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Abstract. In this paper, a new 5-D hyper-chaotic system has been
proposed and its dynamical properties viz. phase plots, time series, Lya-
punov Exponent, bifurcation diagram, equilibrium point, Poincare section
etc., have been analyzed. Also these systems have been synchronized in
dislocated combination-combination type synchronization and its appli-
cation has been shown in the field of secure communication. Numerical
Simulations have been performed to display the efficacy of the synchro-
nization method in secure communication.
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1 Introduction

Chaos is a property defining nonlinear dynamical systems. Recently many efforts have
been made to construct new chaotic systems so as to study the diverse features of
them [23, 24, 36]. The new chaotic systems can be categorized on the basis of types
of equilibria, such as some with no equilibrium point [41], some with stable finite
equilibria, some with curve of equilibria, some with surface of equilibria. All the above
mentioned efforts have focused on the characteristics, structure of equilibria and the
dynamics of the system. These findings enriched the chaos theory and explored its
application in control system, image encryption, secure communication and in many
other disciplines.

Initially, the utility of chaos was not known, and many techniques were developed
to suppress and control the chaos [11, 46], but it is to the credit of Pecora and
Carroll [30] who introduced the concept of synchronization of chaos which gained
great attention across different disciplines [12, 33] for its wide application in various
science and engineering fields recently [40, 43, 47, 2, 4, 37]. It is very difficult task
to synchronize the chaotic systems because of the system’s non-linear nature and
its extreme sensitivity to the initial conditions. Synchronization of chaos [25] is a
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process of having two or more chaotic systems follow the same path. Until now,
many types of synchronization schemes [18, 16] [34] have been investigated and various
valuable results have been obtained such as anti-synchronization [10, 39], complete
synchronization, projective synchronization [38], phase synchronization [35, 26], lag-
synchronization [6, 27], compound synchronization etc.[13, 19, 9, 14, 17, 15, 34, 28].
However till now most of the works have focused mainly on the traditional scheme
where one master system and one slave system are synchronized, not among four or
more systems.

Motivated by the above discussions, a novel 5-D hyper-chaotic system has been
constructed here. The contribution and novelty of this article are:

1. A novel hyper-chaotic 5-D system has been constructed.
2. The existence, uniqueness and boundedness of the solution of the new system has
been discussed.
3. Continuous dependence on initial condition has been discussed which would help
us to find a region where system is not chaotic.
4. The standard dynamical analysis has been discussed like equilibrium points and
their stability, bifurcation diagram, phase portrait, Lyapunov Exponents etc.
5. The systems have been synchronized using novel technique-’dislocated combination-
combination synchronization’.
6. The application of synchronization technique in secure communication has been
discussed and verified by taking an example.

The rest of the article is arranged as follows: Section 2 constructs the new 5-D
hyper-chaotic system, Section 3 comprises the dynamic analysis of the newly con-
structed system. The subsection 3.1 discusses the boundedness of solutions [32], 3.2
its symmetry [21], 3.3 the dissipative property of the system [29], and 3.4 shows the
existence and uniqueness of the solution; 3.5 finds a region where the system would
not be chaotic by using its continuous dependence on initial conditions, 3.6 studies
equilibrium points of the system and their stability [31, 8, 7, 41], 3.7 determines the
Lyapunov Exponents [42, 5] and the Kaplan-Yorke dimension [3] of the system, 3.8
displays the Poincare section [45] and provides the bifurcation analysis [1, 20]. Also,
Section 4 synchronizes the new chaotic system in dislocated combination-combination
manner, Section 5 shows the utilization of the novel hyper-chaotic system in the field
of secure communication using the above designed synchronization scheme, and Sec-
tion 6 concludes the work.

2 The construction of a novel hyper-chaotic system

We here introduce a novel hyper-chaotic system given by:

(2.1)



ẋ1 = A(x2 − x1) + x4

ẋ2 = −x1(x3 +D) + x4

ẋ3 = x1x2 −B

ẋ4 = −Cx1

ẋ5 = −Bx5 + x4 + Fx2(1− Cx1
2 +Dx1

4 − Ex1
6,
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Fig 1. Time series plot of state variables x1, x2, x3, x4, x5 of the system (2.1), respectively
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Fig 2. Phase Portraits of system (2.1) in: (a) x1 − x2 − x3 plane, (b) x1 − x3 − x5 plane,

(c) x3 − x1 − x4 plane, (d) x5 − x1 − x4 plane
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where x = (x1, x2, x3, x4, x5)T ∈ R5 are state variables and A, B, C, D, E, F ∈ R
are parameters.

