26 = −Q2,

Ψ =
ϕ′′

2
{
ϕ− sϕ′ + (B − s2)ϕ′′

} ,
Θ =

ϕϕ′ − s (ϕϕ′′ + ϕ′ϕ′)

2ϕ
{
ϕ− sϕ′ + (B − s2)ϕ′′

} ,
Q =

ϕ′

ϕ− sϕ′ ,

B = b2.
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3 Ricci curvature of a homogeneous Finsler space
with exponential metric

Now, we calculate Ricci curvature of a homogeneous Finsler space. Consider a G-
invariant vector field v in m corresponding to the 1-form β with length c = |v| and
an orthonormal basis

{
v1, v2, ..., vn =

v

c

}
of m with respect to the restriction ⟨ , ⟩

of Riemannian metric α. The Christoffel symbols γk
ij are given by ∇ ∂

∂xi

∂
∂xk . Let

Ck
ij =

⟨
[vi, vj ]m , vk

⟩
be the structure constants of g. We denote

∑n
a=1 C

a
ijC

a
kl by

Ca
ijC

a
kl and

⟨
[vi, vj ]m , y

⟩
by C0

ij .

Further, we define

f (j, k) =

{
1, if j < k,

0, if j ≥ k.

We require the following lemma for further computation.

Lemma 3.1. [7] For vi, vj , vk, vl ∈ m, we have the following values at the origin eH:

bj = cδnj ,

sij =
c

2
Cn

ij ,

si =
c2

2
Cn

ni,

rij = − c

2

(
Ci

nj + Cj
ni

)
,

sij;l =
c

2

{
Ca

jiC
n
la +

1

2
Cn

ia

(
Ca

lj + Cl
ja + Cj

la

)
+

1

2
Cn

aj

(
Ca

li + Cl
ia + Ci

la

)}
,

si;j = c
(
sni;j +

c

2
Cn

aiΓ
a
nj

)
,

bi;j;l = c
(
v̂l ⟨∇v̂n v̂j , v̂i⟩+ Ca

ln ⟨∇v̂a v̂j , v̂i⟩ − Γi
na ⟨∇v̂l v̂j , v̂a⟩ − Γa

nj ⟨∇v̂l v̂i, v̂a⟩
)
,

rij;l = sij;l + bj;i;l,

⟨∇v̂i v̂j , v̂k⟩ = −1

2

(
Ci

jk + Cj
ik + Ck

ij

)
,

⟨∇v̂i v̂j , v̂k⟩ v̂l =
1

2

(
Ci

laC
a
jk + Cj

laC
a
ik + Ck

laC
a
ij + Ca

jkC
a
li + Ca

ikC
a
lj + Ca

ijC
a
lk

)
,

Γk
ij = f(i, j)Ck

ij + ⟨∇v̂i v̂j , v̂k⟩ ,
∂Γk

ij

∂xl
= ⟨∇v̂i v̂j , v̂k⟩ v̂l + f (l, i) ⟨∇v̂a v̂j , v̂k⟩Ca

li + f (l, j) ⟨∇v̂i v̂a, v̂k⟩Ca
lj

−
(
Γk
la + ⟨∇v̂l v̂k, v̂a⟩

)
Γa
ij .

Using Lemma 3.1, we calculate the quantities used in the statement of Theorem
2.1, at the origin for homogeneous Finsler spaces.
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r00 = − c

