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Abstract. Let (M,F ) be an (n−1)-dimensional compact Finslerian mani-
fold with n > 1. Let consider a Finslerian metric onM ≡ (0,∞)×M of the

form F (x, y) =

√
(y1)2 + f(x1, x2, ..., xn)F

2
(x2, ..., xn, y2, ..., yn) where f

is a positive function on M and (x1, ..., xn, y1, ..., yn) is a local coordinate
of a point (x, y) in the tangent bundle of M . In this paper, we express
the geometry of (M,F ) in term of f and the geometry of (M,F ). Curva-
tures are calculated in the Berwald case. An example of a twisted product
Berwald metric is given for n = 3.
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1 Introduction

Twisted product metrics are natural extensions of warped product metrics [1]. These
both kinds of metrics play a major role in Differential Geometry as well as in General
Relativity. For examples, the warped product metrics are used to construct Rieman-
nian metrics with negative curvature [3] and the twisted product metrics are applied
in theory of projective mappings. In general relativity, many basic solutions of the
Einstein equation are warped products metrics[6]. In Finslerian realm the twisted
product of manifolds was studied for the first time by Kozma, Peter and Shimada [5].
Later, in 2013, Peyghan, Tayebi and Nourmohammadi Far [7] studied locally dually
flat twisted product Finsler manifold.

Let (M̃, F̃ ) and (M,F ) be two Finslerian manifolds. Consider fi : M̃ × M −→
(0,∞) with i = 1, 2 two C∞ maps. Then, on the product manifold M̃ ×M , one can
define the Finslerian metric

F (x1, x2, y1, y2) =

√
f1(x1, x2)F̃ 2(x1, y1) + f2(x1, x2)F

2
(x2, y2)(1.1)

for any (x1, x2) ∈ M̃ × M and (y1, y2) ∈ T̊ M̃ × T̊M where T̊ M̃ ≡ TM̃\{0}. The

couple (f1M̃ ×f2 M,F ) is called a doubly twisted product Finslerian manifold. If

f1(x1, x2) = 1 then the doubly twisted product manifold f1M̃ ×f2 M is called a

twisted product manifold [7] and is denoted by M̃ ×f2 M .
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In this paper we study the geometry of the twisted product Finslerian manifold
(M̃ ×f M,F ) when F is a Berwald metric and M̃ ≡ (0,∞). In particular, if the

twisted function f(x1, x2) = f(x1) then (M̃ ×f M,F ) becomes a warped product
Berwald manifold of polar type.

This work is organised as follows. In Section 2, we give some basic notions on
Finslerian manifolds. The Section 3 is devoted to study the Berwald curvatures. The
Berwald Ricci and scalar curvatures are evaluated in natural coordinates. Finally, as
an example, we show that the application F : T

(
(0,∞)× U

)
−→ R defined by

F (x1, x2, x3; y1, y2, y3) =
√
(y1)2 + feρ(x2,x3)(y2)2p(y3)2q,(1.2)

where ρ is a C∞ function on U ⊂ R2, and p and q are some real numbers, is a twisted
product Berwald metric of polar type on (0,∞)× U .

2 Some basic notions on Finslerian manifolds

Let M be an n−dimensional manifold. We denote by TxM the tangent space at
x ∈ M and by TM :=

∪
x∈M TxM the tangent bundle of M . Set T̊M = TM\{0}

and π : TM −→ M : π(x, y) 7−→ x the natural projection. Let (x1, ..., xn) be a
local coordinate on an open subset U of M and (x1, ..., xn, y1, ..., yn) be the local
coordinate on π−1(U) ⊂ TM . The local coordinate system (xi)i=1,...,n produces the
coordinate bases { ∂

∂xi }i=1,...,n and {dxi}i=1,...,n respectively, for TM and cotangent
bundle T ∗M . We use Einstein summation convention: repeated upper and lower
indices will automatically be summed unless otherwise will be noted.

Definition 2.1. Let M be an n−dimensional manifold. A function F : TM −→
[0,∞) is called a Finslerian metric on M if :

(i) F is C∞ on the entire slit tangent bundle T̊M ,

(ii) F is positively 1-homogeneous on the fibers of TM , that is
∀c > 0, F (x, cy) = cF (x, y),

(iii) the Hessian matrix (gij(x, y))1≤i,j≤n with elements

gij(x, y) :=
1

2

∂2F 2(x, y)

∂yi∂yj
(2.1)

is positive definite at every point (x, y) of T̊M .