For the parameter values A = 12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001
and initial conditions (x1(0), x2(0), x3(0), x4(0), x5(0)) = (0.1,−0.2, 0.1,−0.2, 0.1),
the corresponding time series and phase portraits of the given system are displayed
in Fig. 1 and Fig. 2, respectively.

3 Dynamical analysis of the newly constructed
hyper-chaotic system

We analyze some of the dynamic properties of the new system viz. boundedness of
solutions, asymmetry, dissipiativity, existence and uniqueness of solution, continuous
dependence on initial conditions, equilibrium points, Lyapunov exponents, Kaplan-
Yorke dimension, bifurcation diagram, etc., of the new system.

3.1 Boundedness of solutions

The solutions xi(t) i=1,2,..5 of system (2.1) are bounded.

The solution xi(t) i=1,2,..5 of the system (2.1) oscillates about the X-axis, but remains
bounded throughout.

3.2 Symmetry

The new 5-D hyper-chaotic system remains invariant under the co-ordinate transfor-
mation x1  −x1, x2  −x2, x3  x3, x4  −x4 and x5  −x5. Thus the system
shows symmetric behavior about the x3 axis.

3.3 Dissipativity

The system (2.1) can be written as

Ẋ = P (X),

where X = (x1, x2, x3, x4, x5)T , i.e.,

ẋ1 = P1(x1, x2, x3, x4, x5)

ẋ2 = P2(x1, x2, x3, x4, x5)

ẋ3 = P3(x1, x2, x3, x4, x5)

ẋ4 = P4(x1, x2, x3, x4, x5)

ẋ5 = P5(x1, x2, x3, x4, x5),
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where

P1(x1, x2, x3, x4, x5) = A(x2 − x1) + x4,

P2(x1, x2, x3, x4, x5) = −x1(x3 +D) + x4,

P3(x1, x2, x3, x4, x5) = x1x2 −B,

P4(x1, x2, x3, x4, x5) = −Cx1,

P5(x1, x2, x3, x4, x5) = −Bx5 + x4 + Fx2(1− Cx1
2 +Dx1

4 − Ex1
6).

We consider a region Ω in R4 with a uniform boundary such that ω(t) ∈ Ψ(t), where
Ψ(t) is the flow of P . Denoting the volume by V(t) and then using Liouville’s Theo-
rem, we get

(3.1) ˙V (t) =

∫
ω(t)

(∇P )dx1dx2dx3dx4dx5.

We find the divergence of the vector field P by

∇P = ∂P1

∂x1
+ ∂P2

∂x2
+ ∂P3

∂x3
+ ∂P4

∂x4
+ ∂P5

∂x5

= −A+ 0 + 0 + 0−B.

For the parameter values A = 12 and B = 40, we obtain ∇P = −52 < 0.

From (3.1), we have

(3.2) ˙V (t) =

∫
Ω(t)

(−52)dx1dx2dx3dx4dx5 = −52V (t).

By integrating (3.2), we get

V (t) = exp(−52t)V0, where V (0) = V0.

Now as t → ∞, V (t) → 0, i.e., each region containing the trajectory of the system
(2.1) converges to zero, i.e., all the trajectories of the system (2.1) converge to an
attractor with time.

3.4 Existence and uniqueness of the solution

The newly introduced 5-D hyper-chaotic system can be expressed as

˙X(t) = Φ(X(t)),

where t ∈ (0, T ] and its initial values are given by X(0) = Xo. Here

X = (x1, x2, x3, x4, x5)t, Xo = (x1o, x2o, x3o, x4o, x5o)
t,

Φ(X(t)) =

 A(x2−x1)+x4

−x1(x3+D)+x4

x1x2−B
−Cx1

−Bx5+x4+Fx2(1−Cx1
2+Dx1

4−Ex1
6)

 .
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We shall examine now the solution of the system in the region ω×I, where I=(0,T]
and ω = (xi) : max|xi| ≤ Qfori = 1, 2...5, Q > 0. The parameter Q lays a boundary
for considering the existence and uniqueness of solution in the required phase space
region. The I.V.P. ˙X(t) = Φ(X(t)), Xo = X(0) is equivalent to

X(t) = Xo +

∫ t

0

Φ(X(s))ds.

