Twisted products Berwald metrics of polar type
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Abstract. Let (M, F') be an (n—1)-dimensional compact Finslerian mani-
fold with n > 1. Let consider a Finslerian metric on M = (0, 00) x M of the

form F(z,y) = \/(y1)2 + fat, 22, ...,x")FQ(:CQ, ey @™, Y2, ., y") where f
is a positive function on M and (x!,...,2", y',...,y™) is a local coordinate
of a point (z,y) in the tangent bundle of M. In this paper, we express
the geometry of (M, F) in term of f and the geometry of (M, F). Curva-
tures are calculated in the Berwald case. An example of a twisted product
Berwald metric is given for n = 3.
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1 Introduction

Twisted product metrics are natural extensions of warped product metrics [1]. These
both kinds of metrics play a major role in Differential Geometry as well as in General
Relativity. For examples, the warped product metrics are used to construct Rieman-
nian metrics with negative curvature [3] and the twisted product metrics are applied
in theory of projective mappings. In general relativity, many basic solutions of the
Einstein equation are warped products metrics[6]. In Finslerian realm the twisted
product of manifolds was studied for the first time by Kozma, Peter and Shimada [5].
Later, in 2013, Peyghan, Tayebi and Nourmohammadi Far [7] studied locally dually
flat twisted product Finsler manifold. .

Let (M, F) and (M, F) be two Finslerian manifolds. Consider f; : M x M —
(0,00) with i = 1,2 two C* maps. Then, on the product manifold M x M, one can
define the Finslerian metric

(L.1)  F(z1,22,y1,92) = \/f1($17x2)ﬁ2($17y1) + folar, 22)F (22, o)

for any (z1,22) € M x M and (y1,y2) € TM x TM where TM = TM\{0}. The
couple (f, M xs, M,F) is called a doubly twisted product Finslerian manifold. If
fi(z1,22) = 1 then the doubly twisted product manifold M Xy, M is called a

twisted product manifold [7] and is denoted by M x5, M.
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__In this paper we study the geometry of the twisted product Finslerian manifold
(M x§ M,F) when F is a Berwald metric and M = (0,00). In particular, if the
twisted function f(z1,x2) = f(x1) then (M x ¢ M, F) becomes a warped product
Berwald manifold of polar type.

This work is organised as follows. In Section 2, we give some basic notions on
Finslerian manifolds. The Section 3 is devoted to study the Berwald curvatures. The
Berwald Ricci and scalar curvatures are evaluated in natural coordinates. Finally, as
an example, we show that the application F: T((0,00) x U) — R defined by

(12) F(.’I}l,lﬂz, xS;yl’y27y3) — \/(yl)Q + fep(a;2,g;3)(y2)2p(y3)2q’

where p is a C* function on U C R?, and p and ¢ are some real numbers, is a twisted
product Berwald metric of polar type on (0,00) x U.

2 Some basic notions on Finslerian manifolds

Let M be an n—dimensional manifold. We denote by T,M the tangent space at
x € M and by TM := |, ToM the tangent bundle of M. Set TM = TM\{0}
and 7 : TM — M : w(x,y) — x the natural projection. Let (z?!,...,2") be a
local coordinate on an open subset U of M and (z!,...,2™, y',...,4™) be the local
coordinate on 7r*1(U) C TM. The local coordinate system (xl)lzln produces the
n and {dx'},—1 ., respectively, for TM and cotangent
bundle T*M. We use Einstein summation convention: repeated upper and lower
indices will automatically be summed unless otherwise will be noted.

.....

Definition 2.1. Let M be an n—dimensional manifold. A function F : TM —
[0,00) is called a Finslerian metric on M if :

(i) F is C™ on the entire slit tangent bundle 7'M,

(ii) F is positively 1-homogeneous on the fibers of TM, that is
Ve >0, F(z,cy) = cF(z,y),

(iii) the Hessian matrix (g;;(2,y))1<i j<n With elements

1 82F2(3c,y)
(2.1) gij(xay) = §W

is positive definite at every point (z,y) of TM.

Consider thg differential map 7, of the submersion 7 : TM —s M. The vertical
subspace of TT'M is defined by V = ker(m,) and is locally spanned by the set
{Faiy,“l <i<n}, oneach =1 (U) C TM.

