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Abstract. The object of the present paper is to study a type of Rie-
mannian manifold, namely, an almost pseudo semiconformally symmetric
manifold which is denoted by A(PSCS),,. Several geometric properties of
such a manifold are studied under certain curvature conditions. Some re-
sults on Ricci symmetric A(PSCS),, and Ricci-recurrent A(PSCS),, are
obtained. Next, we consider the decomposability of A(PSCS),. Finally,
two non-trivial examples of A(PSCS),, are constructed.
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1 Introduction

Riemannian symmetric spaces have an important role in differential geometry. They
were first classified by Cartan [4] in the late twenties and he also gave a classification
of Riemannian symmetric spaces. In 1926, Cartan [4] studied the certain class of
Riemannian spaces and introduced the notation of a symmetric space. According to
him, an n-dimensional Riemannian manifold M is said to be locally symmetric if its
curvature tensor R satisfies Ry, = 0, where “,” represent the covariant differentia-
tion with respect to the metric tensor and Ry, i are the components of the curvature
tensor of the manifold M. This condition of locally symmetry is equivalent to the fact
that the local geodesic symmetry F(P) is an isometry [20] at every point P € M.

After Cartan, the notation of locally symmetric manifolds has been reduced by
many authors in several ways to a different extent such as pseudo symmetric manifolds
introduced by Chaki [6], recurrent manifolds introduced by Walker [27], conformally
symmetric manifolds introduced by Chaki and Gupta [5], conformally recurrent man-
ifolds introduced by Adati and Miyazawa [2], weakly symmetric manifolds introduced
by Tamdssy and Binh [26], etc.

In 1967, Sen and Chaki [24] obtained an expression for the covariant derivative of
the curvature tensor while studying conformally flat space of class one with certain
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curvature restrictions on the curvature tensor, which is as follows:
(1.1) Ry = 2NRE 4+ MRy + MRl + MR + MR,

where R?jk are the components of the curvature tensor R, Ryr = gthfjk, A; s
a non-zero covariant vector. Later in 1987, Chaki [6] introduced a manifold whose
curvature tensor satisfies (1.1) and called it a pseudo symmetric manifold. In the
index-free notation this can be defined as:

(VER)(X,Y)W = 24(E)R(X,Y)W + A(X)R(E,Y)W
+ A(Y)R(X,E)W + AW)R(X,Y)E
(1.2) + 9(R(X, Y)W, E)p,

where A is a non-zero 1-form called the associate 1-form of the manifold. Here, p is
a vector field corresponding to 1-form A and is defined by

(1.3) g(E,p) = A(E),

for all vector field F/, and V represents the operator of covariant differentiation with
respect to the metric tensor g. Taking A = 0 in (1.2) the manifold reduces to a
symmetric manifold in the sense of Cartan. An n-dimensional pseudo symmetric
manifold is denoted by (PS),. It should be taken into account that the notation of
pseudo symmetric manifold studied in particular by Deszez([3],[8],19],[10]) differ from
that of Chaki [6].

In 2008, De and Gazi [11] introduced a type of Riemannian manifold which is
a generalization of pseudo symmetric manifolds. Such manifold is called an almost
pseudo symmetric manifold and is denoted by (APS),. A Riemannian manifold
(M, g), (n > 2) is said to be an almost pseudo symmetric [11] if its curvature tensor
R of type (0,4) satisfies the following relation:

(VeR)(X,Y,W,V) = [A(E)+ B(E)R(X.Y,W,V)+ A(X)R(E,Y,W,V)
+ A(Y)R(X, E.W, V) + A(I/V)R(X7 Y, E, V)
(1.4) + A(V)R(X,Y, W, X),

where A, B are non-zero 1-forms given by
(1.5) 9(E,p) = A(E),g(E,0) = B(E),

for all vector fields E. In the paper ([12],[13]) it has been mentioned that (PS), is a
particular case of an (AP),.

Gray|[16] introduced two groups of Riemannian manifolds based on the covariant
differentiation of the Ricci tensor. The first group contains all Riemannian manifolds
whose Ricci tensor S is a Codazzi tensor, that is,

(1.6) (VeS)(X,Y) = (VxS)(E,Y).

The second group contains all Riemannian manifolds whose Ricci tensor S is cyclic
parallel, that is,

(1.7) (VES)(X,Y) + (VxS)(E,Y) + (VyS)(E, X) = 0.
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In 1952, Patterson [22] introduced the notion of Ricci-recurrent manifolds. A non-
flat Riemannian manifold (M, g), (n > 2) is said to be a Ricci-recurrent manifold [22]
if its non-zero Ricci tensor S of type (0,2) satisfies the following condition

where H is non-zero 1-form called 1-form of recurrence, which is defined by
(1.9) 9(E, ) = FI(E).