Denote Xo +
∫ t

0
Φ(X(s))ds by H(X), and

X1 = (x11, x12, x13, x14, x15)t, X2 = (x21, x22, x23, x24, x25)t.

We infer

H(X1)−H(X2) =

∫ t

0

(Φ(X1(s))− Φ(X2(s)))ds,

whence

|H(X1)−H(X2)| = |
∫ t

0

(Φ(X1(s))− Φ(X2(s)))ds|.

For h(t) ∈ C(0, T ], we define the norm ||h|| = Supt∈(0,T ]|h(t)|. For the matrix
R = [rij(t)] with entries continuous functions, we define the norm

||R|| =
∑
i,j

Supt∈(0,T ]|rij(t)|,

which leads to

(3.3)

||H(X1)−H(X2)|| ≤ Tmax(|A|+ |C|+ |D|+ 2Q + |CF |Q2 + |DF |Q4 + |EF |Q6,

|A|+ |F |+ Q + |CF |Q2 + |DF |Q4 + |EF |Q6, Q, 3, |B|)||X1 −X2||

≤ Q1||X1 −X2||,

where

Q1 = Tmax(|A|+ |C|+ |D|+ 2Q+ |CF |Q2 + |DF |Q4 + |EF |Q6),

|A|+ |F |+Q+ |CF |Q2 + |DF |Q4 + |EF |Q6, Q, 3, |B|).

Thus, X = H(X) is a contraction mapping, under the sufficient condition 0 < Q1 < 1.

3.5 Continuous dependence on initial conditions

We consider two initial conditions X01 and X02 for the system ˙X(t) = Φ(X(t)), such
that

||X01 −X02|| ≤ δ.

For condition (3.3), we consider

X1 = X01 +

∫ t

0

Φ(X1(s)ds),



Dynamical analysis and application of novel system 275

0 50 100 150 200 250 300

Time

-40

-35

-30

-25

-20

-15

-10

-5

0

5

10

L
y
a
p
u
n
o
v
 E

x
p
o
n
e
n
ts

Dynamics of Lyapunov Exponents for new chaotic system

LE
1
= 0.62481

LE
2
= 0.099614

LE
3
= -0.0030413

LE
4
= -12.6821

LE
5
= -19.6883

Fig 3.The Lyapunov Exponent Spectrum of the system (2.1)

X2 = X02 +

∫ t

0

Φ(X2(s)ds),

and we get the following:

(1−Q1)||X1 −X2|| ≤ ||X01 −X02||,

where 0 < Q1 < 1. Let ε = δ
(1−Q1) . Then ||X1 −X2|| ≤ ε.

Theorem. The solution of the new system (2.1) which satisfies (3.3) shows continuous
dependence on the initial conditions if ∀ε > 0, ∃δ(t) = (1−Q1) and ε > 0, such that
||X01 −X02|| ≤ δ, thereby implying ||X1 −X2|| ≤ ε.

The above theorem helps in finding a range of parameter values of the system and
time T , where chaos does not exist in the system (2.1).

3.6 Equilibrium points and their stability

To find the equilibrium points of the system, we equate Pk(x1, x2, x3, x4, x5) = 0,
k ∈ {1, ..., 5}, i.e.,

A(x2 − x1) + x4 = 0

−x1(x3 +D) + x4 = 0

x1x2 −B = 0

−Cx1 = 0

−Bx5 + x4 + Fx2(1− Cx1
2 +Dx1

4 − Ex1
6) = 0.

For A = 12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001, we obtain no equilibrium
points. The absence of equilibrium points here indicates the highly complex and
random nature of the hyper chaotic system.
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3.7 Lyapunov exponents and Kaplan-Yorke dimension

To determine the chaotic behavior of the system in another way, we calculate the
Lyapunov exponents. These indicate the rate of convergence and divergence of in-
finitesimal close trajectories in the phase space. A positive value of the Lyapunov
exponent confirms the chaotic nature of the system under consideration. More than
one positive Lyapunov exponent confirms the hyper-chaotic behavior.