2

(
C0

n0 + C0
n0

)
= −cC0

n0 = cC0
0n,

si = bkski = akjbjski = csni,

s0 = csn0 = c
c

2
Cn

n0 =
c2

2
Cn

n0,

ri = bkrki = akjbjrki = crni,

r0 = crn0 = −c2

2

(
Cn

n0 + C0
nn

)
= −c2

2
(Cn

n0 + 0) = −c2

2
Cn

n0 =
c2

2
Cn

0n,

r = rijb
ibj = biri = crn = ccrnn = −c2

c

2
(Cn

nn + Cn
nn) = 0,

r00;0 = cC0
i0

(
C0

ni + Ci
n0

)
,

rkk = aklrlk = − c

2
akl

(
Cl

nk + Ck
nl

)
= − c

2
δkl

(
Cl

nk + Ck
nl

)
= − c

2

(
Ck

nk + Ck
nk

)
= −cCk

nk = cCk
kn,

r0kr
k
0 = r0krk0 =

{
− c

2

(
C0

nk + Ck
n0

)}{
− c

2

(
Ck

n0 + C0
nk

)}
=

c2

4

(
C0

nk + Ck
n0

)2
,

r00;kb
k = r00;nb

n = cr00;n =
c2

2

(
Ca

0n + C0
na + Cn

0a

) (
Ca

0n + C0
an

)
,

r0k;0b
k = r0n;0b

n = cr0n;0 =
c2

2

{
Cn

naC
0
a0 +

1

2

(
Ca

0n + Cn
a0 + C0

an

) (
C0

na + Ca
n0

)}
,

r0ks
k
0 = r0ksk0 = − c

2

(
C0

nk + Ck
n0

) c

2
Cn

k0 =
c2

4
Cn

0k

(
C0

nk + Ck
n0

)
,

s0;0 = c
(
sn0;0 +

c

2
Cn

k0Γ
k
n0

)
=

c2

2
Cn

naC
0
0a,

s0ks
k
0 = s0ksk0 =

c

2
Cn

0k

c

2
Cn

k0 = −c2

4
(Cn

k0)
2
,

sks
k
0 = sksk0 =

c2

2
Cn

nk

c

2
Cn

k0 =
c3

4
Cn

nkC
n
k0,

skr
k
0 =

c2

2
Cn

nk

{
− c

2

(
Ck

n0 + C0
nk

)}
=

c3

4
Cn

kn

(
Ck

n0 + C0
nk

)
,

rks
k
0 = crnksk0 = c

{
− c

2

(
Ck

n0 + C0
nk

)} c

2
Cn

k0 =
c3

4
Cn

0k

(
Cn

nk + Ck
nn

)
=

c3

4
Cn

0kC
n
nk,

sks
k =

c2

2
Cn

nk

c2

2
Cn

nk =
c4

4
(Cn

nk)
2
,

sk0;k = sk0;k =
c

2

{
Ca

0kC
n
ka +

1

2
Cn

ka

(
Ca

k0 + Ck
0a + C0

ka

)
+

1

2
Cn

a0

(
Ca

kk + Ck
ka + Ck

ka

)}
=

c

2

{
Ca

0kC
n
ka −

1

2
Cn

kaC
a
0k +

1

2
Cn

ka

(
Ck

0a + C0
ka

)
+ Cn

a0C
k
ka

}
=

c

2

{
Cn

a0C
k
ka +

1

2
Cn

ka

(
Ca

0k + Ck
0a + C0

ka

)}
,

s0;kb
k = s0;nb

n = cs0;n = c2
(
sn0;n +

c

2
Cn

a0Γ
a
nn

)
=

c3

4
Cn

na

(
Ca

0n + Cn
0a + C0

na

)
,

sk;0b
k = sn;0b

n = csn;0 =
c3

4
Cn

na

(
Ca

n0 + Cn
0a + C0

na

)
,

siks
k
i = sikski =

c

2
Cn

ik

c

2
Cn

ki = −c2

4
(Cn

ik)
2
.
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Next, we calculate A1 to A26 for exponential metric as follows:

F = αeβ/α = αes,

Q =
es

es − ses
=

1

1− s
,

Qs =
d

ds

(
1

1− s

)
=

1

(1− s)
2 ,

Qss =
d

ds

[
1

(1− s)
2

]
=

2

(1− s)
3 ,

Θ =
eses − s (eses + eses)