In 2016, Kim [18] introduced a type of curvature tensor which is a combination of
conformal and conharmonic curvature tensor, called semiconformal curvature tensor.
The semiconformal curvature tensor of type (1,3) remains invariant under conhar-
monic transformation [1]. More precisely, the semiconformal curvature tensor P of
type (1,3) on a Riemannian manifold (M,, g) is defined as follows:

(1.10) PX,Y)W = —(n—2)bC(X, Y)W + [a + (n — 2)b] H(X, Y)W,

where a,b are constants not simultaneously zero, C'(X,Y)W denotes the conformal
curvature tensor of type (1,3), and H(X,Y )W denotes the conharmonic curvature
tensor of type (1,3). The conformal curvature tensor and the conharmonic curvature
tensor[25] are given as follows:

COLYIW = ROCYIW = o i ) [S(Y, W)X — S(X, W)Y + g(Y,W)LX
(1.11) — (X, W)LY} v m [g(Y, W)X — g(X,W)Y|,
and,

HX,Y)W = R(X,Y)W — ﬁ [S(Y, W)X — S(X, W)Y + g(Y,W)LX
(1.12) — g(X, W)LY},

where L is the symmetric endomorphism of the tangent space at each point corre-
sponding to the Ricci tensor S, that is, g(LE,X) = S(E,X) and r is the scalar
curvature of the manifold. From equations (1.10),(1.11) and (1.12) we obtain an
expression for semiconformal curvature tensor P(X,Y, W, V) of type (0,4) as follows:

POCY, V) = aR(XLY, V) = o - ) [, W)g(X,V)
= SOLW)Y(Y.V) + S(XV)g(Y, W) = SV, V)g(X, W)
br

(1.13) - g(Y,W)g(X, V) — g(X, W)g(Y, V)],

(n—1)
where P(X,Y,W,V) = g(P(X,Y)W, V).
Fora =1and b = —ﬁ, the semiconformal curvature becomes conformal
n—
curvature tensor and for ¢ = 1 and b = 0, such a tensor reduces to conharmonic
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curvature tensor. A Riemannian manifold (M, g) of dimension n > 4 is said to be
pseudo semiconformally symmetric [17] if its semiconformal curvature tensor P of
type (0,4) satisfies the relation

(VeP)(X,Y,W,V)

2A(E)P(X.Y,W,V) + A(X)P(E.Y,W,V)
+ AVP(X,E\W,V)+ AW)P(X,Y,E,V)
(1.14) + A(V)P(X,Y, W, E).

The semiconformal curvature tensor is further studied in the recent paper by De
and Suh [14]. An almost pseudo symmetric manifold introduced by De and Gazi
[11] is an important generalization of symmetric space which is studied by several
geometers ([15],[7],[21],[19]), and many others. Motivated by there studies in an
almost pseudo symmetric manifold and semiconformal curvature tensor, in the present
paper, we introduced a type of non-flat Riemannian manifold (M, g), (n > 4) whose
semiconformal curvature tensor P of type (0,4) satisfies the condition

(VeP)(X,Y,W,V) = [A(E)+ B(E)P(X,Y,W,V)+ A(X)P(E,Y,W,V)
+ A(Y)P(X,E,W,V)+ AW)P(X,Y,E,V)
(1.15) + A(V)R(X,Y,W,E),

where A and B are non-zero 1-forms and are called the associated 1-forms, defined
as in (1.5), and V has the meaning previously introduced. The vector fields p and o
corresponding to the associated 1-forms A and B respectively shall be called the basic
vector fields of the manifold. We shall be calling such a manifold as an almost pseudo
semiconformally symmetric manifold and an n-dimensional manifold of this kind shall
be denoted by A(PSCS),. If in (1.15) A = B, then the manifold becomes a pseudo
semiconformally symmetric manifold defined by (1.14). The manifold A(PSCS),
includes an almost pseudo conformally symmetric manifold [13] and an almost pseudo
conharmonically symmetric manifold [21].

The present paper is organized as follows: After preliminaries, in section 3 we in-
vestigated some geometric properties of A(PSCS),, with non-zero constant scalar cur-
vature and Codazzi type of Ricci tensor. In section 4, Ricci symmetric A(PSCS),, and
Ricci recurrent A(PSCS),, are studied. Section 5 deals with an Einstein A(PSCS),,.
In section 6, it is concerned with the decomposition of A(PSC'S),, and exactly defined
each product manifolds of an A(PSC'S),,. Finally, we constructed two non-trivial ex-
amples of A(PSCS),.

2 Preliminaries

Let 7 and S denote the scalar curvature and the Ricci tensor of type (0,2) respectively
and L has the meaning already mentioned, that is,

(2.1) g(LE,X) = S(E, X).

In this section, we will derive some formulas, which we will be using in the study of
A(PSCS),, throughout this paper. Let {e;} be an orthonormal basis of the tangent
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space at each point of the manifold where 1 <7 < n.
Now from equation (1.13), we have

(2.2) Y P(X,Y,ei,e) =0=> Ple;e;, X,Y),
i=1 i=1
and,
- B - ~ Ha+(n—2)b}r
(23) ;P(SZ,Y,VV,SZ) *;P(Kehe’uw) - (n_2) g(Y7W)7

where, r = >~ | S(e;, e;) is the scalar curvature.

Making use of equation (1.13) we obtain the following relations:

(i) P(X,Y,W,V)=—P(,X,W,V),
(i) PX,Y,W,V)=-PX, Y, VW),
(i) P(X.Y,W,V)=P(W,V,X,Y),
(2.4) (iv) P(X,Y,W,V)+P(Y,W,X,V)+P(W,X,Y,V) =0.