An horizontal subspace H of TTM is by definition any complementary to V. The
bundles H and V give a smooth splitting

(2.2) TTM=H®V.

An Ehresmann connection is a selection of a horizontal subspace H of TTM. Tt is
known [4] that # can be canonically defined from the geodesics equation.
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Definition 2.2. Let 7 : TM — M be the restricted projection.

(1) An Ehresmann-Finsler connection of 7 is the subbundle H of T' TM given by
(2.3) H = kerd,

where 6 : TTM —» n*TM is the bundle morphism defined by

) 1 ) o
— — @ —(dy* )
W= B ® F(dy + Njdz )

(2.4) 9|(1~
with N;(x,y) . %yxjvy) for

i Loy g1 g1 _ Ogjk ik
(2:5) G (@) == 10" (0 9) [ 55 (@0,9) + St (2,y) = S (29| 07"

(2) The form 6 : TTM —s 7*TM induces a linear map
(2.6) 0l (o) : Ty TM — T, M,

for each point (z,y) € TM:; where z = m(x,y). .
The vertical lift of a section § of 7*T'M is a unique section v(§) of TT'M such
that for every (z,y) € TM,

(2.7) T (V(f)”(r,y) = O(m,y) and Q(V(g))‘(m,y) = g(m,y)'

(3) The differential projection 7, : TTM —s 7*TM induces a linear map
(2.8) Tl o) Toy TM — T, M,

for each point (z,y) € TM:; where z = m(x,y). .
The horizontal lift of a section £ of 7*T'M is a unique section h(§) of TT'M such
that for every (z,y) € TM,

(2.9) T (h(f)”(r,y) = g(m,y) and g(h(g))‘(m,y) = O(x,y)'

We have the following.

Definition 2.3. A Finslerian tensor field T' of type (g,0;p1,p2) on TM is a C®
section of the tensor bundle

q
(210) FTM@..@r T MTTM® ..o T"TM & )« TM.

p1—times p2—times

Remark 2.4. In a local chart,

T=T"F 0, ©®.00%, 0d"®..0d'n @ @ .0

11...ip1j1...jp2

where (O, ®...Q0,, ®da" @...Qdr" ®eN @...Qe2 )keq1, . nyaie{l, ..} jell,...n}r2
is a basis section of this tensor and, the 0y, = az% as well as 7+ are respectively the
basis sections for m*TM and T*TM dual of TTM.
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Example 2.5. (1) The Hessian matrix g, defined in (2.1), is of type (0,0;2,0).
(2) The Ehresmann-Finsler form 6 is of type (1,0;0,1).
The following lemma defines the Chern connection on 7*T M.

Lemma 2.1. [8] Let (M, F) be a Finslerian manifold and g its fundamental tensor.
There exists a unique linear connection V on the vector bundle 7 T'M such that, for
all X, Y € x(TM) and for every &, € T'(n*T M), one has the following properties:

(’L) VxTF*Y—Vyﬂ'*X = W*[X,YL

(ii) X(9(&m) = g(Vx&,m) +9(&, Vxn) +2A(0(X), €, n)
where A := g g‘fj,f dz' @ da? ® da® is the Cartan tensor.

9 _1i 0
One has véifjamk = I35+ where

. Eled

which can be written as

i1 (095 g Ogjk
(2.12) ik = 59 <5xk+6xj dat

with

i _ 0 0 0
(2.13) {5xi T ort N oyI _h(axi)}i_l. n

[RRRE)

Definition 2.6. Let F' be a Finslerian metric on an n-dimensional manifold M and
x € M. F is called a Berwald metric if, for a local coordinate (xi, yi)izl _____
the Christoffel symbols I‘ﬁ»j of the Chern connection are only functions of the point z
in M.

Example 2.7. All Riemannian metrics and all locally Minkowskian metrics are ex-
amples of Berwald metrics. In fact,

: ; : i o~ 1 4l (994 Oque _ 99k
(1) for Riemannian metrics, I';, = v}, = 39 (W + G — S

) . In particular,

the functions '}, are independant of y.

(2) for locally Minkowskian metrics, in a neighborhood V' of a point @ € M, the
functions I‘;k vanish identically. Hence, on V, F;k can depend at most on z.

