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Abstract

We formulate the theory of stochastic differential equations for spaces with
local anisotropy (vector bundles provided with compatible nonlinear and distin-
guished connections and metric structures and generalized Lagrange and Finsler
spaces).
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1 Introduction

Modern geometric methods are applied in various branches of science and economy
[1-6]. Modeling of diffusion processes in nonhomogerneous media and formulation
of nonlinear thermodynamics in physics, or of dynamics of evolution of species in
biology, requires a more extended geometrical background than that used in the theory
of stochastic differential equations and diffusion processes on Riemann and Lorentz
manifolds [7-10].

Our purpose is to consider the geometrical basis of the theory of diffusion processes
on spaces with local anisotropy (in brief, we shall call them la-spaces and denote
as Ex ). In general, such spaces are modeled as vector bundles ( v-bundles) on
space-times provided with nonlinear and distinguished connections (respectively, N-
and d-connections) and metric structures [11,12]. Transferring our considerations on
tangent bundles we can formulate the theory of stochastic differential equations on
generalized Lagrange spaces which contain as particular cases Lagrange and Finsler
spaces [13-17].
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2 Stochastic Differential Equations in V-Bundles

We assume that the reader is familiar with the concepts and basic results on stochastic
calculus, Brownian motion and diffusion processes (an excellent presentation can be
found in [7-9, 18-20]) and with the theory of stochastic differential equations on Rie-
mannian spaces [7-9]. On la-spaces we shall follow Miron and Anastesiei conventions
[11,12].

Let A, Aq, ..., Ax € X (En) (by X (En) we denote the set of C'>°-vector fields on
En ) and consider stochastic differential equations

SU (t) = A 0 6B (t) + As (U (L)) dt, (1)

where @ = 1,2, ...,7 and o is the symmetric Q-product and t is (if necessary a timelike)
a parameter. We shall use the point compactification of space &y and write & v =&
or & v = & U{A} in dependence of that if £y is compact or noncompact. By
W (En) we denote the space of paths in £y , defined as

W (En) = {w : wis asmooth map [0,00) — £ x with the property that w (0) € En
and w(t) = A,w(’) = A for all ¢ > t}

and by B (W\ (& N)) the o-field generated by Borel cylindrical sets.

The explosion moment e(w) is defined as e (w) = inf{¢, w(t) = A}.

Definition 2.1.The solution U = U (t) of equation (1) in v-bundle space Ey is
defined as such a (F;)-compatible W (En)-valued random element (i.e. as a smooth
process in &y with the trap A), given on the probability space with a filtration (F;)
and r-dimensional (F;)-Brownian motion B = B(t), when B(0) = 0, for which

FWO®)-fU0)=

[ 40 W )5 @)+ [ (o) W) ds @)
0 0

for every f € Fy (En) (we consider f (A) =0), where the first term is understood as
a Fisk-Stratonovich integral.

In the equations (1) and (2) we use §B“ (s) and &t instead of respectively dB“ (s)
and dt because on €y the Brownian motion must be compatible with the N-connection
structure (see details in [11,12] with respect to locally adapted to the N-connection
bases and operators of partial derivation).

In a manner similar to that for stochastic equations on Riemannian spaces [7] we
can construct the unique strong solution to the equations (1). To do this we have to
use the space of paths in R" starting in point 0, denoted as W, the Wiener measure
PW on W(, o-field B, (W{)-generated by Borel cylindrical sets up to the moment ¢
and the similarly defined o-field.

Theorem 2.1. There is a function F : Ey xW§ — W (Ex ) being (N, B (En) x By
w§ ux P B; w Fi) |-measurable (index p runs all probabilities in (En, B(En
0
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) for every t > 0 and having properties:

1) For every U(t) and Brownian motion B = B (t) the equality U = F(U (0), B)
almost sure, in brief a.s., is satisfied.

2)For every r-dimensional (F;)-Brownian motion B = B (t) with B = B(0),
defined on the probability space with filtration Fi, and Epnr-valued Fo-measurable
random element &, the function U = F(&, B) is the solution of the differential equation
(1) with U (0) =&, a.s.

Proofs of the theorems presented in this paper by using methods developed in [7]
are contained in [34].