Consider the differential map π∗ of the submersion π : T̊M −→ M . The vertical
subspace of T T̊M is defined by V := ker(π∗) and is locally spanned by the set
{F ∂

∂yi , 1 ≤ i ≤ n}, on each π−1(U) ⊂ T̊M .

An horizontal subspace H of T T̊M is by definition any complementary to V. The
bundles H and V give a smooth splitting

T T̊M = H⊕ V.(2.2)

An Ehresmann connection is a selection of a horizontal subspace H of T T̊M . It is
known [4] that H can be canonically defined from the geodesics equation.
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Definition 2.2. Let π : T̊M −→ M be the restricted projection.

(1) An Ehresmann-Finsler connection of π is the subbundle H of T T̊M given by

H := kerθ,(2.3)

where θ : T T̊M −→ π∗TM is the bundle morphism defined by

θ|(x,y) =
∂

∂xi
⊗ 1

F
(dyi +N i

jdx
j)(2.4)

with N i
j(x, y) :=

∂Gi(x,y)
∂yj for

Gi(x, y) :=
1

4
gil(x, y)

[∂gjl
∂xk

(x, y) +
∂gkl
∂xj

(x, y)− ∂gjk
∂xl

(x, y)
]
yjyk.(2.5)

(2) The form θ : T T̊M −→ π∗TM induces a linear map

θ|(x,y) : T(x,y)T̊M −→ TxM,(2.6)

for each point (x, y) ∈ T̊M ; where x = π(x, y).
The vertical lift of a section ξ of π∗TM is a unique section v(ξ) of T T̊M such
that for every (x, y) ∈ T̊M ,

π∗(v(ξ))|(x,y) = 0(x,y) and θ(v(ξ))|(x,y) = ξ(x,y).(2.7)

(3) The differential projection π∗ : T T̊M −→ π∗TM induces a linear map

π∗|(x,y) : T(x,y)T̊M −→ TxM,(2.8)

for each point (x, y) ∈ T̊M ; where x = π(x, y).
The horizontal lift of a section ξ of π∗TM is a unique section h(ξ) of T T̊M such
that for every (x, y) ∈ T̊M ,

π∗(h(ξ))|(x,y) = ξ(x,y) and θ(h(ξ))|(x,y) = 0(x,y).(2.9)

We have the following.

Definition 2.3. A Finslerian tensor field T of type (q, 0; p1, p2) on T̊M is a C∞

section of the tensor bundle

π∗T ∗M ⊗ ...⊗ π∗T ∗M︸ ︷︷ ︸
p1−times

⊗T ∗T̊M ⊗ ...⊗ T ∗T̊M︸ ︷︷ ︸
p2−times

⊗
q⊗

π∗TM.(2.10)

Remark 2.4. In a local chart,

T = T
k1...kq

i1...ip1 j1...jp2
∂k1 ⊗ ...⊗ ∂kq ⊗ dxi1 ⊗ ...⊗ dxip1 ⊗ εj1 ⊗ ...⊗ εjp2

where (∂k1⊗...⊗∂kq⊗dxi1⊗...⊗dxip1 ⊗εj1⊗...⊗εjp2 )k∈{1,...,n}q,i∈{1,...,n}p1 ,j∈{1,...,n}p2

is a basis section of this tensor and, the ∂kr := ∂
∂xkr

as well as εjs are respectively the

basis sections for π∗TM and T ∗T̊M dual of T T̊M .



186 G. Nibaruta, M. Karimumuryango, A. Nibirantiza and D. Ndayirukiye

Example 2.5. (1) The Hessian matrix g, defined in (2.1), is of type (0, 0; 2, 0).

(2) The Ehresmann-Finsler form θ is of type (1, 0; 0, 1).

The following lemma defines the Chern connection on π∗TM .

Lemma 2.1. [8] Let (M,F ) be a Finslerian manifold and g its fundamental tensor.
There exists a unique linear connection ∇ on the vector bundle π∗TM such that, for
all X,Y ∈ χ(T̊M) and for every ξ, η ∈ Γ(π∗TM), one has the following properties:

(i) ∇Xπ∗Y −∇Y π∗X = π∗[X,Y ],

(ii) X(g(ξ, η)) = g(∇Xξ, η) + g(ξ,∇Xη) + 2A(θ(X), ξ, η)

where A := F
2

∂gij
∂yk dx

i ⊗ dxj ⊗ dxk is the Cartan tensor.