3 Berwald Ricci and scalar curvatures

Let (M, F) be an n— 1 dimensional Finslerian manifold and f a positive C* function
on (0,00) x M. One can show that F : T((0,00) x M) — [0, 00), defined by

F(x17x27 "'7xn;y17y2’ ""yn) = \/(y1)2 + f(x17x27 "'7In)F2(x27 ""xn;y27 "'7yn)7
(3.1)
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is a Finslerian metric on M = (0,00) x M. In particular, if f(z!, 22, ...,2") = f(z!)
then F is warped product Finslerian metric of cylindrical type. If f(x!, 22, ...,2") =
f(2?,...,2™) then fFQ can be treated as a conformal metric of F~ whose conformal
factor is f. In this last case, F' can be seen as a simple product Finslerian metric.

For the Finsler metric F(z,y) = \/(y1)2 + f(x)FQ(E, 7) where (T) = (22,...,2")
is a local coordinate in M and (y) = (32, ...,y™) are vector components in TxM, the
fundamental tensor is

1 0
o w50 = (o seen) )

where g is the fundamental tensor associated with F.
The inverse g~ of g is given by

ij o 1 0
o @) =(o @ )

Definition 3.1. The full curvature assoociated with the Chern connection V on the
vector bundle 7*T M over the manifold T'M is the application

6 X(TM) x x(TM) x T(z*TM) — (7T M)
' (X,Y,§) = o(X,Y)E=VxVyl —VyVxé —Vixyi
By the relation (2.2), we have

(3.4) Vx =V3+ Vg,

where X = X + X with X € I'(H) and X € T(V).
Using the metric F', one can define the full curvature of V as:

e X.Y) = g(o(X,Y)En) )
g(d)(X’ Y)§ + ¢(X> Y)é + (b(Xv Y)E+ ¢(X7 Y)§7 n)
(35) = R(E,U,X,Y)+P(§,777X,Y)+Q(f,77,X,Y),

where R(€,n, X, Y) = g(6(X, V)&, 1), P(&,1, X, Y) = g(6(X, V)€, n)+g(6(X, V)€, )
and Q(&,n, X,Y) = g(o(X,Y)E,n) are respectively the first (horizontal) curvature,
mixed curvature and vertical curvature.

In particular, if V is the Chern connection, the Q-curvature vanishes.

In a local coordinate system, the components of the Chern curvature are:

(0,05, 00 + O, 01+ 0) = R(D;,05, 00 + On, O + 1) + P(8;,0;, 0 + O, &, + )

ors, oI - ors
(3.6) = (5xkl - ﬁ)gjs + (karfs - Iy ks)ng - Fﬁgjs

where 0; := % € W*TM,ék = 5% € H and 9y := Fa%k ev.

Remark 3.2. In natural coordinates, the curvatures R and P can also be found in

2].
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For the Berwald metric F(x;y) = \/(y1)2 + f(x)F2(§, 7), by the Definition 2.6,
the Christoffel symbols are

(3.7) I, = 0forijel[ln]
(3.8) Y, = 0forke[ln],
" 1 of
(3.9) W = 37 0l ~70p for a,b € [2,n],
1 wa (Ogbd | O9ea  Ogoe
o= =g = f 2
be 29 (8$c +8;Eb D or a,b,c,d € [2,n]
_ 1f 1-ad | O(fFba) n (fGea) _ O(fTbe)
2 Ox¢ Oxb Oz
—a of Of w  Of e
(3.10) = Fbc+§f (6 ~0p + o 300 — Fpdd Goe ) -
If F' is a Berwald metric then the relation (3.6) becomes
ansl 6ka ERals
Qiji = (@ ~ 5l )936 (F 1s — L ks)ng

(3.11) (39) (8Fil O,

ok Ozl )gja + (F T F%Fia)gjd
where @, = ©(0;, 0, O + O, 01 + 51) In particular, by the relations (3.7)-(3.10)

(312) (I)ilkl - 0,
(3.13) Dyp11

=

Dipic (aalff %I;) a+<F'f1Ffa*F‘ch§la)gbd
(- o (O + g gL — 5 o8t 260 50
(3.14) = ;|:8(8$1f)2 ;(%)2} Tes
Papea = (881;%1 - %l;gdc)gbr+< " 37-—F2drsi-)gbs
~ g Tt g5 (50 8{65 77 |
—% {Flﬁéf (afc @t 5oale gjg”gacﬂ}fgbr
e o)
[Ty (G = )|
b (e - )
(3.15) x [Fcﬂr;f 1( a 20 aftg“gcr)]}fgbs-
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It follows that
(I)abcd = f 6abcd

TaF
of of _

0z Oz 2 9bd
af 8f7r8

e 83&8

abcrad

of _
<8xb d7Fac . r

1 (8f of

l'd 6xa gbc

+5 (afg T

af

L Of of -

1

1[ of

1[ o2f

= fq)ab('d + —

4
of _

+

of
"2\ 02’
O f

_|_

i
(
(

[8]” 0

+
N = N~ N~ N

(3.16)

That prove the following.

