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Abstract

In this paper, two supplementary vector subbundles £’ and E” of a vector
bundle F, are studied. Given a non-linear connection C' on FE, a canonical
method to induce non-linear connections C’ on E’ and C”' on E” is indicated.
Kinds of Gauss and Codazzi equations are given. In the particular case of a
linear connection C' on E, the method and the equations of Gauss and Codazzi
given in [2] are found. The vertical and horizontal lifts defined in the present
paper extend the classical ones.
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All the manifolds and maps are C'°°, the manifolds are paracompact and all the
vector bundles have finite dimensional vector spaces as fibers. F (M) is the real algebra
of C*-real functions on the manifold M, X(M) and S(§) are the F(M)-modules of
vector fields on M and of sections on the vector bundle £ = (E, 7, M) respectively.
V¢ = ker 7w is the vertical bundle of £ (where 7 : TE — 7M is the differential map
of ) and there is a canonical isomorphism VE ~ 7*FE.

First we show the basic constructions and results from [3] which are used in the
sequel.

Let ¢ = (E,m, M) be a vector bundle, ¢’ = (E',n’,M) and & = (E", 7", M)
be two supplementary vector subbundles, P’ and P” be the projections of £ on ¢,
g r ¢ — &and I" : £ — £ be the inclusion morphisms. Consider the
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vector bundles ' = (E,P',E’) and n” = (E,P”,E") and their vertical bundles
V'€ =ker7P"” and V"¢ = ker 7P’. Since 1 = 7’ o P’ = 7" o P" | it easily follows that
V'€ and V"¢ are vector subbundles of V€.

Throughout the paper we consider vectorial coordinates on E which are adapted(i.e.,
local coordinates on E adapted to the vector bundle structure) which induce also on E’
and E” adapted vectorial coordinates. More precisely, around every y € E, 7(y) = x,
P'(y) =4, P"(y) = 3" we have as adapted coordinates: z : (x%), v : (z%,y%), 3" :
(2, y%), y : (xi,ya,ly“), where i = 1,m, a = 1,ky, u = 1,ky and k = ki + ko. The

change rules are: 2% = z¥ (%), y® = he (2)y®, y* = h¥ (a')y™.

Proposition 1 [3] a) There are canonical isomorphisms

V'E~7*E and V'E ~n*E"

b) In every point u € E we have (VE), = (V'E), & (V'E), .
¢) In every v’ € E' and u” € E" we have

(1N (VE ) = V'E)w, (TI")urr(VE" )y = V' E)yr .

According to b) from Proposition 1, it follows that V'E and V"E are supple-
mentary vector subbundles of V¢, and the projectors of these subbundles on V¢ are
denoted as Q' and Q”.

Let C' : 7TE — V¢ be a non-linear connection on FE, i.e. (cf. [2]), a vector bundle
morphism such that C' oi = idy g where i : V€ — 7FE is the inclusion morphism and
consider the following sequence of vector bundle morphisms:

Te e Sove Loy By (1.1)
where P| = TP"V,5 V€ — VE is a left inverse of TI‘/Vg/.

Proposition 2 [3] ¢/ =P/ oQ' o Corl : TE' — VE' is a non-linear connection
on the vector bundle E'.

It is easy to see that, in an adapted vectorial system of coordinates, the local
components of C are (N&(z7,vy?,y"), N*(z7,9°,9")). In [3], it is proved that the local
components of the induced non-linear connection C’ are: N]"‘ (z%,yP) = NJ‘-’(gci7 y?,0).
Notice that a non-linear connectigr}l C" can be induced in the same way on £, and

the local components of C" are: ]\ij (z',y") = Nj(z*,0,").
Giving the non-linear connection C' and the supplementary vector subbundles &’
and £” on &, it follows that for every u € E we have:

(TE)u = (HE>u D (VE)u = (HE)u 52 (V/E)u 2 (VHE)u (1'2)
Denoting as:

(H'E)y=(HE),®(V'E), , (H'E), = (HE), ® (V'E),
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we have
(TE)y = (H'E)y® (V'E)y , (TE), = (H'E), © (V'E),

There are defined the vector bundles H'¢ and H”€ of 7FE which have as supplementary
vector subbundles V'€ and V"¢ respectively. Denote the supplementary projectors as
H' and V', respectively H” and V". It is easy to see that V' = Q' ov, V' = Q" ow
where v is the vertical projector associated to the non-linear connection C. In an
adapted vectorial system of coordinates, these projectors have the forms:

0

VI(X) = (X7 XINE) 5 (=

Q' ov(X)),

0

H’(X)—XZ( —N-“a(;)—FX“ (= X = V(X))

oz’ v

0
By
1/ u a
VI(X) = (X XINE) 5 (= Qo u(X)),
0
By

" _ y? 9 _NUu 9 « "
H'(X) =X (W N g ) HX (=X = V(X))
P 0 d , 0

WhereX—X 8 aia—’—X ay

Proposition 3 [3/Every non-linear connection C' on the vector bundle & induces non-
linear connections on the vector bundles ' and " such that the vertical bundle of one
of these vector bundles is a subbundle of the horizontal bundle of the connection on
the other vector bundle.

Conversely, every two non-linear connections which have this property, induce a
non-linear connection C on €.

We shall define now the vertical and horizontal lifts associated to sections on £/,
& 7E" and TE".

Let s € S(£'). Since the n’-morphism P’ : E — E’ of vector bundles E RN
and E’ -~ M is an epimorphism and an isomorphism on fibers, it follows, using this

isomorphism, that there is an unique section 5’ on the vector bundle E £ B such
that P'(§") = ¢'.

We can consider the vertical lift of & in the vector bundle E ~— E” denoted as
(s")V' € S(V'¢) and called the £”-vertical lift of the section .

In the same way we can define the &-vertical lift (s”)Y" € S(V"€) of a section
e S(f”)

In an adapted vectorial system of coordinates, the sections and the vertical lifts
have the same components in the adapted bases.

It is easy to see that for s € S(£), denoting as s’ = P’(s) and s” = P"(s) (s =
s'+5") and considering the vertical lift sV of s (cf. [2]), we have: sV = (s')V +(s")V".

In the particular case when £ = & and £” is the null vector bundle, then the
&'-vertical lift of a section s € S(£) is the same as the vertical lift of s.
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We define now horizontal lifts of vector fields on E’ and E” with respect to the non-
linear connections defined in the first part of Proposition 3. For every X" € X(E"),
X' € X(E'), we denote (X")"' € S(H'¢), (X")" € S(H"€), and we call them the
&’-horizontal lift and £”-horizontal lift of X” and X', respectively. In an adapted
system of coordinates we have:

. 0
— NI Py
z(x 7y 7y )8y0‘)+

/ o 0
IH T(nd U
e =Xl (o

, 3]
X2, y%) — 'E
+ (x,y)aquS(H )

where 9
X// :Xi J .0 i XU J o.v) 2 X E//
@0 g+ XM ) 5o € X(E)
and 5 o
XNH" = X7 48) . N (T B ) 2
GO =X ) (= NP )+
+X%(27,yP) 9 € S(H'E)
) 8ya b)
where

o 0 . 0
I i (d B a(.g B /
X' =X"(2,9") 81:i+X (x 7y)8ya € X(E).

In the particulary case when & = £ and £” is the null vector bundle, then the
¢"-horizontal lift of X' € X (M) is the same as the horizontal lift of X', and the
&’-horizontal lift of X" € X(F) is X".

Generally, for a vector bundle £ = (E, 7, M) and M’ C M a submanifold of M,
we denote as |y = i€, and for s € S(§) we denote as sj the induced section on
- With these notations we have:

Proposition 4 . o) If Y € S(VE") then
(Y, =7I"(Y").
Particularly if Y € S(&") then

VO, =" (vV")

b) If X € X(M), then
(6

c) If X" € X(E"), then for every v’ € E"” we have

_ vh
v = X‘Eu

Ill,/” ((XI/)H/) = (TI,/)u//(V,/X//)u// .