One has ∇ δ

δxj

∂
∂xk = Γi

jk
∂

∂xi where

Γi
jk :=

∂2Gi

∂yj∂yk
(2.11)

which can be written as

Γi
jk =

1

2
gil

(
δgjl
δxk

+
δglk
δxj

− δgjk
δxl

)
(2.12)

with {
δ

δxi
:=

∂

∂xi
−N j

i

∂

∂yj
= h(

∂

∂xi
)

}
i=1,...,n

.(2.13)

Definition 2.6. Let F be a Finslerian metric on an n-dimensional manifold M and
x ∈ M . F is called a Berwald metric if, for a local coordinate (xi, yi)i=1,...,n in T̊M ,
the Christoffel symbols Γl

ij of the Chern connection are only functions of the point x
in M .

Example 2.7. All Riemannian metrics and all locally Minkowskian metrics are ex-
amples of Berwald metrics. In fact,

(1) for Riemannian metrics, Γi
jk = γi

jk = 1
2g

il
(

∂gjl
∂xk + ∂glk

∂xj − ∂gjk
∂xl

)
. In particular,

the functions Γi
jk are independant of y.

(2) for locally Minkowskian metrics, in a neighborhood V of a point x ∈ M , the
functions Γi

jk vanish identically. Hence, on V , Γi
jk can depend at most on x.

3 Berwald Ricci and scalar curvatures

Let (M,F ) be an n−1 dimensional Finslerian manifold and f a positive C∞ function
on (0,∞)×M . One can show that F : T

(
(0,∞)×M

)
−→ [0,∞), defined by

F (x1, x2, ..., xn; y1, y2, ..., yn) =

√
(y1)2 + f(x1, x2, ..., xn)F

2
(x2, ..., xn; y2, ..., yn),

(3.1)
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is a Finslerian metric on M ≡ (0,∞) ×M . In particular, if f(x1, x2, ..., xn) = f(x1)
then F is warped product Finslerian metric of cylindrical type. If f(x1, x2, ..., xn) =

f(x2, ..., xn) then fF
2
can be treated as a conformal metric of F

2
whose conformal

factor is f . In this last case, F can be seen as a simple product Finslerian metric.

For the Finsler metric F (x, y) =

√
(y1)2 + f(x)F

2
(x, y) where (x) = (x2, ..., xn)

is a local coordinate in M and (y) = (y2, ..., yn) are vector components in TxM , the
fundamental tensor is(

gij(x, y)
)
=

(
1 0
0 f(x)

(
gij(x, y)

) )
(3.2)

where g is the fundamental tensor associated with F .
The inverse g−1 of g is given by

(
gij(x, y)

)
=

(
1 0
0 f−1(x)

(
gij(x, y)

) )
.(3.3)

Definition 3.1. The full curvature associated with the Chern connection ∇ on the
vector bundle π∗TM over the manifold T̊M is the application

ϕ :
χ(T̊M)× χ(T̊M)× Γ(π∗TM) → Γ(π∗TM)

(X,Y, ξ) 7→ ϕ(X,Y )ξ = ∇X∇Y ξ −∇Y ∇Xξ −∇[X,Y ]ξ.

By the relation (2.2), we have

∇X = ∇X̂ +∇X̌ ,(3.4)

where X = X̂ + X̌ with X̂ ∈ Γ(H) and X̌ ∈ Γ(V).
Using the metric F , one can define the full curvature of ∇ as:

Φ(ξ, η,X, Y ) = g(ϕ(X,Y )ξ, η)

= g(ϕ(X̂, Ŷ )ξ + ϕ(X̂, Y̌ )ξ + ϕ(X̌, Ŷ )ξ + ϕ(X̌, Y̌ )ξ, η)

= R(ξ, η,X, Y ) +P(ξ, η,X, Y ) +Q(ξ, η,X, Y ),(3.5)

where R(ξ, η,X, Y ) = g(ϕ(X̂, Ŷ )ξ, η), P(ξ, η,X, Y ) = g(ϕ(X̂, Y̌ )ξ, η)+g(ϕ(X̌, Ŷ )ξ, η)
and Q(ξ, η,X, Y ) = g(ϕ(X̌, Y̌ )ξ, η) are respectively the first (horizontal) curvature,
mixed curvature and vertical curvature.