For the parameter values A = 12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001 and
the initial condition (0.1, 0.1, 0.1, 0.1, 0.1), the system shows the following Lyapunov
exponent dynamics depicted in Fig. 3.

The numerical values of the Lyapunov exponents displayed in the figure, are

L.E.1 = .62481,

L.E.2 = .099614,

L.E.3 = −.0030413 ≈ 0,

L.E.4 = −12.6821,

L.E.5 = −19.6883.

Also, the Kaplan-Yorke dimension is given by

DY K = l +

∑l
i=1 L.E.i

|L.E.l+1|+ |L.E.l+2|
,

where l is the greatest number satisfying
∑l
i=1 L.E.i ≥ 0 and

∑l+1
i=1 L.E.i < 0.

Using the Lyapunov exponent values from above, we get the Kaplan-Yorke dimen-
sion as 3.02285, which is a non-integer value, signifying highly complex behavior.

3.8 Bifurcation analysis

Another way to observe the changing dynamics of the novel 5D hyperchaotic system is
to do the bifurcation analysis of the system by varying one parameter and keeping the
other parameter values fixed. The parameters of the chaotic system have a significant
influence on the dynamics and stability of the system. Therefore, it is necessary to
observe the impact on the system by varying parameters.

Here for the parameter values A = 12, B = 40, C = 3.6, D = 35, E = 24,
F = 2.001 and the initial conditions (0.1, 0.1, 0.1, 0.1, 0.1), the bifurcation diagram
for varying A,B,C,D,E, F respectively are displayed in Fig. 4. From Fig. 4, we
observe that the system shows sustainable chaos over the entire range of parameters
A ∈ (10, 15), B ∈ (38, 42), C ∈ (2, 5), D ∈ (33, 37), E ∈ (22, 26) and F ∈ (0, 4).

4 Synchronizing the identical new 5-d hyper-chaotic
systems

In this section, we synchronize four hyper-chaotic systems taking two master systems
and two slave systems, by using the technique of dislocated combination-combination
synchronization.
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Fig 4. The bifurcation diagram of system(2.1) for varying (a)10 ≤ A ≤ 15 (b)38≤ B ≤ 42

(c) 2 ≤ C ≤ 5 (d)33 ≤ D ≤ 37 (e)(d)22 ≤ E ≤ 26 (f)0 ≤ F ≤ 4

Problem formulation. We first formulate the dislocated combination-combination
synchronization scheme between the new 5-D hyper-chaotic system. We consider two
hyper-chaotic master systems and two hyper-chaotic slave systems.

Master System I:

(4.1) V̇ = F (V ).

Master System II:

(4.2) Ẇ = G(W ).

Slave System I:

(4.3) Ẋ = H(X) + Ū .

Slave System II:

(4.4) U̇ = E(U) + V̄ .

Here V = (V1, V2, ..., Vn)T ,W = (W1,W2, ...,Wn)T are the state vectors of master
systems I and II respectively, and X = (X1, X2, ..., Xn)T , U = (U1, U2, ..., Un)T are
the state vectors of the slave systems I and II, respectively. F,G,H,E : Rn −→ R are
continuous functions and Ū , V̄ : Rn × Rn × Rn × Rn −→ R are the controllers to be
constructed.

The dislocated combination-combination synchronization error is defined as:

(4.5) e = AX +BU − CV −DW,
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where A = diag(α1, α2, ..., αn), B = diag(β1, β2, ..., βn), C = diag(γ1, γ2, ..., γn),
D = diag(δ1, δ2, ..., δn) and A, B 6= 0.

For achieving the dislocated combination-combination synchronization between the
drive systems and the slave systems, we must have error tending to zero, i.e.,

limt→∞||e|| = limt→∞||AX +BU − CV −DW || = 0.

Here, we assume
U = diag(U1, U2, ...., Un),
V = diag(V1, V2, ...., Vn),
W = diag(W1,W2, ....,Wn),
X = diag(X1, X2, ...., Xn).

Remark. The components of the dislocated error vector ’e’ are obtained as:

eijkl = αixi + βjuj − γkvk − δlwl

Here, at least one of i, j, k, l must not be equal to the other three.

Synchronization Theory To achieve the desired synchronization among (4.1), (4.2)
and (4.3), (4.4), the general form of the controller must be of the form

(4.6) −AH(X)−BE(U) + CF (V ) +DG(W )−Ke,

where K is the control gain matrix, influencing the rate of convergence.