!’
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Proof. Using an adapted vectorial system of coordinates, the local expression of

, 0 / , 0
Y = X¥(27,y") Pgu e have (Y")" = X%(27,y") e and the first equality
Y Y

follows since 71" sends — in i If X = X%(29)=— both sides of b) are equal to
oy oy ol
1 S 0 . 0 ) 0
XM = X2 - — NP (a7 ,y*,0) 57— — N*(a7,y,0 ,
(x)<6l‘7 Z(xyyv )aya Z(l'7yﬂ )8yu>
" feY 3 3 " (] a U 9
because on E” we have y* = 0. For the last assertion, taking X" = X"(27,y )6a:i +
; 0
X"(27,y") G X(E") and using the local form of V" we have:
Y
! u .U % i,V u j v 9
G ((007) = (KU 4 XA g N, 0.9) 5 =
— (TI”)u// (V”X”)u// .
(q.e.d.)
Proposition 5 . For every X,Y € X(M) we have:
QXYM g = 717(Q (X YR+ (X Y X Y ) e (1)
QX" YY) g = I (Q X YY)+ (XY YT - XY (2)

where , Q' and Q" are the curvatures of the connections C, C' and C" respectively.

Proof. Using
Q(thyh) = [X7 Y]h - [Xhayh] ’

(V) X,Y € X(M) (see [2]) for C" we have:
e N S (> S G L0 L P A el
Using Proposition 4, it follows:
I (@(XM YY) = XY = (XY e =

— Q(Xh,yh)‘Eu + ([Xh7Yh} _ [Xh//,Yh//]H/)lEN

(this holds on the fibers of VE|g~). (q.e.d.)
If we apply V"'E,, in (1) and using Proposition 1 b) and c), it follows:

V'QUX"YM)) g = w17 (Q(XM Y)Y (XM Y - (XY

which we call the vectorial equation of Gauss on E”. If we apply V" v » then we
obtain the relation:

V'AX" Y") e = =V (X", Y)
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which we call the vectorial equation of Codazzi on E”. In an analogous way, we define
the vectorial equations of Gauss and Codazzi on E’ as:

VX" Y™ g = 7T (Q (X", V) + V(XY YT — (XY e
(V//Q(Xha Yh))|E" = _V//([Xh7 Yh])lE’ .
In adapted vectorial coordinates we give them a more simple form and we show
that these equations are a natural extension of those of [1], denoting as in [2]:
0 _ 0 o 0 _zu 0
szt Oxt Loy Loy
5 0 ~ 0 o~ .
—— = — — N —, N(2?,9%) = N*(27,4°,0
8 xt ozt ¢ aya7 1(‘r7y ) z(‘T7y ) )
1 ~u ~u
) o 8‘ & 0 ’
o"xt Oxt b oyt

1) 1) 0 o =/ ¢ o’ ~ 0
A —, — | =93 Qv —: Q—, — | =Q% —
<§x1’ 6mﬂ> I oy R oyv’ (5’901’ 6’x3> 4 gy

~ /[ §" 5 ~u 9
Q ((5”1‘7:’ 5//xj) = Qij Ty"

By a straightforward computation we obtain:

u k v O k ,v a( k v u k v
Qij(x ,O,y ):Qij(x Y )+N] (J} ,O,y )'Ni,a(x a07y )_
—N{(2¥,0,9°) - N (a%,0,5%)  (Gauss)

0 )
a (. .k vy «a k A et k v :
Q7 (27,0,y") = o (Nj )(z",0,y") 507 (Nf)(27,0,y")  (Codazzi)

and the analogous ones for E’.
If C is a linear connection, then C’ and C” are also linear connections, and the
above equations of Gauss and Codazzi agree with those of [1].
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