3 An A(PSCS),, (n > 4) with non-zero constant scalar
curvature and Codazzi type of Ricci tensor.

Theorem 3.1. In A(PSCS),,(n > 4) the scalar curvature is a non-zero constant if
and only if (4 +n)A(E) +nB(E) =0, provided [a + (n — 2)b] # 0.

Proof. Taking covariant derivative of equation (1.13) with respect to E we get,

AVERXYIWY) = (VeP)XLY.WY) + o (Vas) a6, V)

- (VedS) (X, W)g(Y,V) + (VeS)(X,V)g(Y, W)

bdr(E)
= {gac W)g(X, V)

(VeS)(Y, V)g(X, W)} n

(31) - dX W)}

Inserting equation (1.15) in equation (3.1) we obtain,
a(VER)(X,Y,W,V) [A(E) + B(E)|P(X,Y,W,V) + A(X)P(E,Y,W,V)
AY)P(X,E,W,V)+ AW)P(X,Y,E,V)
g { (VS gx, )
— (VeS) (X, W)g(Y V) + (VuS)(X, V)g(Y, V)
(v

- (TSI T 1 W)X V)

+
+ A(V)R(X,Y,W,E)+

(3.2) - g(X, W)g(Y, V)}~
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{a + (n—2)b}r

Putting X =V =¢;,(i = 1,2,...,n) and A = =2

in equation (3.2), we

obtain

a(VesS)(Y, W)

[A(E) + B(E)|[-Arg(Y, W)] + A(P(E,Y)W)
+ A [~Arg(B,W)| + AW) [~ Arg(Y, E)| = A(P(W, E)Y)

(3.3) — (VBS)(V,W)] + bdr(B)g(Y, W).

Contracting over Y and W in equation (3.3), the above equation reduces to
(34)  nla+ (n—2)bdr(E) = [a+ (n— 2)b)r[(4 + n)A(E) + nB(E)).
Assuming [a + (n — 2)b] # 0, then equation (3.4) reduces to

(3.5) ndr(E) = r[(4 + n)A(E) + nB(E)).

Clearly if [(4 + n)A(F) + nB(FE)] = 0 then r is a non-zero constant.
Conversely, if r is a non-zero constant then [(4 + n)A(E) +nB(E)] = 0.
This completes the proof. O

Theorem 3.2. If Ricci tensor in A(PSCS),, is of Codazzi type then the semiconfor-
mal curvature tensor P satisfies Bianchi’s second identity.

Proof. Making use of equation (1.13) we can obtain
(VEP)(X,Y,W,V) + (VxP)(Y,E,W,V)+ (VyP)(E,X,W,V)
= a|(VER)(X,Y,W,V)+ (VxR)(Y,E,W,V)

FVYRIE X W) = s | (VeS)(Y, W)g(X, V)
— (VBS)(X,W)g(Y, V) + (VS)(X, V)g(Y, W)
— (TES)Y. V) IV) £ (VS)(E W)g(Y, V)
— (VxS W)g(E V) + (VxS)(Y, V)g(E,W)
— (VxS)(E V)9, W) + (Vy S)(X, W)g(E, V)
— (TyS)(E,W)g(X,V) = (TyS)(X, V)g(E, W)
+ (TS BV = s [ar(B) oy Wa(X. V)
— g(X W)g(Y, V) + dr(X){g(E, W)g(Y. V)
— g W)g(E,V)} +dr(Y){g(X, W)g(E, V)
(3.6) — g(E,W)g(X,V)}].

Since the Ricci tensor is of Codazzi type, S satisfies the relation:

(3.7) (VeS)(X,Y) = (VxS)(E,Y),
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implies 7 = constant.
Moreover, inserting equation (3.7) in equation (3.6), we have

Hence, the theorem is proved. O

Theorem 3.3. In A(PSCS),, if the semiconformal curvature tensor P satisfies
Bianchi’s second identity then A(PSCS),, reduces to a pseudo semiconformally sym-
metric manifold, provided [a + (n —2)b] # 0 and r # 0.

Proof. Suppose that the semiconformal tensor P in A(PSCS), satisfies Bianchi’s
second identity. Then making use equation (1.15), we get

[B(E) — A(E)|P(X,Y,W,V) + [B(X) — A(X)|P(Y,E,W,V)

(3.9) FH[B(Y) — AY)P(E, X, W,V) = 0.
Let Q(F) = B(E) — A(E) and p; be a basic vector such that
(3.10) 9(E, p1) = Q(E),

for all E. Equation (3.9) with the help of equation (3.10) may be written as
3.11)  QE)PX,Y,W,V)+QX)P(Y,E,W,V)+Q(Y)P(E, X,W,V) = 0.
Putting X =V = ¢; in equation (3.11), the above equation reduces to

ae){ - v |+ e pw)

(3.12) o { - B g} —o,

and contracting over Y and W, we infer

(3.13) [a+ (n—2)b]rQ(E) = 0.