Theorem. The systems (4.1)-(4.2) will achieve the desired dislocated combination
-combination synchronization with (4.3)-(4.4), if the controllers are chosen as in equa-
tion (4.6).

Proof. The error given by (4.5) is defined as:

e = AX +BU − CV −DW

Hence the error dynamical system is given by:

(4.7)
ė = AẊ +BU̇ − CV̇ −DẆ

= A(H(X) + Ū) +B(E(U) + V̄ )− CF (V )−DG(W ).

By substituting the designed controller (4.6) into (4.7), we get

ė = −AH(X)−BE(U) + CF (V ) +DG(W )−Ke,

and hence ė = −Ke.
We define the positive definite Lyapunov function as:

V (t) =
1

2
eT e,

and we subsequently get:

˙V (t) = eė = e(−Ke) = −Ke2.
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We choose K > 0 to obtain ˙V (t) as negative definite. Therefore, by the Stability
Lyapunov Theory, we get limt→∞ ||e|| = 0, implying that synchronization has been
achieved.

Illustration

Master System I: The master system I is given by:

(4.8)


V̇1 = A(V2 − V1) + V4

V̇2 = −V1(V3 +D) + V4

V̇3 = V1V2 −B
V̇4 = −CV1

V̇5 = −BV5 + V4 + FV2(1− CV1
2 +DV1

4 − EV1
6),

where V = (V1, V2, V3, V4, V5) are the state variables of the system andA,B,C,D,E, F
are parameters. This system shows chaotic behavior for the parameter values A =
12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001 and the initial condition
(0.1,−0.2, 0.1,−0.2, 0.1).

Master System II: Master system II is given by:

(4.9)


Ẇ1 = A(W2 −W1) +W4

Ẇ2 = −W1(W3 +D) +W4

Ẇ3 = W1W2 −B
Ẇ4 = −CW1

Ẇ5 = −BW5 +W4 + FW2(1− CW1
2 +DW1

4 − EW1
6),

whereW = (W1,W2,W3,W4,W5) are the state variables of the system and A,B,C,D,
E,F are parameters. This system shows chaotic behavior for the parameter values
A = 12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001 and the initial condition
(0.3, 0.3, 0.3, 0.1, 0.1).

Slave System I:

(4.10)


Ẋ1 = A(X2 −X1) +X4 + Ū1

Ẋ2 = −X1(X3 +D) +X4 + Ū2

Ẋ3 = X1X2 −B + Ū3

Ẋ4 = −CX1 + Ū4

Ẋ5 = −BX5 +X4 + FX2(1− CX1
2 +DX1

4 − EX1
6) + Ū5,

whereX = (X1, X2, X3, X4, X5) are the state variables of the system andA,B,C,D,E,
F are parameters, while Ūi, i = 1, 2, 3, 4, 5 are the controllers to be constructed. This
system shows chaotic behavior for the parameter values A = 12, B = 40, C = 3.6,
D = 35, E = 24, F = 2.001 and the initial condition (0.2, 0.2, 0.2, 0.1, 0.1).

Slave System II:

(4.11)


U̇1 = A(U2 − U1) + U4 + V̄1

U̇2 = −U1(U3 +D) + U4 + V̄2

U̇3 = U1U2 −B + V̄3

U̇4 = −CU1 + V̄4

U̇5 = −BU5 + U4 + FU2(1− CU1
2 +DU1

4 − EU1
6) + V̄5,
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where U = (U1, U2, U3, U4, U5) are the state variables of the system and V̄i, i =
1, 2, 3, 4, 5 are the controllers to be constructed. This system shows chaotic behavior
for the parameter values A = 12, B = 40, C = 3.6, D = 35, E = 24, F = 2.001 and
the initial condition (0.6, 0.3, 0.5, 0.4, 0.4).

Here we assume
A = diag(α1, α2, α3, α4, α5),
B = diag(β1, β2, β3, β4, β5),
C = diag(γ1, γ2, γ3, γ4, γ5),
D = diag(δ1, δ2, δ3, δ4, δ5).