1 (8f of

axc 0 gbd

iﬁ%, .

024 O 2 b
Of Of e _
 dar Bxsg g
of of _
*ﬁ (8950 wgab

of of _

" 9ac ozv e

5f of _

a dr bgcd

ac9br +

of of _

of
s dab

o Tgbcrad+ 8 tg gadgbs cr

a tg gacgbdeT>

~ Oxd 9gp e

_of of _
Oz Oz Jed

Of Of o Of Of s _
T a5 gadgbr+ s Ox bg YadYer

aof of _

- axaxbg)

*f _

2 _axcaxdgab T Preoze I T
1 (8]‘ of _

D24 oz Iab

Oxcoxb Yad ~

of of _

(’9f 0
Oz Ox°

- axdaxbgac>

0% f

2 | Bwioze et T Gpigpa e~
1 0f af—rs _
4f 027 dz°”
1 (8f of

Oz Oz¢ 9 b

6xbgcr ad —

Garl e — 8 - bdrac+
2

Oxd0zb Jac —

- ?acgbd)

of of _

Oz dac Jod —

0

ffrtf —
+ %9 gadgbsrcr

Fdr)

af —rt—

or fg gacgbs

2 f

T Dpdpge Ibe

8c (!ngad)gbr} .

© Ox° Ox

O0xcox® od ~

oxs (%cd

of o
Oz Oz

82 f

YacYar

- §T57a — )

(grsgad>

(979

of of _ )

9t 9zt I

* Orddrb gac)

Gor

Gor
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Proposition 3.1. Let (I x; M,F) be an n-dimensional twisted product Berwald
manifold with I = (0,00). Then, in natural coordinates, the full curvature coefficients
of (I xy M, F) are given by

1 of of 7 Gosdr, — TG
Duped = f¢abcd+4fa T o1 s9 (gadgbc_gacgbd)
(05 0f orof  0fof o of
1F \ 92 9209 T 920 9z 90d ~ Gpa 92 90d T P g Jec
1/0f_ —=r aof _ of _, —
+§ <6xbgcr ad ox Tgbcrad—’_ O tg gadgbsrcr)
1/0f_ = of _ of _, s
(317) 75 <axbgdrrac - 8 r bdFac ozt g tgacgbsrdr)
R N R S
PN L I O I T P ey
1 f o rS— af 9 —TS—
+§ |:8$S al’d (g gac>gbr amé 8$° (g gad)gbr:| ’
1[ 9%f 3 ,0f 2
Pip1e = 3 [a(ml)Q 2f((‘3x ) ]gbc and i1k = P1j11 =0

for a,b,e,d € [2,n] and fori,j, k,1l € [1,n].

Theorem 3.2. Let (Ifo, F) be an n-dimensional twisted product Berwald manifold
with I = (0,00) and F a local Minkowskian metric on M. Then (I x ¢ M, F) is locally
Minkowskian manifold if and only if the twisted function f satisfies the following
equations:

of of 757 of of | Of Of _ *f _ 0% f
1" Ox é gadgbc+a a Pl g oz b@ c ad+ f DxOT agbd+ fa A9z bgac
U 01 g gy L0 08 o P o B
ox" 81‘3 YacYvd e 8$Cgbd or b@ d ac drcox bgad 910 agbc

(3.18)

fora,b,c,d € [2,n] and

2f 0*f :(ai)z

(3.19) 3 O(z1)2 Ox!

Theorem 3.3. Let (Ixfﬂ, F) be an n-dimensional warped product Berwald manifold
with I = (0,00) and F a Riemannian metric on M. Then (I x M, F) is Riemannian
manifold if and only if the warping function f and the full curvatures satisfy the
following equations:

(pabcd = féabcda fora b C, de [ ]
2
(3.20) e = 1[5 — 5 (Z)°| Gues Jor b€ {2,.0m}
Qi1 = P1j11 =0, for i, j, ke [1,n].