Let P, be a probability law on W (En) of a solution U = U (¢) of the equation (1)
with initial conditions U(g) = u. Taking into account the uniqueness of the mentioned
solution we can prove that U = U (t) is an A-diffusion and satisfy the Markov property
[7]. Really, because for every f € Fy (En)

SF (U (6) = (Axf) (U (1) 0 6w® + (Aof) (U (1)) 6t =

(A=) (U (1) 507 + (Aof) (U (1)) 5t + 5 (Asf) (U (1)) - 50 (1
and
6 (A5F) (U (1) = A5 (Ag7) (U (1) 0 6w (1) + (AgA5f ) (U (1)) o,
we have

5 (Azf) (U (1)) - 6w (1)

Il
b
Q)
3
=
I
=
=
&+

Consequently, it follows that

55 (U (1) = (Azf) (U (£) 6w (1) + (A) (U (1)) ét,

i.e. the operator (Af) defined by the equality

AF =33 A (Asf) + Aot 3)

a=1

generates a diffusion process {P,},u € En.
The above presented results are summarized in this form:

Theorem 2.2. A second order differential operator Af generates an A-diffusion
on W(EN) of a solution U = U (t) of the equation (3) with initial condition U (0) = u.

Using similar considerations as in flat spaces [7], on carts covering Ey., we can
prove the uniqueness of A-diffusion{P,},u € Ey on W(En).
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3 Heat Equations in V-Bundles
Let v-bundle £y be a compact manifold of class C'°°. We consider operators
Ag, A1,y Ar € X (EN)
and suppose that the property
E[SupieoSupueu |DHf (U (t,u,w))}H] < oo

is satisfied for all f € Fp (En) and every multiindex « in the coordinate vicinity U
with U being compact for every T > 0. The heat equation in Fy (Ex) En is written as

ov
= ftu) = Av(t,w) @

lim v(t,u) = f(u),

i v(t7) = £ (0

where operator A acting on F(Fy (Ey)) is defined by expression (3). We not that in
out considerations of random processes on la-spaces it is useful to use locally adapted
to the N-connection structure bases (or, equivalently, operators of local partial deriva-
tions, see details in [11,12]):

o o 0 N 0 9 0

O = (9, 0a) = Sue (5zi T 9 (u)aya’fyb B 37@/”’

where u® = (z¢,y") are local coordinates on €y and Nf(u) are local components
of the N-connection on £y. The dual locally adapted bases (or ”differentials”) are
written as

8% = (d',6%) = du® = (dz', 6y® = dy® + N (u)dz").

We denote by C2 ([0,00) x Fy (En)) the set of all functions f(¢,u) on [0, 00) x Ex
being smoothly differentiable on ¢ and twice differentiable on u.

The existence and properties of solutions of the equation (4) are stated according
the theorem:

Theorem 3.1. The function
C(t,u) = E[f(U(t,u,w)] € C*° ([0.00) x EN) (5)

f € Fy (EN) satisfies the heat equation (4). Inversely, if a bounded function v(t,u) €
C12([0,00) x En) solves the equation (4) and satisfies the condition

;iTm Elv(t — o, U (ok, u,w)) : o, <t] =0 (6)

for every t > 0 and u € En, where o = inf{t,U(t,u,w) € Dy} and Dy is an
increasing sequence with respect to closed sets in En, | J Dy = En.
k

Remarks
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1. The conditions (6) are necessary in order to select a unique solution of (4).
2. Defining

¢(tu) = E[GXP{/O C U (s,u,w))ds}tf (U (t,u,w))]

instead of (5) we generate the solution of the generalized heat equation in Ey :

ov

= (tw) = (Av) (tu) + C (W) v (tu),

tlg%n_mu (t,w) = f(u).

For given vector fields A(,) € X(En), () = 0,1,...,r in Section II [34] we have
constructed the map (here we note that for such type of geometric constructions some-
times it is more useful to use partial derivations and unadapted to the N-connection
bases and then to consider reparametizations of coefficients of equations with respect
to transforms to locally adapted geometrical objects):

U= (tuw)):En xWi 3 (u,w) = U (-, u,w) € W(EN),
which is a map of type
[0,00) x Exy W 3 (u,w) — U (t,u,w) € Ex .

