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Abstract

The object of this paper is to present a link between the conformal differential
geometry, dynamical systems theory and the numerical analysis. More precisely,
our work describes the behaviour of some conformal dynamical systems of order
one and their second order prolongations.
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1 Introduction

Let D C R™ be an open and connected set and X = (Xi,...,X,) a vector field
of class C! on D. A curve a : I — D of class C?, a(t) = (z1(t), z2(t), . .., za(2)),
solution of the Cauchy problem

(C) { é:lle(ml,...,xn),...,:i:n =_Xn(:c1,...,:r:n)

Il(fg) = x?, veay En(to) = 172

is called field line. The image a(I) C D of a field line is called orbit of X.

Sometimes we are interested to know geometrical and/or topological properties of
the dynamical systems of type (C). A first idea would be to obtain portraits of the
orbits of the field and the second to get a prolongation of the dynamical system of
order one to a aynamical system of order two.

The conformal vector field generates a local group of geometric conformal trans-
formations which depends on a parameter. The portraits of the orbits suggest the
kind of the conformal transformation. This is the reason for our study.
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2 Conformal Dynamical Systems

Let X = (X1,Xs,...,X,) be a vector field of class C* on R™. This vector field is
called conformal if the following equations hold good

0X; 0X; .

g R T 61:') ) :1:2:'”1 ) 3

Ox; T Ox; Yo, 5 " (1)
where 6;; is the Kronecker delta symbol and % : R" are real functions. If ¢ is a
constant, then the conformal field is called omothetic while if ¥y = 0 the conformal
field is called Killing. We remark that (1) implies

0X1 06Xy 08X, ¢

8z, ~ Oz, = Ozp, 2°
hence ¥ = %divX . We remark that in the 1-dimensional case the conformal fields
become functions of class C®, and in the 2-dimensional case they become complex
monogene functions. -
It can be shown that the most general conformal vector field on R*, n > 3, has
the components [5]

1 1 o = c :
Xi(z) = 'éxi chzj - Zci fo F Za;'j-?:j . §$g ey, T= 1 ol (2)
i=1 j=1 i=1
where a;;, ¢;,d;, c are constants and (a;;) is a skew-symmetric matrix.
Some remarks are in order.

1. There are (n + 1)(n + 2)/2 conformal vector fields on R";
2. Define the Lie bracket as follows '

[X,Y] = X(¥%) - Y (X2),

where X = (X1, X3,...,X,) and Y = (Y1,Y3,...,Y,). If both X and Y are solutions
of (1), then [X, Y] is solution of (1) namely the bracket of two conformal vector fields
is a conformal vector field too. Consequently
The set of conformal vector fields on R*, n > 3 is a Lie algebra of dimension
(n+1)(n+2)/2.
- Let X = (X1, ..., Xn) be a conformal vector field. The dynamical system of order
one, ‘é—f = X(z) induces a new dynamics since it can be prolonged to a conservative

second order differential system, according to a recent idea of Prof. Dr. C. Udriste
([6], [7])-

Denote Fj; = 3‘§j - %—’;‘} = ¢;zj — ¢jz; + ¢ji — ¢ij. Then, we have the following
result.

Theorem 2.1 The conformal dynamical system of order one can be prolonged to the
nonpotential dynamical system with three degress of freedom

dzici 5f d:l:j
e 3_:::, + JZ.Fu —— (3)

where f = 1||X||? is the energy of the conformal vector field X.

p= a-
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and the trajectories classify as follows:

- the set of original conformal lines with energy H = 0,

- the set of trajectories with the energy H = const < 0,

- the set of trajectories with the energy H = const > 0.

The preceding dynamical system describes in fact a new Lorentz world-force law
since we have

Theorem 2.2 Every trajectory of the dynamical system (3) which has the total con-
stant energy H > —f, is a reparametrized horizontal geodesic of the Riemann-Jacobi
metric g;j = (H + f)éi; and the nonlinear connection N‘j = I""J,-L.yJc + F‘-_,-, F‘j =
9" Fyj, where T, is the Riemannian connection induced by the metric g;;.