With respect to the Chern connection, we have the following.
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Definition 3.3. (1) The Berwald Ricci tensor Ric of (M, F') is defined by
(3.21) Ric({, X) = traceg [77 — R(X,h(n) + v(r]))f}

Locally, we have

orl, orl,

(3.22) Ric(@i7ak+ak) = oxk ozl

+ ijrés - F;lrics

(2) The Berwald scalar curvature Scal of (M, F) is defined by

(3.23) Scal := traceg(Ric), g:=T7"g.

Locally, we have

ort, art,
oxk ox!

(3.24) Scal = ( TSI — rflrgs) g*.

Proposition 3.4. Let (I x M, F) be an n-dimensional twisted Finslerian manifold
with I = (0,00) and F a Finslerian metric on M. Then (I x M, F) is a local Berwald
manifold if and only if the twisted function f and the Ricci curvatures satisfy the
following equations:

. = n—2(0f of  Of Of .
Ricee = Ricoc =7 (axa 9z° 927 9z 7 Jae
(o O O et Of e o Of e g
(325) +2f ((n 3) axsrac + axrg gctras + 8xtg gachr &rtg gacF’r‘s

>’f Pf e
of [(” =) gpeoee + Grron? 9“0]

+% [SL ais (77°9uc) - % aic <9ngar)]

for a,b € [2,n] and

. —-1[ 0 3,0
(3.26) Riciy = - La(xlf)l’ = Qf(aaflﬂ .

Proposition 3.5. Let (I x¢ M, F) be an n-dimensional twisted Finslerian manifold
with I = (0,00) and F a Finslerian metric on M. Then (I x; M,F) is Berwald
manifold if and only if the twisted function f and the scalar curvatures satisfy the
following equations:

Seal — Scal 11 (0f S n(n—2) of of _,.,
R T 2f(ax1> T | T A o ows?

n—3 82f —rs (77, — 3) f = —st 8f —rsyt
12 9279z + 212 (8:57” L™ = 929 FSt)

(3.27) +

1 af 8 —rSs— _ ﬁ 8 —TS— —ac
+ﬁ [31"” ox*s (g 9ac> 915 OxC (g g'"):| g fora,e,rs € [2m]
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Proof. By the relations (3.7)-(3.10) in (3.24). O

Corollary 3.6. Let (I xy M, F) be an n-dimensional twisted product Berwald man-
ifold with I = (0,00). If fglir27 ™) = f(z1) then the scalar curvatures Scal of
(I x§ M,F) and Scal of (M, F) are related by the followin equation

(3.28) Scal = Scal _ 1 ll <af)2_ 0 ]

foo2f 2 \oet)  9(ah)?

4 Example of a twisted product Berwald metric of
polar type
Let U = {7 = (2%,2%) € R?}, § = (y?,9®) € TzU with %43 > 0 and f : (0,00) x

U — (0,00) a C positive function. Consider p,q € R\ {0} such that p+¢ =1 and
pq < 0. Then the application F : T((O, 00) X U) — R defined by

(A1) Faha?aby 2 y?) = (52 + ferlstad) ()20 (y3) 2,

where p is a C* function on U is a Berwald metric on (0,00) x U.
By direct calculations, using the relation (2.1), (3.2) and (3.3), we obtain

1 0 0
(gij(,y) = 0 p@2p—1)feP(y?)**2(y°)%1  2pqfe’(y*)P~(y*)* ")
0 2pqfer(y?)? 1(y*)27t q(2q—1)fer(y?)*P(y*)*?
and
1 0 0
(gij(x,y)) — | o 7£f,1e,p(y2),2p+2(y3),2q 2f “lemP(y2) =2 H1(y3)~20+1
0 2f ey ) A B eo() () e

q

Hence, since g, (v,v) = gij(z,y)vivd > 0 for every v € T, M \ {0}, F is a
Finslerian metric on (0,00) x U.

Further, the 27 functions I'¥; are independent of y and satisfy to the relations
(3.7), (3.8),(3.9) and (3.10). Hence, F defined in (4.1), is a twisted Berwald metric of
polar form.
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