Let us show that map v € Ey — U (t,u,w) € S/N\ is a local diffeomorphism of the
manifold £y for every fixed ¢ > 0 and almost every w that € Ex .
We first consider the case when £y = R"™t™,

o (u) = (0§ (u)) e R”"" @ RM™

and b(u) = (b*(u)) € R™™ are given smooth functions (i.e. C°-functions) on
R™™ o (u) || + || b(u) [|[< K (1+ |u]) for a constant K > 0 and all derivations of
o® and b* are bounded. It is known [7] that there is a unique solution U = U (¢, u, w),
with the property that E[(U (¢))"] < oo for all p > 1, of the equation

U7 = o2 (Uy) duw® (1) + b (Uy) dt, (7)

Up=u,(a=1,2,....m+n—1),

defined on the space (WOT, PW) with the flow (}"?) .

In order to show that the map v — U (¢, u,w) is a diffeomorphism of R™+™ it is
more convenient to use the Fisk-Stratonovich differential and to write the equation
(7) equivalently as

~

OUS = 02 (Ur) 0 0w’ (t) + 5 (U)ot ®)
Uo = U,
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by considering that
(e% 1 : «
B () = b (w) + 5 Y (aﬁga) o2 (). 9)

We emphasize that for solutions of equations of type (7) one holds the usual derivation
rules as in mathematical analysis.
Let introduce matrices

a a @ ob* o

and the Jacobi matrix Y (t) = (Yﬁo‘ (t) = U2 (Lu,w)) , which satisfy the matrix

SuP
equation

-~

t t
V() =1 +/ oL (U (5)) Y (5) 0 du (5) +/ V(U ()Y (s)ds.  (10)
0 0
As a modification of a process U (¢, u,w) one means a such process U (t,u, w) that
PYIU (t,u,w) = U (t,u,w) for all t > 0} =1 a.s.
It is known this result for flows of diffeomorphisms of flat spaces [24-26,7]:

Theorem 3.2. Let U (t,u,w) be the solution of the equation (8) (or (7)) on
Wiener space (Wg, PW) .Then we can choose a modification U (t,u, w)of this solution
when the map u — U (t,u,w) is a diffeomorphism R"T™ a.s. for everyt € [0,00).

~

Process v = U (t,u,w) is constructed by using the equations
SUS = 02 (Uy) 0 6w (t) — b (Uy) bt,

U() = Uu.
Then for every fixed T' > 0 we have

~

U(T—-tu,w)=U (t,U (T,u,w),®)

for every 0< t < T and u PW—a.s., where the Wiener process @ is defined as w (t) =
w(T—t)—w(T),0<t<T.

Now we can extend the results on flows of diffeomorphisms of stochastic processes
to v-bundles. The solution U (¢, u,w) of the equation (4) can be considered as the set
of maps Uy : u — U (t,u,w) from En to En =EnU {A}.

Theorem 3.3. A process |U|(t,u,w) has such a modification, for simplicity let
denote it also as U (t,u,w), that the map Up(w) : u — U (t,u, w) belongs to the class
C™ for every f € Fy (En) and all fixred t € [0,00) a.s. In addition, for every uw € U
and t € [0,00) the differential of map u — U (t,u,w),

U (t, u, w)* : Tu (U (t, u, U))) - TU(t,u,w) (gN) )
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is an isomorphism, a.s., in the set {w : U (t,u,w) € En }.

Let Ag, A1, ..., A, € X (En) and Uy = (U (t,u,w)) is a flow of diffecomorphisms on
EN . Then o _
Ao, Al, ceey A, eX (GL (EN))

define a flow of diffeomorphisms r; = (r (¢,7,w)) on GL (En) with
(r(t,r,w)) = (U (t,u,w), e (t,u,w)),

where r = (u,e) and e (t,r,u) = U (t,u,w), e is the differential of the map u —
U (t,u,w) satisfying the property

Ut,u,w), e=[U(t,u,w), e0, U (t,u,w), e1,...,U (t,u,w), eq_1].

In local coordinates

Aa (u) = o’g\éoé? (a = 17 27 "'?T) 7AO (u) = ba (u) 50(?
and

v
eg (t,u,w) = ch‘ (t, u, w) 5

where Y* (t,u,w) is defined from (10). So we can construct flows of diffeomorphisms
of the bundle &y .

