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Abstract. The Brouwer fixed point theorem says that any continuous
function from disc to itself has a fixed point. By using simple geometrical
technique we have generalized the result in manifold and proved that any
continuous function on the boundary of a bounded convex domain of a
2-dimensional Riemannian manifold with a pole having at least one fixed
point can be extended to the convex domain without any interior fixed
point.
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1 Introduction

The well-known classical Brouwer fixed point theorem states that any continuous
function from a closed disc D to itself has a fixed point. An amazing application of
this theorem is the stirring of coffee. If someone stairs the coffee, then there must
be some points on the top of the coffee where the points are not moving at all. But
what will happen if the boundary points are fixed? One can easily stair the coffee so
that the boundary points are not moving as well as there are some fixed inner points
also. Naturally the question arises is there any process of stirring so that boundary
points are moving but not any inner point. If the face of the coffee mug is circle,
then there is a positive solution, see [1]. But in case where the face is not circle?
For any arbitrary shape the answer is still unknown. In this paper we have given a
positive answer of this question in the case of bounded geodesic convex subset of a
2-dimensional Riemannian manifold.

A subset C in the Euclidean plane is said to be convex if any two points can be
joined by a straight line which lies in C'. The boundary of disc D and C will be
denoted by S and OC respectively. A subset A of the Riemannian manifold M is said
to be geodesic convex [5] if for any two points, the minimal geodesic connecting them
lies in A. A point o of the Riemannian manifold is called a pole [3] if the map exp, is
a diffeomorphism from T, M to M. Riemannian manifold with a pole will be denoted

DirrERENTIAL GEOMETRY - DYNAMICAL SYSTEMS, Vol.22, 2020, pp. 229-232.
© Balkan Society of Geometers, Geometry Balkan Press 2020.



230 Absos Ali Shaikh and Chandan Kumar Mondal

FIGURE 1

by (M,o0). In (M,o) any geodesic starting from o is minimal [4]. A Riemannian
manifold with a pole is automatically complete.

The mathematical formulation of the above question can be stated as follows: Is
it possible to extend any continuous function on the boundary of a convex domain
with some fixed points in a continuous function of the convex domain without any
interior fixed point? By using the technique of complex analysis Brown and Greene
[1] proved the following:

Theorem 1.1. [1] Given a continuous function f : S — S with at least one fized
point, there exists a map G : D — S such that G|s = [ and in particular G has no
fized point on Int(D).

We have given an alternative geometrical proof of the result by using rotation and
translation of circle. The technique developed in this proof will be used in proving the
main result of the paper. By using the alternative technique of the proof of Theorem
1.1, we have given a purely geometrical proof of the following:

Theorem 1.2. Let C be a convex subset of the Euclidean plane. Then any continuous
function f : 0C — OC with at least one fized point can be extended to a continuous

function ¢ : C' — 0C.

Corollary 1.3. Let T be a starshaped subset of the Fuclidean plane. Then any
continuous function f : 0T — OT with at least one fixed point can be extended to a
continuous function £ : T — OT.

The main result of this paper is the following:

Theorem 1.4. Suppose (M, o) is a 2-dimensional Riemannian manifold with a pole o
andV is a bounded closed convex subset of M with boundary OV such thato € V.. Any
continuous function f: 0V — OV with a fized point can be extended to a continuous
function from V to V without any interior fized point.

Proof of Theorem 1.1. Suppose that p € S is the fixed point of f, see Figure 1.
The disc D can be covered by the concentric circles S; of radius ¢ for ¢ € [0, 1], i.e.,
D = Uiejo,1)5¢-
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Now consider a continuous bijection ¢ : [0,1] — [0, 27] such that ¢(0) = 0 and (1) =
27, Let ¢ € D. Then there exists t € [0,1] such that ¢ € S;. Suppose og; makes
an angle § with op. Now rotate the circle S; clockwise by an angle i(¢). The action
is denoted by ;. Therefore the image of ¢ is ¢; = 0;(¢q;) and the angle Zqjop is
i(t) + 0. Now extend the line og; so that it intersects S at the point ¢;/. Now define
the function G : D — D by G(¢:) = f(q;) for all ¢ € D. It can easily be seen that
G(0) = p and for any boundary point ¢ € S, G(¢) = f(¢). Since the function G is
constructed by using the composition of rotation, translation and f function, G is
continuous. Observe that image of G is the boundary set S. Therefore, G can not
have any interior fixed point. Hence, the result is proved. O

Proof of Theorem 1.2. Since C is a convex subset, there exists a unique circumscribed
circle S of C, see [6]. Now fix a point O inside C such that O € Int(C), see Figure
1. Take a point ¢ € C, then extend the straight line from O to ¢ so that it intersects
S at the point ¢’. Therefore, we get a continuous function h : C' — S, defined by
h(q) = ¢ for all ¢ € C. Again, if we restrict h on OC, then we get a bijection from
OC to S, which will be denoted by 0h. Now the function f’ : S — S defined by
f'(q) = 0ho fodh~(q) for all ¢ € S. This map is continuous being the composition
of continuous maps. Suppose p € 9C is a fixed point of f and p’ = 9h(p) € S.
Now f'(p') = Oho fodh~'(p') = Oho f(p) = Oh(p) = p’. This implies that f’
has a fixed point. Now by the Theorem 1.1, f’ can be extended to a continuous
map G’ : D — S such that G’|s = f’. Consider the function ¢ : C — 9C' defined
by ¥(q) = Oh™ o G’ o h(q). If we take ¢ € OC, then 9(q) = dh~ ! o G' o h(q) =
Oh=toG'(¢) = Oh=L(f'(¢')) = Oh "t odho fodh™1(q) = f(q). Hence, we get a
continuous function ¢ : C' — 9C such that ¥|sc = f. O

Proof of Corollary 1.3. To prove it just choose the focus of T' as the point O and run
through the arguments of the Theorem 1.2 and Theorem 1.1. Hence the corollary is
proved. ([l

Proof of Theorem 1.4. Since V is a convex subset of M containing o, the set Vj =
{exp;tq:q €V} C T,M is starshpaed with focus 0. Now consider the map g : 9Vp —
dVp, defined by g(q) = exp, ! o f o exp,(q) for all ¢ € V. Suppose p € AV is a fixed
point of f and take p’ = exp, p. Now g(p') = exp, ! o foexp,(q') = exp;to f(p) =
exp;l = p’. So ¢ has a fixed point on 9V,. Hence in view of Corollary 1.3, we get a
function ¢’ : V,, — 9V, such that ¢'|sv, = g. Now the function H : V — V defined
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by H(q) = exp, o g’ o exp,t(q) for ¢ € V is the extension of f on V and H does not
have any interior fixed point. Hence, the theorem is proved. O
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