Suppose 7 # 0 and [a + (n — 2)b] # 0 in above equation implies Q(E) = 0.

This completes the proof. O

Theorem 3.4. If A(PSCS),, satisfies Bianchi’s second identity then the scalar cur-
vature is constant provided [a + (n — 2)b] # 0.

Proof. Suppose A(PSCS),, satisfies Bianchi’s second identity. Then, from equation
(1.13), we obtain

a

[CED) { (VeS) (Y, W)g(X,V) = (VesS) (X, W)g(Y, V) + (VeS)(X,V)g(Y,

W)
—(VesS)(Y,V)g(X, W) + (VxS)(E,W)g(Y,V) — (Vx ) (Y, W)g(E,V)
+(Vx9 (Y, V)g(E,W) = (VxS)(E,V)g(Y, W) + (VyS)(X, W)g(E, V)

_(VYS)(Ev W)g(X7 V) - (VYS)(Xa V)g(va) + (VYS)(E7V)Q<X7 W)

+<nb1){dr<E>{g<Y, W)g(X, V) — (X, W)g(Y, V)} + dr(X){g(E, W)g(Y. V)

(3.14)  —g(Y,W)g(E,V)} +dr(Y){g(X,W)g(E,V) — g(E,W)g(X, V)}} =0.
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Contracting equation (3.14) over Y and W, the equation reduces to

a

) %dr(E)g(X, VY+(n—2)(VeS)(X,V)+(2—n)(VxS)(E,V)

;mmxmu1V>(VEsxXJ0+<vxstJ0}+bMXAodME>

(3.15) —bg(E,V)dr(X) + dr(X)g(E, V) —dr(E)g(X, V)] =0.

_b
(n—1)
Substituting X =V = ¢; in equation (3.15) yields

(3.16) [a+ (n—2)bldr(E) =0.

This completes the proof. (I

4 Ricci Symmetric A(PSCS),, (n > 4) and Ricci-recurrent
A(PSCS),, (n > 4).
Theorem 4.1. In a Ricci symmetric A(PSCS),, (n > 4), the Bianchi’s second iden-
tity holds for semiconformal curvature tensor.
Proof. Since A(PSCS),, is Ricci symmetric, the Ricci tensor S satisfies the condition
vS=0

and dr = 0.
Using this, we have

(VeP)(X,Y,W,V) = a(VeR)(X,Y,W,V).
Hence,
(VeP)(X, Y, W, V) + (VxP)Y,E,W,V)+ (VyP)(E,X,W,V) =
(4.1) o(VER)(X,Y,W,V)+ (VxR)(Y,E,W,V)+ (VyR)(E,X,W,V)],
implies,
(4.2) (VEP)(X,Y,W,V)+ (VxP)(Y,E,W,V)+ (VyP)(E,X,W,V) =0.
Hence, the theorem is proved. O

Theorem 4.2. In a Ricci symmetric A(PSCS),,(n > 4) the vector fields corre-
sponding to the 1-forms A and B are in opposite direction, provided r # 0 and
[a+ (n—2)b] #0.

Proof. Contracting equation (1.15) over E, we get

(W@NKHWZA@MWWW+B@MJWW—AM%M+W_MW}

(n—2)
[a+ (n—2)b]r

(43) gvw) 4 am {22

}g(X, W)+ A(P(X,Y)W).
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Moreover we have,

(n—2)

aay  fEe I arx)graw) - arv)g(x,w) |

(divP) (X, )W = 2 =3) {(VXS)(Y, W) — (VyS)(X, W)}
2(n — 1)(n — 2) d

Combining equations (4.3) and (4.4), the above equations reduces to

AP(X,Y)W) + B(P(X,Y)W) — A(X){ (n = 2 }
[a+ (n—2)b]r
(n—2)

_a(n—3)
=y {(VXS)(Y W) — (VyS)(X, W)

s { DI xgvw) - g ) .

g(Y,W>+A<Y>{ } (X, W) + AP(X,Y)W)

Suppose the manifold is Ricci symmetric, then equation (4.5) becomes

2A(P(X,Y)W) + B(P(X,Y)W) - A(X){W}Q(Y, W)
(4.6) +A(Y){W} g(X, W) =

Inserting Y = W = ¢; in equation (4.6) and taking summation over 1 < i < n, we
obtain

(4.7) [a+ (n — 2)bJr[(n + 1)A(X) + B(X)] = 0.

If r # 0 and [a + (n — 2)b] # 0, then above equation gives B(X) = —(n + 1)A(X).
Therefore, this led to the statement of the above theorem. |

Corollary 4.3. In a Ricci symmetric A(PSCS),, (n > 4) the scalar curvature van-
ishes if [(n + 1)A(X) + B(X)] # 0, provided [a + (n — 2)b] # 0.

Theorem 4.4. In a Ricci-recurrent A(PSCS),,(n > 4), if the scalar curvature is
non-zero and [a + (n — 2)b] # 0, then H(E) = 3A(E) + B(E), for all E.