4 Nondegenerate Diffusion in V-Bundles

Let the v-bundle &N is provided with a positively defined d-metric being compatible
with a d- connection D = {I'g } (see details in [11,12]). The connection D allows us
to roll &N along a curve v (t) C R™™™ in order to draw the curve ¢ (¢) on En as the
trace of v (t). More exactly, let v : [0,00) 2 ¢t — v (t) C R*™™ be a smooth curve in
RY™ r = (u,e) € O (En). We define a curve ¢ (t) = (c(t),e(t)) in O (En) by using
the equalities

dc‘;t(t) — 2 (t) dg—i
de (t -
% =-T%, (c(t) el (t) ddT o

Equations (11) can be written as

de ()
dt

= Lo (2(t) dv®,

c(0)=r,

where{L,} is the system of canonical horizontal vector fields (see a similar construc-
tion for Riemannian spaces in [7]). Curve ¢ (t) = 7 (¢(t)) on Exy depends on the fixing
of a frame p in a point w; this curve is parametrized as c¢(t) = c (t,r,v),r =7 (u,e).
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Let w(t) = (w2(t)) is the canonical realization of a n+m-dimensional Wiener
process. We can define the random curve U (t) C £y in a similar manner. Consider
r(t) = (r (t,r,w)) as the solution of stochastic differential equations

57 (t) = Lo (r (t)) o Sw (t) (12)

r(0)=r,

where r (¢,7,w) is the flow of diffeomorphisms on O (€y ) corresponding to the canon-
ical horizontal vector fields Ll, LQ, ey L _1 and vanishing drift field Lo = 0. In local
coordinates the equations (12) are ertten as

U™ (t) = eg (t) o dw=(t),
deg (t) = =T, (U () €], o u”,

where r (t) = (UO‘( ), el (t )) . It is obvious that r (t) = (UO‘ (t),eq (t)) €O (&N )it

ll

r(0) € O (En ) because Lg are vector fields on O (€y ). The random curve {U® (t)}
on &y is defined as U (t) = w[r(t)]. We point out that aw = (aw(t)) is an-
other (n+m)-dimensional Wiener process and as a consequence the probability law
U (-, r,w) does not depend on a € O(n+m). It depends only on u = 7 (r). This
law is denoted as P, and should be mentioned that it is a Markov process because a
similar property has r (-,r,w) .

Remark 3.1. We can define r (¢, 7, w) as a flow of diffeomorphisms on GL (En )
for every d-connection on Ey. In this case m[r(-,r,w)] does not depend only on
u = 7 (t) and in consequence we do not obtain a Markov process by projecting on
En. The Markov property of diffusion processes on £y is assumed by the conditions
of compatibility of metric and d-connection and of vanishing of torsion.

Now let us show that a diffusion {P,} on £y can be considered as an A-diffusion
process with the differential operator

1
A=ZAs +b, (13)

where Ag is the Laplace-Beltrami operator on &y,

As f=G*D,Dyf =G (14)

5ua5u5 {7} §ua ’

where operator ﬁa is constructed by using Christoffel d-symbols and b is the vector
d-field with components

o = %Gm ({;;} - F%) (15)

Theorem 4.1. The solution of stochastic differential equation (4.2) on O (En )
defines a flow of diffeomorphisms v (t) = (r (t,r,w)) on O (En ) and its projection
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U(t) = w(r(t)) defines a diffusion process on En corresponding to the differential
operator (13).

Definition 4.1. The process r (t) = (r (t,7,w)) from the theorem 4.1 is called
the horizontal lift of the A-diffusion U (t) on E.

Proposition 4.1. For every d-vector field b = b (u) b, on En  provided with
the canonical d-connection structure there is a d-connection D = {ng} on En
compatible with d-metric Gog, which satisfies the equality (15).

We note that a similar proposition is proved in [7] for, respectively, metric and
affine connections on Riemannian and affine connected manifolds: M. Anastasiei
proposed [28] to define Laplace-Beltrami operator (14) by using the canonical d-
connection in generalized Lagrange spaces. Taking into account a corresponding
redefinition of components of d-vector fields (15), because of the existence of mul-
ticonnection structure on the space H?" , we conclude that we can equivalently for-
mulate the theory of d-diffusion on H?"-spaces by using both variants of Christoffel
d-symbols and canonical d-connection.

Definition 4.2. For A = $A¢ an A-diffusion U (¢) is called a Riemannian motion
on 5}\/.

Let an A-differential operator on Ey is expressed locally as

52 f §f

. (u)
Su®dub u ou®

Af (u) = 50 (u)

+0% (w) =2 (u),

where f € F (Ey), matrix a®” is symmetric and nonegatively defined . If a® (u)
€aés > 0 for all u and £ = (&§,) € RI\{0}, than the operator A is nondegenerate and
the corresponding diffusion is called nondegenerate.