The notations αi, βi, γi, δi(i = 1, 2, 3, 4, 5) represent the scaling factors, and we may
assume different or same values in applications. Out of the several possible ways of
defining the error in dislocated manner, we randomly select the following error states.
We define the error (e1, e2, e3, e4, e5) as:

(4.12)

e1 = e4321 = α4V4 + β3W3 − γ2X2 − δ1U1

e2 = e3222 = α3V3 + β2W2 − γ2X2 − δ2U2

e3 = e2534 = α2V2 + β5W5 − γ3X3 − δ4U4

e4 = e1424 = α1V1 + β4W4 − γ2X2 − δ4U4

e5 = e5133 = α5V5 + β1W1 − γ3X3 − δ3U3.

Therefore, the obtained error dynamical system is:

(4.13)

ė1 = α4V̇4 + β3Ẇ3 − γ2Ẋ2 − δ1U̇1

ė2 = α3V̇3 + β2Ẇ2 − γ2Ẋ2 − δ2U̇2

ė3 = α2V̇2 + β5Ẇ5 − γ3Ẋ3 − δ4U̇4

ė4 = α1V̇1 + β4Ẇ4 − γ2Ẋ2 − δ4U̇4

ė5 = α5V̇5 + β1Ẇ1 − γ3Ẋ3 − δ3U̇3.

By substituting the values of the derivatives, the error dynamical system simplifies to

(4.14)
ė1 = α4(−CV1) + β3(W1W2 −B)− γ2(−X1(X3 +D) +X4 + Ū2)

−δ1(A(U2 − U1) + U4 + V̄1)

ė2 = α3(V1V2 −B) + β2(−W1(W3 +D) +W4)− γ2(−X1(X3 +D) +X4 + Ū2)
−δ2(−U1(U3 +D) + U4 + V̄2)

ė3 = α2(−V1(V3 +D) + V4) + β5(−BW5 +W4 + FW2(1− CW1
2 +DW1

4 − EW1
6))

−γ3(X1X2 −B + Ū3)− δ4(−CU1 + V̄4)

ė4 = α1(A(V2 − V1) + V4) + β4(−CW1)− γ2(K)− δ4(−CU1 + V̄4)

ė5 = α5(−BV5 + V4 + FV2(1− CV1
2 +DV1

4 − EV1
6)) + β1(A(W2

−W1) +W4)− γ3(X1X2 −B + Ū3)− δ3(U1U2 −B + V̄3),

where

(4.15) K = −X1(X3 +D) +X4 + Ū2.
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Fig 5. Trajectories of the synchronized master and slave systems
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Fig 6. (a), (b), (c), (d), (e): Error trajectories, (f): The simultaneous error plot of the

system
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The controllers are designed as:

(4.16)

Ū1 = 0
Ū2 = −40 + X1X3 + 35X1 −X4

Ū3 = e3 − e4 − V1V3 − 35V1 − 40W5 + W4

+2.001W2(1− 3.6W1
2 + 35W1

4 − 24W1
6)−X1X2

Ū4 = 0
Ū5 = 0

V̄1 = −3.6V1 + W1W2 − 12U2 + 12U1 − U4 + e1
V̄2 = V1V2 −W1W3 − 35W1 + W4 − U4 + U1U3 + 35U1 + e2
V̄3 = e4 − e3 + e5 + 80− U1U2 + 12W2 − 12W1 + V4 − 40V5

−2.001W2(1− 3.6W1
2 + 35W1

4 − 24W1
6)

+2.001V2(1− 3.6V1
2 + 35V1

4 − 24V1
6)

V̄4 = 40− 12V1 + 12V2 + V4 − 3.6W1 + 3.6U1 + e4
V̄5 = 0.

By substituting (4.15-4.16) into(4.14), we get
ė1 = −e1

ė2 = −2e2

ė3 = −3e3

ė4 = −4e4

ė5 = −5e5.

We now take the Lyapunov function as

V (e(t)) =
1

2
e(t)e(t)

T
=

1

2
(e1

2 + e2
2 + e3

2 + e4
2 + e5

2).

Therefore,

˙V (e(t)) = e1ė1 + e2ė2 + e3ė3 + e4ė4 + e4ė5

= e1(−e1) + e2(−2e2) + e3(−3e3) + e4(−4e4) + e5(−5e5)

= −e1
2 − 2e2

2 − 3e3
2 − 4e4

2 − 5e5
2,

and hence ˙V (e(t)) is negative definite.