Proof. Equation (1.13) making use of (1.15) results in the following
[A(E) + B(E)|P(X,Y, W, V) + A(X)P(E,Y,W,V) + A(Y)P(X, E, W, V)
+AW)P(X,Y, E, V) + A(V)R(X,Y,W, E) = a(VeR)(X,Y,W,V)

a

(n-2)

)
+(VES)(X,V)9(Y, W) (VES) YV }

{(vEst, W)g(X, V) — (V5S)(X, W)g(Y. V

_bdr(E)
(n—1)

{gm W)g(X.,V)
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Now, contracting above equation yields
(4.9) dr(E) =rH(E).
The use of equations (1.8) and (4.9) in equation (4.8) gives

[A(E) + B(E)|P(X,Y,W,V) + A(X)P(E,Y,W,V) + A(Y)P(X, E,W,V)
+AW)P(X,Y,E, V) + A(V)R(X,Y,W,E) = a(VR)(X,Y,W,V)

T
LS(X,V)g(Y. W) — S(V.V)g(X, W)}H(E)

{S(Y7 W)g(Xv V) - S(Xa W)Q(Y7v)

_brH(E)
(n—1)

Putting X =V = ¢; in equation (4.10), we get

(4.10)

{g<Y, W)g(X. V) — g(X, W)g(Y, v>}.

[a+ (n — 2)b]r

4+ s - I w4 aee )

—aon{ I ) - aon { LR g
(411) ~apov.E)Y) = —r{ D g ),

Moreover, inserting ¥ = W = ¢; in equation (4.11), the above equation becomes
(4.12) [(n+4)A(E) + nB(E)] = nH(E).
Similarly, taking F =Y = ¢; in equation (4.11) gives,

(4.13) (14 n)A(W) + B(W) = HW),

and replacing W = E in above equation, we get

(4.14) (1+n)A(E)+ B(E) = H(E).
Again, contracting the equation (4.11) over E and W, we infer
(4.15) (n+1)AY) 4+ B(Y)=H(Y).
Substituting Y = E in equation (4.15) gives

(4.16) (14+n)A(E) + B(E) = H(E).
Combining equations (4.12),(4.14) and (4.16), we obtain

(4.17) H(FE) =3A(E)+ B(E).

Hence, H(E) = 3A(E) + B(E) provided 7 # 0 and [a + (n — 2)b] # 0. O
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5 Einstein A(PSCS),,(n > 4)

Theorem 5.1. If an Einstein A(PSCS)y,(n > 4) is an A(PS), and 2a(n — 1) —
bn(n —2) # 0 and 3A(E) + B(E) # 0, then its scalar curvature vanishes, provided

a # 0.

Proof. In Einstein manifold the Ricci tensor is given by

(5.1) S(E,X) = ~g(E, X),
implies,
(5.2) dr(E) =0 and (VpS)(X,Y) = 0.

Using equations (1.13),(5.1) and (5.2), we obtain

. [Za(n —-1) - bn(nZ; 2)} {g(Y, Wg(X, V)

P(X,Y,W,V) =aR(X,Y,W,V) -

nin —1)(n —
(5.3) — (X, W)g(v, V).
The covariant derivative of equation (5.3) gives
(5.4) (VEP)(X,Y,W,V) =a(VER)(X,Y,W,V).
Now, inserting equation (5.4) in equation (1.13), we obtain
AVERX YY) = [AE)+ BEN]arCx Y, W,7)
3 [2a(n — 1) = bn(n — 2)]
r{ = D=3 o w)g(x,v)

— g(X, W)g(Y, V)} } +A(X){aR(E Y, W, V)

= o0

&

e} o a {GRXEWV
)
i

B T{[2a(n—1 ) —bn(n

B 7ﬂ{[2a(n—1 ) —bn(n [

aR(Y,Z,E,V)

n—1)(

sy }
B T{[Qa(n—l ) —bn(n

v

)
— g9(X,E)g } {aRXYWE
)

(v, E)

n—l

B {[2@(7171 ) —bn(n
" n—1)(n—2)

(5.5) — g(X, W)g(Y, E)} }
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Assume a # 0. Suppose that an Einstein A(PSCS),, is an A(PS),. Then equation
(5.5) becomes

[r{2a(n —1)—bn(n—2)}
n(n —1)(n — 2)

—g(X, W)g(Y, V)| + A(X) |g(Y. W)g(E. V) = g(E.W)g(Y, V)]

| [ty + 5 srwia(x.v)

+A(Y) [g(BW)g(X,V) = g(X, W)g(E, V)| + AW)|g(Y, E)g(X, V)

(56 ~o(X. D)¥,V)] + AW)[o(.W)a(X, ) - o(X, W)g(v, )] [ <0
Putting X =V = ¢; in equation (5.6), the above equation reduces to

r[2a(n = 1) = bn(n - 2)| [{A(E) + B(E)}n — D)g(¥, W) + A(E)g(Y, W)

AW )g(E, W) + AY)(n — 1)g(B, W) + AGW)(n— 1)g(¥, E)