By using a vector d-field b, we can define the 1-form

w(py = ba (u) du®,

where b = b%J,, and b, = Gagbﬁ in local coordinates. According the de Rham-Codaira
theorem [27] we can write

W) = dF + gﬁ +a (16)

where F € F (En),[ is a 2-form and « is a harmonic 1-form. The scalar product of
p-forms A, (En ) on En is introduced as

(mmBzé <a,f> bu,

where

o= Z Oy gy, OUT? /\51[72 /\ /\61[71’,

Y1<72<..<Yp

B = Z Briva..y, OuTt /\61[7‘2 /\ /\61[7?,

Y1<72<...<7p
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ﬂ'}’l’h-.ﬁp = GMT1G2T2 ...vaTpﬁTng.“Tpa

< au/B >= Z a’Yl'YZ»--'Y;D (’LL) ﬁ7172'“7p (U),

Y1<72<...<7p

u = det Goploulout...ou?=t.
\/| 3

The operator  : Ay (En) — Ap_1 (En) from (16) is defined by the equality
(da, B), = (0,08) L€ Ay1(En),B € Ay(En).
p—1
De Rham-Codaira Laplacian O : A, (En) — A, (En) is defined by the equality
- (d3+ Ed). (17)
A form a € A, (En) is called as harmonic if Oa = 0 . It is known that Oa = 0
if and only if do = 0 and daw = 0.For f € F (En) and U € X (Ex) we can define the
operators gradf € X (En) and divU € F (Eyx) by using correspondingly the equalities
gradf = G*P5,05f (18)

and

divU = —SWU = \/Idleﬂéa (Ua\/ |det G|> . (19)

The Laplace-Beltrami operator (13) can be also written as
Ae f = div(gradf) = —85f (20)

for F(M).
Let suggest that &y is compact and oriented and {P,} be the system of diffusion
measures defined by an A-operator (13). Because Ey is compact P, is the probability

measure on the set W (Ex) = W (En) of all continuous paths in Ey .

Definition 4.3. The transition semigroup Ty of A-diffusion is defined by the
equality

(T ( / F(w(®) Py (dw), f € C(Ex).

SN)

For a connected open region Q C £y we define pw € W (Q),w e W(E’N) by

the equality

(pPw) (1) = (Lt

where 7o (w) = inf{¢ : w (¢t) ¢ Q}. We denote the image-measure P, (u € 2) on map

p as P ; this way we define a probability measure on 1% (€2) which will be called as
the minimal A-diffusion on . The transition group of this diffusion is introduced as

/ f (w (1)) P2 (dw) =

W(Q)
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/ £ (0 (0) T wyoy P (duw) , f € Cp ().

W(EN )

Definition 4.4. The Borel measure u (du) on Ey is called an invariant measure
on A-diffusion {P,} if [ T;f (u)p(du) = [ f(u)p(du) for all f e C(En).
81\/ SN

Definition 4.5. An A-diffusion {P,} is called symmetrizable (locally symmetriz-
able) if there is a Borel measure v (du) on Ex (v (du) on Q) that

/nﬂwmwmw:/fwnmwww> (21)
En

EN

for all f,g € C(En)

([ 127 @ @) = [ £)T0g ()0 ()
Q

Q
for all f,g € C'(Q)).

The fundamental properties of A-diffusion measures are satisfied by the following
theorem and corollary:

Theorem 4.2. a) An A-diffusion is symmetrizable if and only if B=a=0 (see
(18)); this condition is equivalent to the condition that b = gradF, F € F (En) and in
this case the invariant measures are of type C exp[2F (u)]du, where C = const.

b) An A-diffusion is locally symmetrizable if and only if 58 =0 (see (18)) or,
equivalently, dwy = 0.

¢) A measure cdu (constant ¢ > 0) is an invariant measure of an A-diffusion if
and only if dF =0 (see (18)) or, equivalently, gw(b) = —divb = 0.

Corollary 4.1. An A-diffusion is symmetric with respect to a Riemannian volume
du (i.e. is symmetrizable and the measure v in (14) coincides with du) if and only if
it 1s a Brownian motion on En.