In particular, if ∇ is the Chern connection, the Q-curvature vanishes.
In a local coordinate system, the components of the Chern curvature are:

Φ(∂i, ∂j , ∂̂k + ∂̌k, ∂̂l + ∂̌l) = R(∂i, ∂j , ∂̂k + ∂̌k, ∂̂l + ∂̌l) +P(∂i, ∂j , ∂̂k + ∂̌k, ∂̂l + ∂̌l)

=
(δΓs

il

δxk
− δΓs

ik

δxl

)
gjs +

(
Γs
ikΓ

r
ls − Γs

ilΓ
r
ks

)
gjr − F

∂Γs
ik

∂yl
gjs(3.6)

where ∂i :=
∂
∂i ∈ π∗TM, ∂̂k := δ

δxk ∈ H and ∂̌k := F ∂
∂yk ∈ V.

Remark 3.2. In natural coordinates, the curvatures R and P can also be found in
[2].
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For the Berwald metric F (x; y) =

√
(y1)2 + f(x)F

2
(x, y), by the Definition 2.6,

the Christoffel symbols are

Γ1
ij = 0 for i, j ∈ [1, n],(3.7)

Γk
11 = 0 for k ∈ [1, n],(3.8)

Γa
1b =

1

2f

∂f

∂x1
δab for a, b ∈ [2, n],(3.9)

Γa
bc =

1

2
gad

(
∂gbd
∂xc

+
∂gcd
∂xb

− ∂gbc
∂xd

)
for a, b, c, d ∈ [2, n]

=
1

2
f−1gad

[
∂(fgbd)

∂xc
+

∂(fgcd)

∂xb
− ∂(fgbc)

∂xd

]
= Γ

a

bc +
1

2
f−1

(
∂f

∂xc
δab +

∂f

∂xb
δac − ∂f

∂xd
gadgbc

)
.(3.10)

If F is a Berwald metric then the relation (3.6) becomes

Φijkl =
(∂Γs

il

∂xk
− ∂Γs

ik

∂xl

)
gjs +

(
Γs
ikΓ

r
ls − Γs

ilΓ
r
ks

)
gjr

(3.9)
=

(∂Γa
il

∂xk
− ∂Γa

ik

∂xl

)
gja +

(
Γa
ikΓ

d
la − Γa

ilΓ
d
ka

)
gjd(3.11)

where Φijkl = Φ(∂i, ∂j , ∂̂k + ∂̌k, ∂̂l + ∂̌l). In particular, by the relations (3.7)-(3.10)

Φi1kl = 0,(3.12)

Φ1b11 = 0,(3.13)

Φ1b1c =
(∂Γa

1c

∂x1
− ∂Γa

11

∂xc

)
gba +

(
Γa
11Γ

d
ca − Γa

1cΓ
d
1a

)
gbd

=
[
− 1

2f

( ∂f

∂x1

)2
+

1

2

∂2f

∂(x1)2

]
gbc −

1

2f

∂f

∂x1
δac (

1

2f

∂f

∂x1
δda)fgbd

=
1

2

[
∂2f

∂(x1)2
− 3

2f

( ∂f

∂x1

)2]
gbc,(3.14)

Φabcd =
(∂Γr

ad

∂xc
− ∂Γr

ac

∂xd

)
gbr +

(
Γr
acΓ

s
dr − Γr

adΓ
s
cr

)
gbs

=

{
∂

∂xc

[
Γ
r

ad +
1

2
f−1

(
∂f

∂xd
δra +

∂f

∂xa
δrd −

∂f

∂xs
grsgad

)]
− ∂

∂xd

[
Γ
r

ac +
1

2
f−1

(
∂f

∂xc
δra +

∂f

∂xa
δrc −

∂f

∂xs
grsgac

)]}
fgbr

+

{[
Γ
r

ac +
1

2
f−1

(
∂f

∂xc
δra +

∂f

∂xa
δrc −

∂f

∂xs
grsgac

)]
×
[
Γ
s

dr +
1

2
f−1

(
∂f

∂xr
δsd +

∂f

∂xd
δsr −

∂f

∂xt
gtsgdr

)]
−
[
Γ
r

ad +
1

2
f−1

(
∂f

∂xd
δra +

∂f

∂xa
δrd −

∂f

∂xs
grsgad

)]
×

[
Γ
s

cr +
1

2
f−1

(
∂f

∂xr
δsc +

∂f

∂xc
δsr −

∂f

∂xt
gtsgcr

)]}
fgbs.(3.15)
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It follows that