(5.7) +A(E)g(Y, W) — AW)g(Y,E)| = 0.
Moreover, taking Y = W = ¢; in equation (5.7) gives
(5.8) r[2a(n — 1) — bn(n — 2)][(n + 4)A(E) + nB(E)] = 0.
Similarly, contracting equation (5.7) over Y and E we infer
(5.9) r[2a(n — 1) —bn(n — 2)][(n + 1) A(W) + B(W)] = 0.
Substituting W = F in equation (5.9) gives
(5.10) r[2a(n — 1) —bn(n — 2)][(n + 1)A(E) + B(E)] = 0.
Again, putting W = E = e; in equation (5.7), we get
(5.11) r[2a(n — 1) —bn(n — 2)|[(n+ 1)AY)+ B(Y)] =0,
and substituting Y = E in equation (5.11) gives,
(5.12) r[2a(n — 1) —bn(n — 2)][(n + 1)A(E) + B(E)] = 0.
Combining the equations (5.8),(5.10) and (5.12), we obtain the following result
(5.13) r[2a(n — 1) — bn(n — 2)][3A(F) + B(E)] = 0.
Hence, the theorem is proved. O

Suppose r = 0 in equation (5.5) then Einstein A(PSC'S),, is an A(PS),,, provided
a # 0. Thus, we can state the following:

Theorem 5.2. Ifa # 0 and scalar curvature vanishes in Einstein A(PSCS),,, (n > 4)
then such a manifold is an A(PS)y.
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Theorem 5.3. If the vector field p1 defined by g(E, p1) = B(E)— A(E), for all E, is
a parallel vector field in an Einstein A(PSCS),, (n > 4) with a # 0 and ||p1]|* # 0,
then it is an A(PS)y,.

Proof. Let us consider that the vector field p; defined in equation (3.10) is parallel in
an Einstein A(PSCS),,. Then, we get

(514) VEp1 = 0,

for all E.
Which gives,
R(EaXaphV) =0.

Contracting the above equation we get

S(X,p1) =0.

Then, from equation (5.1), we have
(5.15) rg(X, p1) = 0.

If ||p1]|? # 0, then above equation follows that r = 0.
Therefore, by equation (5.5), Einstein A(PSCS),, reduces to A(PS),,, provided a # 0.
Hence, this completes the theorem. (Il

6 Decomposition of A(PSCS),, (n > 4)

A Riemannian manifold (M™, g) is said to be decomposable or a product manifold[23]
if it can be written as MY x My P for 2 < p < (n — 2), that is, in some coordinate
neighborhood of the Riemannian manifold (M™, g) the metric can be expressed as

(6.1) ds? = gijdxidxj = Japdxdz® + gzﬁdxadxﬁ,

where g, are functions of 2!, 22, ..., zP denoted by Z and 9ap are functions of Pt P2

denoted by z* : a,b, ¢, ...run from 1 to p and «a, 3,7, ...., run from p+1 to n. In (6.1),
gab and g}, 5 are the matrices of MY (p > 2) and My~ "(n — p > 2) respectively, which
are called the components of the decomposable manifold M"™ = MY x M) " P(2<p <
n—2).

We will assume throughout this section that all objects indicated by a ‘bar’ belong
to M7 and all objects indicated by a ‘star’ belongs to M.

Let E, X, Y, W,V € x(M;) and E*, X*,Y* W* V* € x(Ms). Then in a decom-
posable Riemannian manifold M™ = M? x My ?(2 < p < n — 2), the following
relations hold

, = R(E,X*,Y,W*) = R(E,X*,Y*, W*),

) =0=(VgR)(X,Y"\W,V") = (Vg-R)(X,Y", W, V"),

R(E,X,Y W) =R(E,X,Y,W); R(E*, X*,Y*, W*) = R*(E*, X*,Y*,W*),
, X)=S(E, X);S(E*, X*) = S*(E* )

YY) (V= 8) (X5, V™) = (V. 9)(X*,Y™)

b

)
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where 7,r* and r are scalar curvature of M;,Ms and M respectively and are related
asr=7+r*. Also S(E,X*)=0and g(E,X*) =0.

Theorem 6.1. Let an A(PSCS),, be a decomposable space such that M"™ = MY} x

M3 7P for(2 <p <n-—2), then the following holds:

i) In the case of A = B = 0 on Ms, the manifold My is Ricci symmetric and scalar

a(n —p—2) y bp(n — p)
(n—2) (n—1) "

i1) when My is semiconformally flat, then My is an Einstein manifold.

curvature r* is constant in M, provided dF(E*) =0 and

Proof. Let us consider a Riemannian manifold (M™,g) which is a decomposable
A(PSCS),, then
M™ =M x My P2<p<n-2).

Now from equation (1.13), we obtain

P(X*Y W, V) = 0=P(X,Y*,W* V¥
= P(X,Y*W,V)=PX,Y,W*V);
P(X*Y,W,V*) = f(an) [S(Y W)g(X*, W*) + S(X*, V)g(V, )]
rb - N
P(X*Y*\W.V) = 0=P(X,Y,W*V*);
P(X", YW V) = (nfz) S(YV, V)g(X*, W) + S(X*, W*)g(¥, V)]
(6.3) + (n’;bl) :g(Y,V)g(X*,W*)}.