We omit the proofs of the theorem 4.2 and corollary 4.1 because they are similar
to those presented in [7] for Riemannian manifolds. In our case we have to change
differential forms and measures on Riemannian spaces into similar objects on &y

5 Heat Equations for D-Tensors in V- Bundles
To generalize the results presented in Section 3 to the case of d-tensor fields in Ex we

use the Ito idea of stochastic parallel transport [27,30] (correspondingly adapted to
transports in vector bundles provided with N-connection structure).
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5.1 Scalarized Tensor d-fields and Heat Equations

Consider a compact bundle £yand the bundle of orthonormalized adapted frames on
En denoted as O (En) (see details in [34-37]). Let

{ZOa zh "'7zq—1}

be a system of canonical horizontal vector fields on O (£y) (with respect to canonical
d-connection ?gv The flow of diffeomorphisms r (t) = r (¢t,r,w) on O (Ey) is defined

through the solution of equations

57 (t) = Lo (r (t)) o Sw (t)

r(0) =,

and this flow defines a diffusion process, the horizontal Brownian motion on O (x),
which corresponds to the differential operator

%Ao(m - % > La(La)- (22)

Foar aa tinsor d-field S (u) = ngg;:;;p (u) we can define its scalarization Fg (r) =
Fgé?éziépq
orthonormalized frames in order to deal with bundle O (€y) .

The action of Laplace-Beltrami operator on d-tensor fields is defined as

a1ag...ap
a102...0p (Xﬁ _ aﬁ Q] Q2...0
<AT>5152-"[3: =G (ﬁa (ﬁﬁT))/jﬁﬁz"ﬂq =¢ Tﬁl[b”ﬂq};aﬁ’

(a system of smooth functions on O (€y)), defined in our case by using

where DT is the covariant derivation with respect to ?Z,Y We can calculate that

Doen)(Fsp g s) = (Fas)gpe -

For a given d-tensor field S = S (u) let be defined this system of functions on
[0,00) x O (En):
Vg (4 ) = B [Fgg,fg;;%;q (r(t,r,w))| .

According to the theorem 3.1 Vﬁflﬁ(zzﬁj” is a unique solution of heat equation

oV 1
5 iAO(EN)Vy (23)
Voo = ES5

In a similar manner we can construct unique solutions of heat equations (22) for
the case when instead of differential forms one considers R™*"-tensors (see [7] for
details concerning Riemannian manifolds). We have to take into account the torsion
components of the canonical d-connection on Ey .
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5.2 Boundary Conditions
We analyze the heat equations for differential forms on a bounded space Ey :

a1

-0 24
5t = 37 (24)
Q=0 = I

Anorm = 07 (da)norm = 0> (25)

where O is the de Rham-Codaira Laplacian (17),

Qnorm = 9q—1 (U) 5uq_17

q
oo dog_1 _
(da),rm = Z (5uq_1 — 527 ) Sud—1 /\6u7.

=1

We consider the boundary of £x to be a manifold of dimension ¢ = m +n and denote

~~ =
by En the interior part of £x and as €N the boundary of Ex. In the vicinity U
of the boundary we introduce the system of local coordinates u = {(u®),u?"! > 0}
for every u € U and u € U N IEy if and only if ud~1 = 0.

The scalarization of 1-form « is defined as

[Fualy (r) = 03 (w) e, r = (u”,¢}) € O(En).
Conditions (25) are satisfied if and only if

eq—1 [Faly (1) =0

and

a=0,1,2,...,q-1, where e% is inverse to ej
Now we can formulate the Cauchy problem for differential 1-forms (23) and (24) as
a corresponding problem for R"*™-valued equivariant functions V, (¢,7) on O (Exr) :

0Vy
2 (1) = S{Bore) Va () + Ra (0 Vs (1,7), (26)
VQ(()?T) = (Ff)g(’f’) ’ (ﬂ = 07 1a e q = 2)’ (g7é = 07 17 g — 1)a

B 0 s
eﬁmvﬁ (tvr)\ao(g,\,) =0, f{_lvg (tvr)\ao(g,\,) =0,

where Rg (r) is the scalarization of the Ricci d-tensor and 00 (Ex) = {r = (u,e) €
O(n),uedn }.