Φabcd = fΦabcd

+
1

4f

(
∂f

∂xc

∂f

∂xa
gbd +

∂f

∂xc

∂f

∂xd
gab −

∂f

∂xc

∂f

∂xb
gad

+
∂f

∂xc

∂f

∂xa
gbd +

∂f

∂xa

∂f

∂xd
gbc −

∂f

∂xa

∂f

∂xb
gcd

− ∂f

∂xr

∂f

∂xs
grsgacgbd −

∂f

∂xs

∂f

∂xd
grsgacgbr +

∂f

∂xs

∂f

∂xb
grsgacgdr

)
+
1

2

(
∂f

∂xb
gcrΓ

r

ad −
∂f

∂xr
gbcΓ

r

ad +
∂f

∂xt
grtgadgbsΓ

s

cr

)
−1

2

(
∂f

∂xb
gdrΓ

r

ac −
∂f

∂xr
gbdΓ

r

ac +
∂f

∂xt
grtgacgbsΓ

s

dr

)
− 1

4f

(
∂f

∂xd

∂f

∂xa
gbc +

∂f

∂xd

∂f

∂xc
gab −

∂f

∂xd

∂f

∂xb
gac

+
∂f

∂xd

∂f

∂xa
gbc +

∂f

∂xa

∂f

∂xc
gbd −

∂f

∂xa

∂f

∂xb
gcd

− ∂f

∂xr

∂f

∂xs
grsgadgbc −

∂f

∂xs

∂f

∂xc
grsgadgbr +

∂f

∂xs

∂f

∂xb
grsgadgcr

)
− 1

2f

(
∂f

∂xc

∂f

∂xd
gab +

∂f

∂xc

∂f

∂xa
gbd −

∂f

∂xc

∂f

∂xb
gad

)
+
1

2

[
∂2f

∂xc∂xd
gab +

∂2f

∂xc∂xa
gbd −

∂2f

∂xc∂xb
gad −

∂f

∂xs

∂

∂xc

(
grsgad

)
gbr

]
+

1

2f

(
∂f

∂xd

∂f

∂xc
gab +

∂f

∂xd

∂f

∂xa
gbc −

∂f

∂xd

∂f

∂xb
gac

)
−1

2

[
∂2f

∂xd∂xc
gab +

∂2f

∂xd∂xa
gbc −

∂2f

∂xd∂xb
gac −

∂f

∂xs

∂

∂xd

(
grsgac

)
gbr

]
= fΦabcd +

1

4f

∂f

∂xr

∂f

∂xs
grs (gadgbc − gacgbd)

+
1

4f

(
∂f

∂xa

∂f

∂xd
gbc +

∂f

∂xb

∂f

∂xc
gad −

∂f

∂xa

∂f

∂xc
gbd −

∂f

∂xb

∂f

∂xd
gac

)
+
1

2

(
∂f

∂xb
gcrΓ

r

ad −
∂f

∂xr
gbcΓ

r

ad +
∂f

∂xt
grtgadgbsΓ

s

cr

)
−1

2

(
∂f

∂xb
gdrΓ

r

ac −
∂f

∂xr
gbdΓ

r

ac +
∂f

∂xt
grtgacgbsΓ

s

dr

)
+
1

2

(
∂2f

∂xc∂xa
gbd −

∂2f

∂xc∂xb
gad −

∂2f

∂xd∂xa
gbc +

∂2f

∂xd∂xb
gac

)
+
1

2

[
∂f

∂xs

∂

∂xd

(
grsgac

)
gbr −

∂f

∂xs

∂

∂xc

(
grsgad

)
gbr

]
.