Further simplifying the above equation, we get

(V5P)(X,Y,W,V) = [A(E) + B(E)|P(X,Y,W,V) + AX)P(E,Y, W,V
64)  +AY)P(X,E,W,V)+AW)P(X,Y,E,V)+AV)P(X,Y,W,E
Putting X = X* in equation (6.4) gives
(6.5) AX")P(B,Y,W,V) =
Also, inserting E = E* in equation (6.4), we have
(6.6) [A(E*) + B(E")|P(X,Y,W,V) =

Similarly inserting F' = E* and X = X* in equation (6.4), we infer
(6.7) AW)P(X*Y,E*,V)+ AV)P(X*,Y,W,E*) = 0.
Putting £ = E* and W = W* in equation (6.4), we get

(6.8) AX)P(E*,)Y,W* V) + AY)P(X,E*,W* V) =0.
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And, taking X = X*,Y = Y* and W = W* in equation (6.4) results in
(6.9) AXHP(E,Y* W* V) + AY*)P(X*, E,W*, V) =0.
Substituting Y = Y*, W = W* and V = V* in equation (6.4), we have
(6.10) AWHP(X,Y* E,V*)+ A(V)P(X,Y*,W* E) = 0.
Moreover, using equation (1.13) gives

+A(X*)P(E*,Y*,W*,V )+ A(Y*)P(X*, E*,W*, V*)
(6.11) FAW)P(X*,Y*, E*, V) +A(V VP(X*, Y, W, E¥).

From equation (6.11), we obtain

(6.12) [A(E + B(E)]P(X*,)Y*,W*,V*) =0
and,

(6.13) AX)P(E*,)Y* W*, V*) =

Putting £ = E*, X = X* and V = V* in equation (6.4) gives

(Ve-P)(X*,Y,W,V*) = [A(E*) + B(E"
(6.14) FAXS)P(E*, Y, W, V*) + A(V

NP(X*, Y, W, V*)
“P(X*,Y, W, E").
Similarly, putting E* = E, X* = X and V* =V in equation (6.11) gives
(VeP)(X,Y* W* V) =[A(E) + B(E)|P(X,Y*,W*, V)
(6.15) +AX)P(E,Y* W* V) + AV)P(X,Y* W* E).
In regard of equations (6.5) and (6.6), we have the following two cases:
i) A=DB=0onMs.

1) M is semiconformally flat.
First, we consider the case (i). Then, equation (6.14) becomes
(6.16) (Ve-P)(X* Y, W, V*) =

implies,

(Ve R)(X*, Y, W, V*) — (Vi S)(X*, V) g(V, W)

(n -2)
bdr(E*)

(1)
Now, Putting Y = W = é,,1 < a < p in equation (6.17), we get

aln—p—2)
(n—2)

(6.17) g(Y , W)g(X*,V*) =0

bdr(E*)

(6.18) S

(V- 8) (X", V7) - pg(X*, V") = 0.
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Also, taking X* =V* =ef,p+ 1 <1i < n in equation (6.18) gives

bp(n — p)
(n—1)

If possible let dF(E*) = 0. The equation (6.19) becomes

aln—p—2)

(6.19) O )

dr*(E*) — dr(E*) = 0.

a(n—p—2) bp(n—p)
(n—2) (n—1)

(n—p-—2)
(n—2)

(6.20)

dr*(E*) = 0.

bp(n — p)
(n—1)

a
Thus r* is constant in My provided, . Then from equation

(6.18), we get

£

(Ve S)(X*,V*) = 0.

Therefore, My is Ricci symmetric.
Secondly, we will consider the case (ii). Since M; is semiconformally flat, we get

aR(X,Y,W,V) —

(6.21) -

Putting X = V = ¢, in equation (6.21), the above equation becomes

S afln =1 +br(p—1)(n—-2)] - =
6.22 SY,W) = Y, W).
(6:22) o) = | = D=2 gy
Therefore, M; is an Einstein manifold.
Hence, the theorem is proved. O

Theorem 6.2. Let an A(PSCS),, be a decomposable space such that M™ = M} x
M3 7P for(2 < p <n—2), then the following holds:

i) In the case of A = B =0 on My, the manifold My is Ricci symmetric and scalar
a(p —2) y bp(n — p)
(n—2) (n—1) °

it) when My is semiconformally flat, then My is an Finstein manifold.

curvature 7 is constant in My, provided dr*(E) =0 and

Proof. Making use of equations (6.12) and (6.13), we get the following two cases:

i) A=DB=0onM;.
1) My is semiconformally flat.

Proceeding in a similar manner as in Theorem 6.1,
Hence, we will obtain the required result. O

Corollary 6.3. If A(PSCS), is a decomposable space such that M"™ = M} X
M3 for(2 < p < n—2), then one of the decomposed manifold is semiconformally
flat while on other manifold both the associate 1-form A and B vanishes.
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7 Examples of A(PSCS),

In this section, we have constructed two examples of an A(PSCS)s on coordinate

space R* (with coordinates(z!, 22, 23, 2%)) and obtain all the non-vanishing compo-

nents of the curvature tensor, the Ricci tensor, the scalar curvature and the semi-
conformal curvature tensor along with its covariant derivatives. Then we verified the
relation (1.15).