The Cauchy problem (25) can be solved by using the stochastic differential equa-
tions for the process (U (t),c(t)) on R x R(ntm)* .
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SUS = e (1) 0 6B (1) + 05 3 (1),

de (t) = =T 5, (U (1)) e} (1) 0 SUZ () =
~T5, U @) e (1)L (1) 08B (1)~ Ty, (U ) e (000(1),  (27)

(B7=1200-1)
where B* (t) is a (n + m)-dimensional Brownian motion, U (¢) is a nondecreasing
process which increase only if U (¢t) € 0En . In [7] (Chapter IV,7) it is proved that
for every Borel probability measure p on errm x R(*+m)* there is a unique solution
(U (t),c(t)) of equations (27) with initial distribution p. Because if

G (U (0)) €2 (0) €5 (0) = 0

then for every t > 0
Gap (U () €2 (t) eg () = bap a.s.

(this is a consequence of the metric compatibility criterions ) we obtain a diffusion
process 1 (t) = (U (t),c(t)) on O (Exr) . Such processes are called horizontal Brownian
motions on the bundle O (Exr) with a reflecting bound . Let introduce the canonical
horizontal fields

~ L OF(r) o S gOF(r)
(LQF) (r) =eq Gue ?57 (u) eger des 7= (u,€e),
define the Bochner Laplacian as
q ~ ~
Aoey) = Z Lo (Lg)
a=1
and put
at1971 () = G (), 08 =~ T, () T,

Theorem 5.1. Let r(t) = (U (t),c(t)) be a horizontal Brownian motion with
reflecting bound given as a solution of equations (26). Then for every smooth function
S (t,r) on [0,00)x O (En) we have

dS (t,r(t)) = LS (t,7 (1)) 6B°+

1 oS ~
15 (BoenS) (tr () + 5 (67 ()}t + (T,18) (47 (1) 85 (1),
where ﬁq,l is the horizontal lift of the vector field Uy_1 = M% defined as

-1
_ 5S aj 85
(Uq_ls) (t, 7") = 51},‘1771 (t,'l") + m@ (ta T)
B
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and
SUTL(t) = 97197 (1 (1)) 6L, 562 (t) = ad " (r (1)) ot.

Finally, in this subsection, we point out that for diffusion processes we are also
dealing with the so-called (A,L)-diffusion for bounded manifolds (see, for example,
[7]) which is defined by second order operators A and L given correspondingly on Ex
and €N .

6 Outlook and Conclusions

In the present paper we have given a geometric evidence for a generalization of stochas-
tic calculus on spaces with local anisotropy . It was possible a consideration rather
similar to that for Riemannian manifolds by using adapted to nonlinear connection
lifts to tangent bundles [31] and restricting our analysis to the case of v-bundles pro-
vided with compatible N-connection, d-connection and metric structures. We empha-
size that in the so-called almost Hermitian model of generalized Lagrange geometry
[11,12] this condition is naturally satisfied. As a matter of principle we can con-
struct diffusion processes on every space £y provided with arbitrary d-connection
structure. In this case we can formulate all results with respect to an auxiliary con-
venient d-connection, for instance, induced by the Christoffel d-symbols, and then by
using deformations of connections we shall find the deformed analogous of stochastic
differential equations and theirs solutions.

When some the results of this paper have been communicated during the Iasi
Academic Days, Romania, October 1994 [32] Academician R. Miron and Professor
M. Anastasiei pointed our attention to the pioneer works on the theory of diffusion on
Finsler manifolds with applications in biology by P.L. Antonelli and T.J.Zastavniak
[1,33]. This is a modern brunch of geometry and stochastic calculus applications
in physics and biology. Here we remark that because on Finsler spaces the metric
in general is not compatible with connection the definition of stochastic processes
is very sophisticate.Perhaps,the uncompatible metric and connection structures are
more convenient for modeling of stochastic processes in biology and this is successfully
exploited by the mentioned authors in spite of the fact that in general it is still
unclear the possibility and manner of definition of metric relations in biology. As
for formulation of physical models of diffusion in anisotropic media and on locally
anisotropic spaces we have to pay a due attention to the mutual concordance of the
laws of transport (i.e. of connections) and of metric properties of the space, which in
physics plays a crucial role. This allows us to define the Laplace-Beltrami, gradient
and divergence operators and in consequence to give the mathematical definition of
diffusion process on la-spaces in a standard manner.

Finally, we remark possible extensions of the results of this paper and of [32,34,35]
in order to study locally anisotropic random processes with Yang-Mills and gravita-
tional gauge-like interactions [36-38] and the diffusion of locally anisotropic spinor
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fields [39,40] or of stochastic calculus on supermanifolds for membranes and super-
strings [41-43].
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