Then, by the Stability Theory of Lyapunov, we conclude that the error vanishes
with time, i.e., ei → 0 for i = 1, 2, 3, 4, 5. The combination of master systems (4.8)-
(4.9) are now synchronized with the combination of slave systems (4.10)-(4.11) in a
dislocated manner.

Simulations and results. Numerical simulations have been performed using
MATLAB. We have taken here α1 = α2 = α3 = α4 = α5 = β1 = β2 = β3 = β4 =
β5 = γ1 = γ2 = γ3 = γ4 = γ5 = δ1 = δ2 = δ3 = δ4 = δ5 = 1, which means that the
combination of the slave systems will completely synchronize with the combination
of master systems. Also, K1,K2,K3,K4,K5 have been chosen to be 1, 2, 3, 4, 5
respectively here. The trajectories of the master systems (4.8)-(4.9) and slave
systems (4.10)-(4.11) are shown to have been completely synchronized in Fig.5.
Also, the error plot of the system converges to zero and have been displayed in Fig.6
for the initial conditions (−0.7,−0.1,−0.7,−0.4,−0.3).
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Fig 7. Outline of the method in secure communication

5 Application in secure communication

The 21st century being the century of technology, the dependence on technology is
dramatic in fields like banking, online purchases and communication. Hence any
breach in its security eventually leads to unimaginable losses. Therefore, it is of
utmost importance to protect important information from miscreants and many new
ways are being explored to protect data leakage. Using synchronization of chaotic
systems in transmission of information proves to be a strong tool, because of the high
sensitivity on the initial condition and on the parameter values.

This technique works on the principle of hiding the original message among a com-
bination of the state vectors of the master systems and transmitting it as a complex
encrypted signal. To decode the message at the receiving end, the slave system must
synchronize with the master system at sending end.

Illustration using dislocated combination-combination synchronization on
novel 5-D hyper-chaotic system.

We shall illustrate now the utilizing of the novel 5-D hyper-chaotic model in the
field of secure communication, by using the dislocated combination-combination syn-
chronization. An outline of the scheme has been shown in Fig.7. Let the message
to be hidden be s(t). We mix it with disturbance taken as a combination of state
variables of master systems at the transmitting end forming a non-linear function,
say ¯s(t) = s(t)+disturbance. Now, ¯s(t) is transmitted to the receiving system where
suitable controllers are constructed to synchronize with the disturbance formed by
combination of master systems variables and decode the transmitted message. The
initial conditions and parameter values are chosen as mentioned in Section 4.

Let the message to be hidden be s(t) = 2sin(t) + cos(t). We add the message to
the third equation of the combination of master systems and transmit it, i.e., ¯s(t) =
s(t) + V1 + W4. On receiving ¯s(t), the controller Ū2 + V̄4 is designed and adds to
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variable X2 + U4 to synchronize with V1 + W4 to subsequently obtain the required
message.

The actual message to be sent is shown in Fig.8 (a). The actual message with
disturbance is shown in Fig.8 (b). The recovered message after removing the distur-
bance is shown in Fig.8 (c). The error between the original message and decoded
message is shown in Fig. 8 (d).

In the field of secure communication, this technique would be highly beneficial for
the following reasons:

1. It would be a highly reliable scheme owing to its sensitive dependence on parameter
values and initial conditions.

2. Being non-standard novel 5-D hyper-chaotic system it would be difficult for hackers
to guess it right for synchronizing and decoding the original message.

3. Since a complex synchronization viz. combination-combination synchronization
has been performed in dislocated manner, it would increase the security in transmis-
sion of information by manifolds.

6 Conclusions

In this manuscript a new 5-D hyper-chaotic system has been constructed and its dy-
namical analysis has been executed by visualizing its Lyapunov Exponent Spectrum,
bifurcation diagram, phase portrait, time series, Poincare Surface of Section, etc. The
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novel system has been synchronized using novel technique ”Dislocated Combination-
Combination Synchronization”. Its applications to the field of secure communication
have also been discussed. These findings would contribute to the understanding of
the dynamical behavior of chaotic systems.

Our future work will comprise the circuit realization [44] of novel hyper-chaotic
systems, explore its hidden attractors, image encryption, multi-stability [22, 21] and
many more.
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