Example 7.1. Let us consider a Riemannian metric g defined on 4-dimensional
manifold M* = {(z!, 22,23, 2%) € R* : 21 # —1} given by

(7.1) ds? = (2" +1)(2*)?(da")? + 2dz*da® + (d2®)? + (da?)?.

A similar Riemannian metric g is given by De and Gazi[13].
Then the covariant and contravariant components of the metric are as follows

g1 = (' + 1)@ 912 = g1 = 1,933 = gas = 1
(7.2) = 0,02 = g? = 1,07 = g™ = 1,0 = —(2' + 1)(a)?

All non-vanishing components of the Christoffel symbols and the curvature tensor in
the considered metric are as follows:

Th=-@ +DE)Th = 55T =@+ 1)@
(7.3) Run = (z'+1)
From equations (7.2) and (7.3), the non-vanishing components of Ricci tensor are
(7.4) S =zt + 1.

The scalar curvature of metric considered is given by,

(7.5) r=0.
The only non-vanishing components of the semiconformal curvature tensor are
a
(7.6) Prysn = 5(371 +1) #0.

Clearly, the only non-vanishing term of V; Py;j are
a
(7.7) V1P = 3 # 0.

In term of the local coordinate system, let us define the components of the 1-form A
and B as

1
_C fori=1
A, =26 +1)

0, otherwise

and

1
——fori=1
(7.8) B; =< 2(z'+1)
0 , otherwise
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at any point in M?.
In (M*, g) the considered 1-form reduces the equation (1.15) in the following equations

(7.9) Vi1Piag1 = (3A1 + B1)Piaa1 + AsPrian + AsPran.
(7.10) VaPiia1 = [As + By]Piian + A1 Poian + A1 Praan + AaPrin + A1 Priaa.

(7.11) VaPis11 = [A4 + By Pra11 + A1 Paann + AgPrann + A1 Praan + A1 Praaa.

In all other cases excluding (7.9),(7.10), and (7.11), the relation (1.15) either holds
trivially or the components of each term vanishes identically.
By (7.8), we get

RHS of (7.9) = (341 + B1)Piaar + Ay Pria1 + Ay Pran
3 1 a, 1
= 6@ n Tawn)a@ Y
_a  a
a1t
_a
T2
= ViPuu
(7.12) — LHS of (7.9).

By proceeding in a similar manner, it can be shown that the equations (7.10) and
(7.11) are also true.
Thus, (M*, g) is an A(PSCS)s4.

Example 7.2. Let us consider a Riemannian metric g defined on 4-dimensional
manifold M* = (2!, 22,23, 2%) € R* given by

(7.13) ds* = (1 +2¢)[(dz")? + (d2?)?] + (dz®)* + (dz*)?,

.’L‘l

€ .
where ¢ = where k is non-zero constant.

k2
Then the covariant and contravariant components of the metric are as follows:
g11 =922 =1+2¢q, gzz =gaa =1

1
714 11 22 . ¢33 44 _ 4
( ) g =9 = 1+2g g =9 =

All the non-vanishing components of the Christoffel symbols and the curvature tensor
in the considered metric are

rl —12 — q rlo— _ q
11 12 71+2q7 22 1+ 2g
7.15 R =
(7.15) o =

By (7.14) and (7.15), the non-vanishing components of Ricci tensor are

q

(7.16) Sy = Tror
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The Scalar curvature is given by

= gijsij = ¢''S11 + g% S22 + ¢** S35 + g** Sus
q
7.17 = —.
(7.17) (14 2¢)3
The only non-vanishing components of semiconformal curvature tensors are
q a b
.1 P, = Z_- L
(7.18) 1221 1+2q{2 3}
From equation (7.18), it can be shown that only non-zero term of V; P, are
1 a b
7.19 VP = - — 3
(7.19) 1 (1+2q)2{2 3}

and all other components of V;Py;; vanishes identically.
In term of the local coordinate system, let us consider the components of the 1-form
A and B as
1
A; = ¢ 6q(1+2q)
0, otherwise

fori =1

and,
1

(7.20) B; = 4 2q(1+2q)
0 ,otherwise

fori=1

at any point in M*.
In (M*, g), the considered 1-form reduces equation (1.15) into the following equations

(7.21) V1Pigo1 = (3A1 + B1)Pi221 + AaPi191 + AaPiois.
(7.22) VoPi121 = (A2 + B2)Pri21 + A1 Pa1o1 + A1 Progi + AsPria1 + A1 Prigs.

(7.23) VoPio11 = [A2 + Bo|Pia11 + A1Pas11 + A2 Pio11 + A1 Pioo1 + A1 Prioia.

The relation (1.15) either holds trivially or the components of each term vanishes
identically excluding the above cases.
By (7.21) we get

RHS of (7.21)

(3A1 + B1)Pi221 + A2Pi121 + A2 Pio1s.

[6q<13+2q) " 2q(11+2q)] <1+q2q>{3 B g}

_ 1 fa b
(1429212 3
= V1P

(7.24) = LHSof (7.21).
By proceeding similarly it can be shown that the equations (7.22) and (7.23) also

holds.
Thus, (M*%,g) is an A(PSCS),.
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