2es
{
es − ses + (B − s2) es

} =
(1− 2s)

2
{
(1− s) + (B − s2)

} ,
Ψ =

es

2
{
es − ses + (B − s2) es

} =
1

2
{
(1− s) + (B − s2)

} ,
Ψs =

1

2

∂

∂s

[
1{

(1− s) + (B − s2)
}] =

(1 + 2s)

2
{
(1− s) + (B − s2)

}2 ,

ΨB =
1

2

∂

∂B

[
1{

(1− s) + (B − s2)
}] =

−1

2
{
(1− s) + (B − s2)

}2 ,

ΨsB =
1

2

∂

∂s

[
−1{

(1− s) + (B − s2)
}2

]
=

− (1 + 2s){
(1− s) + (B − s2)

}3 ,

Ψss =
1

2

∂

∂s

[
(1 + 2s){

(1− s) + (B − s2)
}2

]
=

(
3s2 + 3s+ 2 +B

){
(1− s) + (B − s2)

}3 ,

Θs =
∂

∂s

[
(1− 2s)

2
{
(1− s) + (B − s2)

}] =

(
−2s2 + 2s− 2B − 1

)
2
{
(1− s) + (B − s2)

}2 ,

ΘB =
∂

∂B

[
(1− 2s)

2
{
(1− s) + (B − s2)

}] =
(2s− 1)

2
{
(1− s) + (B − s2)

}2 ,

A1 =

(
B − s2

) (
−2s2 + 2s− 2B − 1

)
2
{
(1− s) + (B − s2)

}3 +

(
12s2 − 10s+ 4B + 3

)
4
{
(1− s) + (B − s2)

}2 ,

A2 =

(
8s2 + 8s+ 7 + 4B

) (
B − s2

)2
4
{
(1− s) + (B − s2)

}4 −
(
12s2 + 9s+ 4 + 2B

) (
B − s2

)
2
{
(1− s) + (B − s2)

}3

+
s (1 + 2s){

(1− s) + (B − s2)
}2 ,

A3 =
2s (1− 2s)

(1− s)
{
(1− s) + (B − s2)

}2 +

(
4s3 − 3s2 −B

)
(1− s)

2 {
(1− s) + (B − s2)

}2

+

(
−6s3 + 7s2 − 3s− 2sB + 1 + 4B

) (
B − s2

)
(1− s)

2 {
(1− s) + (B − s2)

}3 ,
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A4 =
(
B − s2

)2 [(−16s4 + 11s3 + 10s2 + 2Bs2 + 8s+ 11sB − 11− 5B − 2B2
)

(1− s)
3 {

(1− s) + (B − s2)
}4

− 2 (1 + 2s)
2

(1− s)
{
(1− s) + (B − s2)

}5

]
+

[ (
18s2 + 19s+ 10 + 4B

)
(1− s)

{
(1− s) + (B − s2)

}3

+
4
(
−2s2 +B + 1

){
(1− s) + (B − s2)

}2
(1− s)

3

] (
B − s2

)
+

(1− 2s)

(1− s)
2 {

(1− s) + (B − s2)
}

− 5s (1 + 2s){
(1− s) + (B − s2)

}2
(1− s)

− 4 (1/2 + s){
(1− s) + (B − s2)

}2 − 2

(1− s)
3 ,

A5 =
2 (1− 2s){

(1− s) + (B − s2)
}2 ,

A6 =
3 (1 + 2s)

(
B − s2

){
(1− s) + (B − s2)

}3 − (1 + 2s){
(1− s) + (B − s2)

}2 ,

A7 =
(2s− 1)

2
{
(1− s) + (B − s2)

} ,
A8 =

− (1 + 2s)
(
B − s2

)
2
{
(1− s) + (B − s2)

}2 ,

A9 =
2
(
B − s2

) (
4s3 − 3s2 −B

)
(1− s)

3 {
(1− s) + (B − s2)