(3.16)

That prove the following.
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Proposition 3.1. Let (I ×f M,F ) be an n-dimensional twisted product Berwald
manifold with I = (0,∞). Then, in natural coordinates, the full curvature coefficients
of (I ×f M,F ) are given by

Φabcd = fΦabcd +
1

4f

∂f

∂xr

∂f

∂xs
grs (gadgbc − gacgbd)

+
1

4f

(
∂f

∂xa

∂f

∂xd
gbc +

∂f

∂xb

∂f

∂xc
gad −

∂f

∂xa

∂f

∂xc
gbd −

∂f

∂xb

∂f

∂xd
gac

)
+
1

2

(
∂f

∂xb
gcrΓ

r

ad −
∂f

∂xr
gbcΓ

r

ad +
∂f

∂xt
grtgadgbsΓ

s

cr

)
−1

2

(
∂f

∂xb
gdrΓ

r

ac −
∂f

∂xr
gbdΓ

r

ac +
∂f

∂xt
grtgacgbsΓ

s

dr

)
(3.17)

+
1

2

(
∂2f

∂xc∂xa
gbd −

∂2f

∂xc∂xb
gad −

∂2f

∂xd∂xa
gbc +

∂2f

∂xd∂xb
gac

)
+
1

2

[
∂f

∂xs

∂

∂xd

(
grsgac

)
gbr −

∂f

∂xs

∂

∂xc

(
grsgad

)
gbr

]
,

Φ1b1c =
1

2

[
∂2f

∂(x1)2
− 3

2f

( ∂f

∂x1

)2]
gbc and Φi1kl = Φ1j11 = 0

for a, b, c, d ∈ [2, n] and for i, j, k, l ∈ [1, n].

Theorem 3.2. Let (I×fM,F ) be an n-dimensional twisted product Berwald manifold
with I = (0,∞) and F a local Minkowskian metric on M . Then (I×f M,F ) is locally
Minkowskian manifold if and only if the twisted function f satisfies the following
equations:

∂f

∂xr

∂f

∂xs
grsgadgbc +

∂f

∂xa

∂f

∂xd
gbc +

∂f

∂xb

∂f

∂xc
gad + 2f

∂2f

∂xc∂xa
gbd + 2f

∂2f

∂xd∂xb
gac

=
∂f

∂xr

∂f

∂xs
grsgacgbd +

∂f

∂xa

∂f

∂xc
gbd +

∂f

∂xb

∂f

∂xd
gac + 2f

∂2f

∂xc∂xb
gad + 2f

∂2f

∂xd∂xa
gbc

(3.18)

for a, b, c, d ∈ [2, n] and

2f

3

∂2f

∂(x1)2
=

( ∂f

∂x1

)2
.(3.19)

Theorem 3.3. Let (I×fM,F ) be an n-dimensional warped product Berwald manifold
with I = (0,∞) and F a Riemannian metric on M . Then (I×f M,F ) is Riemannian
manifold if and only if the warping function f and the full curvatures satisfy the
following equations:

Φabcd = fΦabcd, for a, b, c, d ∈ [2, n]

Φ1b1c =
1
2

[
∂2f

∂(x1)2 − 3
2f

(
∂f
∂x1

)2]
gbc, for b, c ∈ {2, ..., n}

Φi1kl = Φ1j11 = 0, for i, j, k ∈ [1, n].

(3.20)

With respect to the Chern connection, we have the following.
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Definition 3.3. (1) The Berwald Ricci tensor Ric of (M,F ) is defined by

Ric(ξ,X) := traceg

[
η 7−→ R

(
X,h(η) + v(η)

)
ξ
]
.(3.21)

Locally, we have

Ric(∂i, ∂̂k + ∂̌k) =
∂Γl

il

∂xk
− ∂Γl

ik

∂xl
+ Γs

ikΓ
l
ls − Γs

ilΓ
l
ks(3.22)

(2) The Berwald scalar curvature Scal of (M,F ) is defined by

Scal := traceg

(
Ric

)
, g := π∗g.(3.23)

Locally, we have

Scal =
(∂Γl

il

∂xk
− ∂Γl

ik

∂xl
+ Γs

ikΓ
l
ls − Γs

ilΓ
l
ks

)
gik.(3.24)

Proposition 3.4. Let (I ×f M,F ) be an n-dimensional twisted Finslerian manifold
with I = (0,∞) and F a Finslerian metric on M . Then (I×fM,F ) is a local Berwald
manifold if and only if the twisted function f and the Ricci curvatures satisfy the
following equations:

Ricac = Ricac −
n− 2

4f2

(
∂f

∂xa

∂f

∂xc
+

∂f

∂xr

∂f

∂xs
grsgac

)
+

1

2f

(
(n− 3)

∂f

∂xs
Γ
s

ac +
∂f

∂xr
grsgctΓ

t

as +
∂f

∂xt
grtgasΓ

s

cr −
∂f

∂xt
grtgacΓ

s

rs

)
(3.25)

+
1

2f

[
(n− 3)

∂2f

∂xa∂xc
+

∂2f

∂xr∂xs
grsgac

]
+

1

2f

[
∂f

∂xr

∂

∂xs

(
grsgac

)
− ∂f

∂xs

∂

∂xc

(
grsgar

)]
for a, b ∈ [2, n] and

Ric11 =
n− 1

2

[
∂2f

∂(x1)2
− 3

2f

( ∂f

∂x1

)2]
.(3.26)

Proposition 3.5. Let (I ×f M,F ) be an n-dimensional twisted Finslerian manifold
with I = (0,∞) and F a Finslerian metric on M . Then (I ×f M,F ) is Berwald
manifold if and only if the twisted function f and the scalar curvatures satisfy the
following equations:

Scal =
Scal

f
− 1

2f

[
1

2f

(
∂f

∂x1

)2

− ∂2f

∂(x1)2

]
− n(n− 2)

4f3

∂f

∂xr

∂f

∂xs
grs

+
n− 3

f2

∂2f

∂xr∂xs
grs +

(n− 3)

2f2

(
∂f

∂xr
Γ
r

stg
st − ∂f

∂xr
grsΓ

t

st

)
(3.27)

+
1

2f2

[
∂f

∂xr

∂

∂xs

(
grsgac

)
− ∂f

∂xs

∂

∂xc

(
grsgar

)]
gac for a, c, r, s ∈ [2, n].
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Proof. By the relations (3.7)-(3.10) in (3.24). �

Corollary 3.6. Let (I ×f M,F ) be an n-dimensional twisted product Berwald man-
ifold with I = (0,∞). If f(x1, x2, ..., xn) = f(x1) then the scalar curvatures Scal of
(I ×f M,F ) and Scal of (M,F ) are related by the followin equation

Scal =
Scal

f
− 1

2f

[
1

2f

(
∂f

∂x1

)2

− ∂2f

∂(x1)2

]
.(3.28)

4 Example of a twisted product Berwald metric of
polar type

Let U = {x = (x2, x3) ∈ R2}, y = (y2, y3) ∈ TxU with y2, y3 > 0 and f : (0,∞) ×
U −→ (0,∞) a C∞ positive function. Consider p, q ∈ R \ {0} such that p+ q = 1 and
pq < 0. Then the application F : T

(
(0,∞)× U

)
−→ R defined by

F (x1, x2, x3; y1, y2, y3) =
√
(y1)2 + feρ(x2,x3)(y2)2p(y3)2q,(4.1)

where ρ is a C∞ function on U is a Berwald metric on (0,∞)× U .
By direct calculations, using the relation (2.1), (3.2) and (3.3), we obtain

(
gij(x, y)

)
=

 1 0 0
0 p(2p− 1)feρ(y2)2p−2(y3)2q 2pqfeρ(y2)2p−1(y3)2q−1

)
0 2pqfeρ(y2)2p−1(y3)2q−1 q(2q − 1)feρ(y2)2p(y3)2q−2


and

(
gij(x, y)

)
=

 1 0 0

0 −2q−1
p f−1e−ρ(y2)−2p+2(y3)−2q 2f−1e−ρ(y2)−2p+1(y3)−2q+1

0 2f−1e−ρ(y2)−2p+1(y3)−2q+1 − 2p−1
q f−1e−ρ(y2)−2p(y3)−2q+2


Hence, since g(x,y)(v, v) = gij(x, y)v

ivj > 0 for every v ∈ TxM \ {0}, F is a
Finslerian metric on (0,∞)× U .

Further, the 27 functions Γk
ij are independent of y and satisfy to the relations

(3.7), (3.8),(3.9) and (3.10). Hence, F defined in (4.1), is a twisted Berwald metric of
polar form.
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