3. In the three dimensional case, and d; = 0 the matrix of linear approximation is

I 92— b ﬁ
(@)= - § 7
B =~y %

whose eigenvalues are A; = £ and A3 3 = £ +1i\/e? + §2 +42. Consequently, if ¢ > 0,
then the equilibrium point (0,0,0) will not be stable, while if ¢ < 0, this point is
stable.

In the three dimensional case and for given constants we obtained interested con-
clusions concerning the behaviour of the orbits of conformal dynamical systems of
order one. These results are presented in the sequel.

3 Computational Results

For the case n = 3, in (2) we shall consider d; = 0, ¢; =4, i =1,2,3. Also consider
the matrix (a;;) defined as follows

0 1 2
(a,—_,—) = -1 0 3
-2 -3 0

The case ¢ = 2. We obtain the conformal vector field of components

F(z,y,2) = 5(z + 2 +32) - 3(z° +y* + ) + 2+ y + 22
G(z,y,2) = 5(e+ 2 +32) - 3(2* + ¥’ + %) -z + ¥y + 32
H(z,y,z2) = 5(z+2y+32z) - $(2* + > + %) — 22 - 3y + =.
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tem and the matrix of the linear approximation

r=r+y+2:z
y=-—-c+y—+ 3z
z=—-2r—-3y+=z

has the eigenvalue A; = 1. Consequently, the equilibrium point (0, 0, 0) is not a stable
point.

The Figure 1 presents numerical simulated portrait of the orbits fixed by the initial
conditions (zg, ¥, 20) € {(0.1,0,0);(0.15,0,0);(0.2,0,0);(0.2,0,0)}. The Figure 2
exhibits a simulated portrait fixed by the initial conditions

(zo, %o, 20) € {(—0.25,0,0); (=0.2,0,0); (—0.15,0,0); (—0.1,0,0)}.

For initial conditions (zg, 3o, 20) € {(—2,1,0);(-3,0,1);(3,0,—1)} located on to
the plane z + 2y + 32 = 0 we found the behaviour from the Figure 3.

Now, we shall choose initial conditions located on to the sphere described by
the equation z? 4+ y? + 22 = 1 namely {(zo, ¥o, 20) € (1,0,0);(0,1,0);(0,0,1)} and
{(z0, y0,20) € (0.709,0.709,0); (0.709, —0,709,0)} respectively. In this case, the be-
haviour of the orbits are presented in the Figures 4 and 5.

If {(zo0,¥0,20) € (0,0,1);(0,0,-1);(0.709,0.709,0)} the orbits are presented in
the Figure 6. :

The case ¢ = —2. We obtain the conformal vector field of components

F(z,y,2) = 5(z+ 29+ 32) — (2 + v’ + )~z +y + 2
Go,4,2) = bz +2y+32) = He*+ P + %) —z—y+2
H(xsyaz):%($+2'y.+32)—%(22+y2+z2)—xﬂy_z_

We remark that (0,0, 0) is also an equilibrium point for the associated dynamical
system and the matrix of the linear approximation

y=-z-y+z

z=—-z4+y+z
i=—2x—Y—2

has the eigenvalue A\; = —1 and A3 3 = —1 £ ¢. Consequently, the equilibrium point
(0,0,0) is a stable point.

The Figures 7 and 8 present numerical simulated portraits of the orbits fixed
by the conditions (z¢, Yo, 20) € {(-1,0,0);(0,1,0);(0,~1,0);(1,0,0);(0,0,1)} and by
the conditions

(370:3/0: ZO) & {(_5r 11 1);(_31 0! 1); (3:01 _'1); (11 1! _1); (_11 _13 1);(_15 2: _1)}

respectively.
P . .
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