}3 +

(
8s2 − 8s+ 4B + 3

)
(1− s)

2 {
(1− s) + (B − s2)

}2

+
2 (2s− 1)

(1− s)
{
(1− s) + (B − s2)

}2 − 4

(1− s)
3 ,

A10 =
3

(1− s)
4 + 3

(
B − s2

)2 [ 1

(1− s)
4 {

(1− s) + (B − s2)
}2

+

(
−4s3 − 2s2 + s+ 3 + 2B

)
(1− s)

3 {
(1− s) + (B − s2)

}4

]
+
(
B − s2

)
[
2
(
14s3 + 3s2 − 7s− 2Bs− 3B − 5

)
(1− s)

3 {
(1− s) + (B − s2)

}3 − 6

(1− s)
4 {

(1− s) + (B − s2)
}

+
2
(
5s2 − s− 3−B

){
(1− s) + (B − s2)

}3
(1− s)

2

]
+

(
−11s3 − 9s2 + 10s+ 6sB + 4

)
(1− s)

3 {
(1− s) + (B − s2)

}2 ,

A11 =
−1{

(1− s) + (B − s2)
}2 ,

A12 =
4 (2s− 1)

(1− s)
{
(1− s) + (B − s2)

}2 ,

A13 =
6 (1 + 2s) (s− 1)

(
B − s2

)
(1− s)

2 {
(1− s) + (B − s2)

}3 ,

A14 =
1{

(1− s) + (B − s2)
} ,
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A15 =
2 (1− 2s){

(1− s) + (B − s2)
}
(1− s)

,

A16 =
3 (1 + s)

(
B − s2

)
+
(
1− 2s+ s2

){
(1− s) + (B − s2)

}2
(1− s)

,

A17 =
(1− 2s)

(1− s)
{
(1− s) + (B − s2)

} ,
A18 =

3s
(
B − s2

)
− (1− s)

2

(1− s)
{
(1− s) + (B − s2)

}2 , A19 =
2s

(1− s)
3 ,

A20 =
2

(1− s)
{
(1− s) + (B − s2)

}2 ,

A21 =
2 (2s− 1){

(1− s) + (B − s2)
}
(1− s)

2 ,

A22 =
(1− s)

2 − (1 + 5s)
(
B − s2

){
(1− s) + (B − s2)

}2
(1− s)

2
,

A23 =
1

(1− s)
{
(1− s) + (B − s2)

} , A24 =
2

(1− s)
,

A25 =
−2

(1− s)
{
(1− s) + (B − s2)

} , A26 =
−1

(1− s)
2 .

(3.1)

Summarizing the above calculations, we get

Theorem 3.2. The Ricci curvature of the homogeneous Finsler space (G/H,F ) with
exponential metric F = αeβ/α is given by

Ric(Y ) = Ricα(Y ) +
c2

(
C0

0n

)2
α2(Y )

{
(n− 1)A1 +A2

}
+

c3C0
0nC

n
n0

2α(Y )

{
(n− 1) (A3 −A5)

+A4 −A6

}
+

cC0
k0

(
C0

nk + Ck
n0

)
α(Y )

{
(n− 1)A7 +A8

}
+

c4 (Cn
n0)

2

4

{
(n− 1) (A9 −A12) +A10 −A11 −A13

}
+

c2

4

{
4C0

0nC
k
kn +

(
Ck

0n + C0
kn

) (
2C0

nk + Cn
0k + 2Ck

0n

)
+ 2Cn

nkC
0
0k

}
A14

+
c2

4
Cn

0k

(
Ck

n0 + C0
nk

){
(n− 1)A15 +A16

}
+

c2

2
Cn

nkC
0
0k

{
(n− 1)A17 +A18

}
− c2

4
(Cn

k0)
2
A19 +

c3

4
α(Y )Cn

k0C
n
nk

{
(n− 1)A21 +A22

}
+

c3

4
α(Y )

{
Cn

kn

(
4C0

nk + Cn
k0

)
+ 4Cn

n0C
k
nk

}
A23

+
c

4
α(Y )

{
2Cn

a0C
k
ka + Cn

kaC
0
ka

}
A24 +

c2

4
α2(Y )

{
c2 (Cn

nk)
2
A25 − (Cn

ik)
2
A26

}
,

where Y (̸= 0) ∈ m, A1 to A26 for exponential metric are given by (3.1).
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Definition 3.1. [17] Let F = αϕ(s) be an (α, β)-metric on a homogeneous Finsler
space. The smooth function ϕ(s) is said to be normal if it satisfies the following
condition:

7∑
i=1

riϕi(s) = constant =⇒ ri = 0 ∀ i = 1, 2, ..., 7,

where

ϕ1(s) =
{
(n− 1)A1 +A2

}(
c2 − s2

)
,

ϕ2(s) =
{
(n− 1)A1 +A2

}
s2 − c2

2

{
(n− 1) (A3 −A5) +A4 −A6

}
s

+
c4

4

{
(n− 1) (A9 −A12) +A10 −A11 −A13

}
,

ϕ3(s) = −
{
(n− 1)A7 +A8

}
s+

c2

2

{
A14 + (n− 1)A17 +A18

}
,

ϕ4(s) = −
{
(n− 1)A7 +A8

}
s+

c2

4

{
−A14 + (n− 1)A15 +A16

}
,

ϕ5(s) = −
{
(n− 1)A7 +A8

}
s− c2

2
A14,

ϕ6(s) = −1

2

{
(n− 1)A7 +A8

}
s,

ϕ7(s) = −c2

2
A19.

Using Theorem 3.2 and Lemma 4.1 of [17], we obtain the following result.

Theorem 3.3. Let (G/H,F ) be a compact connected homogeneous Finsler space with
G-invariant exponential metric F = αeβ/α. Then S-curvature of (G/H,F ) vanishes
if and only if ⟨X, [v,X]m⟩ = 0 ∀ X ∈ m. Further, if F is Einstein metric, then either
S-curvature of (G/H,F ) vanishes or ϕ is not normal.

Corollary 3.4. Let (G/H,F ) be a compact connected homogeneous Finsler space
with G-invariant exponential metric F = αeβ/α. Further, suppose that S-curvature
of (G/H,F ) vanishes. Then Ricci scalar is given by

Ric(Y ) = Ricα(Y )− c2

4
(Cn

k0)
2
A19 + α(Y )

( c

2
Cn

a0C
k
ka +

c

4
Cn

kaC
0
ka

)
A24

− c2

4
α2(Y ) (Cn

ik)
2
A26.

Proof. Suppose S-curvature of (G/H,F ) vanishes, then by Theorem 3.3,

⟨Y, [v, Y ]m⟩ = 0 ∀ Y ∈ m.
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Therefore, for non-zero Z ∈ m, we have

C0
0n = ⟨Z, [vn, Z]m⟩

=
⟨
Z,

[v
c
, Z

]
m

⟩
= 0,

Ci
nj + Cj

ni =
⟨
vi, [vn, vj ]m

⟩
+ ⟨vj , [vn, vi]m⟩

=
⟨
vi,

[v
c
, vj

]
m

⟩
+

⟨
vj ,

[v
c
, vi

]
m

⟩
=

1

c

{⟨
vi, [v, vj ]m

⟩
+
⟨
vj , [v, vj ]m

⟩
+ ⟨vj , [v, vi]m⟩+ ⟨vi, [v, vi]m⟩

}
=

1

c

{⟨
vi + vj , [v, vj ]m

⟩
+ ⟨vi + vj , [v, vi]m⟩

}
=

1

c

{⟨
vi + vj , [v, vj ]m + [v, vi]m

⟩}
=

1

c

⟨
vi + vj , [v, vi + vj ]m

⟩
= 0 ∀ 1 ≤ i, j ≤ n.

Next,

Cn
ni = ⟨[vn, vi]m , vn⟩

=
⟨[v

c
, vi

]
m
,
v

c

⟩
=

1

c2
{
⟨[v, vi]m , v⟩+ ⟨[v, vi]m , vi⟩

}
=

1

c2
⟨[v, vi]m , v + vi⟩

=
1

c2
⟨[v, v]m + [v, vi]m , v + vi⟩

=
1

c2
⟨[v, v + vi]m , v + vi⟩

= 0.

Finally, using Theorem 3.2, we get the required result. �

References

[1] P. L. Antonelli, R. S. Ingarden, and M. Matsumoto, The Theory of Sprays and
Finsler Spaces with Applications in Physics and Biology, Kluwer Academic Pub-
lishers, The Netherlands, 1993.

[2] A. Besse, Einstein Manifolds, Springer-Verlag, 1987.

[3] X. Cheng, Z. Shen and Y. Tian, A class of Einstein (α, β)-metrics, Israel J.
Math. 192 (2012), 221-249.

[4] S. S. Chern, Finsler geometry is just Riemannian geometry without the quadratic
restriction, Notices Amer. Math. Soc. 43 (9) (1996), 959-963.

[5] S. Deng, Homogeneous Finsler Spaces, Springer Monographs in Mathematics,
New York, 2012.



140 Kirandeep Kaur and Gauree Shanker

[6] S. Deng and Z. Hou, Homogeneous Einstein-Randers spaces of negative Ricci
curvature, C. R. Acad. Sci. Paris, Ser. I 347 (2009), 1169-1172.

[7] S. Deng and Z. Hu., Curvatures of homogeneous Randers spaces, Advances in
Mathematics, 240 (2013), 194-226.

[8] S. Deng and X. Liu, On homogeneous square Einstein metrics, Bull. Korean
Math. Soc. 54 (3) (2017), 967-973.

[9] M. Matsumoto, On a C-reducible Finsler space, Tensor N. S., 24 (1972), 29-37.

[10] M. Matsumoto, Theory of Finsler spaces with (α, β) metric, Rep. on Math. Phys.,
31 (1992), 43-83.

[11] G. Randers, On an asymmetric metric in the four-space of General Relativity,
Phys. Rev. 59 (1941), 195-199.

[12] G. Shanker and K. Kaur, Naturally reductive homogeneous space with an invari-
ant (α, β)-metric, Lobachevskii Journal of Mathematics, 40 (2) (2019), 210-218.

[13] G. Shanker and K. Kaur, Homogeneous Finsler space with infinite series (α, β)-
metric, Applied Sciences, 21 (2019), 219-235.

[14] G. Shanker and K. Kaur, Homogeneous Finsler space with exponential metric,
Advances in Geometry, 20 (3) (2020), 391-400.

[15] G. Shanker and Ravindra, On Randers change of exponential metric, Applied
Sciences, 15 (2013), 94-103.

[16] H. Wang and S. Deng, Some Einstein-Randers metrics on homogeneous spaces,
Nonlinear Analysis, 72 (2010), 4407-4414.

[17] Z. Yan and S. Deng, On homogeneous Einstein (α, β)-metrics, Journal of Geom-
etry and Physics, 103 (2016), 20-36.

[18] L. Zhou, A local classification of a class of (α, β)-metrics with constant flag
curvature, Differential Geometry and its Applications, 28 (2010), 170-193.

Authors’ addresses:

Kirandeep Kaur
Department of Mathematics,
Punjabi University College Ghudda, Bathinda, Punjab, India.
Email: kirandeepiitd@gmail.com

Gauree Shanker (corresponding author)
Department of Mathematics and Statistics,
School of Basic and Applied Sciences,
Central University of Punjab,
Bathinda, Punjab-151001, India.
Email: gshankar@cup.ac.in


