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Abstract

The paper describes the procedure used in the fibered Finslerian approach,
for obtaining the generalized Einstein-Yang Mills equations and the equation of
stationary curves on vector bundles. As applications, in §2 and §3 are presented
these equations for a certain generalized Lagrange space GL", which provides a
convenient relativistic model, having the E.P.S. conditions satisfied [13].
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1 Preliminaries

Let ¢ = (E,p,M) be a vector bundle having the local coordinates (z¢,y%), i =
1,n, a = 1I,m, (n = dimM, m = dimFE — n), endowed with a non-linear con-
nection N = {N7(z,y)}, a (h,v)-metric given by the d-tensor fields {g;;(x,y)} and
{hao(z,y)}, and the covariant derivations ([14, 6])

citj jli

Do T? = 0,T) + CL,T¢ — ChTh =TV |,

b _ b b e kb _ b
O { DT = §;T + LT — LETY =T

where §; = 0; —Nﬁéa, 0; = %, e = a%m 1=1,n, a=1,m and
(2) DF(N) = {L;lw gk? O_;:w Cl()lc}

are the coefficients of a d-connection ([6, 4, 5, 11]).
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Let the torsion d-tensor fields of DT'(N) be given by

(3)  Tj, = Lijay, Ry = 00Ny, Piy=0yNi — Ly, P, =C;

J Ja Ja’

Sgc = C(abc) ’

where we denote pui;) = pij — tji, H{ijy = Hij + i, and let the curvature d-tensor
fields described in [11, 15, 6]

(4) {R;" ki, Rokts Pi'ker Pokes Si'eds Sp®cal-

By generalized gauge transformation on £ we shall understand an automorphism
of a fixed subgroup H of Aut(€) ([6]).

A d-tensor field ([11, 14]) whose components in the local adapted basis of X' (M)
obey tensorial transformation rules relative to H ([4]), will be called generalized gauge
tensor field (g.t.f.), and a function of F(E) which is invariant under H will be called
gauge scalar field (g.s.f.) on £ (]2, 3, 6]).

We shall assume that the non-linear connection N and the linear d-connection
DT'(N) satisfy certain transformation laws ([4]) with respect to the action of H on
&, which are provided by the requests that ¢; applied to gauge scalar fields produces
a g.t.f and that the associated h-and v-covariant derivatives of DI'(N) preserve the
gauge tensorial character of the g.t.f. . In this case, the associated h- and v-covariant
derivation laws are called generalized gauge covariant derivations (g.c.d.) and the
non-linear connection N is called generalized gauge non-linear connection (g.n.c.).

Let denote by {X,} = {§i,5a}, a=1,n+m, i=1,n, a=1,m, the local basis
of X(E) adapted to N, and the corresponding dual basis {¢%} = {dx?, sy} ([11,
15]). A linear connection D on ¢ has in the adapted basis the coefficients given by
Dx, Xp = I'g, Xa, B,7 = 1,n+ m, has the torsion given by T'(X,, Xg) = 'T[%Xa,
where ’TﬁofY = F?‘ﬁy) + wj,, and the coefficients of non-holonomy wj, are given by
(X5, Xy] = w§, Xqo. The associated curvature is described by

]%()(57 X’y)Xﬁ = ng;Xa, with ,R%’WS = X((;Fgw) + Fg((grgw + Fg¢wg‘5

The coefficients of the covariant derivation (1) provide the coefficients (2) of a linear
connection D having

T __ T a _ T1a i
I = Ly, Upe = L, 15, =C;

ja>

¢ =Cp; T =0, T =0.

acx

In this case the non-holonomy coefficients are given by

i i i % a a a a a A a
wjk = 0, Wy = 07 Wy = O, wjb = 0, Wy = O7 wjk = Rjk:’ Wrp = — Wy = 8ka,

the torsion coefficients 75 are described by the d-tensor fields (3)

i 1 T 7 T a __ a a __ a __ a a __ Qa
7}k_TJl“ ’Zg'a__,]}a_cbm %0_07 ch_ kl> %b__%k_Pkb’ 7—bc_Sbc

and the curvature Rg_ s is represented by the d-tensor fields (4)

7 7 a a 7 7 a a
Ri'mt = Ri"kty Ro"ti = Ro“kts Rj'ke = Pj'ke, Ro"ke = Pp%ke,
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Ritca=Sj'ca, Ro"ca = Sp"cdr Rv'ap = Rilap = 0.

The Ricci tensor field of D has the components Rz = Ra555, given by
h 2 h
Rij = Riyj=Ri"jn, Ria=—Pja=—F;"ha,
1
Rai = Pu= abiba Rab = Sab = Sacbc

and the scalar curvature is R = Q“'@Raﬁ =R+S, R=gYR;;, S = h Sy, where
G°P is the inverse of the matrix associated to the metric

(5) G = gijda’ @ da? 4 hapdy® @ 6y’ = Gapdt® @ 5€°.

Then the Einstein equations on £ are ([11])
1
(6) Raﬂ - §Rga6 = K/,z:lﬁ7

where k is the gravitational constant and 7,3 are the components of the energy-
momentum tensor field in the adapted basis {X,}.
I. Let L be a Lagrangian g.s.f. depending functionally on

® € {I9,,Gup, N} = F,

and let £ = L(det(G))'/? be the associated density. Then the variational problem

6/[,dxdy =0

provides the Euler-Lagrange equations

The general case was developed in [4, 6, 7], where the explicit form of the Einstein -
Yang Mills (E.Y.M.) equations were obtained, and they were shown to have a gauge
covariant character. We remark that if the g.c.d. DI'(N) and N depend only on G,
and £ depends on the family of gauge fields F, then the associated E.Y.M. equations
become

oL
T
We shall exemplify this case in the following paragraph.
II. The geodesics of the fibration £ can be defined considering the variational
problem

dx dy
oL L ar =
) Lo (o G5 ) e =0

0, ®er.
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for the Lagrangian L given by the length of a smooth curve in E parametrized by
t,C = (2'(t),y*(t)). Denoting the h- and v-velocities by
dax? _dy® da?

Al =i = 2 ga N©
ST ar g

then the Euler-Lagrange equations associated to L with respect to {z%,y} yield the
gauge covariant equations of stationary curves. Their explicit expressions, for £ and
GL"™ will be presented in §3.

2 The generalized Einstein-Yang Mills equations for
the space GL" = (M, gij(z,y) = e27@¥);;(x))

Let M™ = (M, g;;(x,y)) be a generalized Lagrange space (GLS) endowed with the
nonlinear connection N and a linear connection I'(V) = (L;k,C{}CL ([15, 11, 14]).

For & = (TM,p, M) and hg = éééggij, the normal lift of T'(N) to & produces the
d-connection DI'(N) having

(9) Liy = 070 Ly,  Cja = 0,05Cc,.
Let {v;j(x)} be a Riemannian metric tensor field on M, with 7}1@ and r;%; given by

i = 00V T VY ik = 97 Otk gy — Onvik) /2,

having the Ricci tensor field r;;, and the scalar curvature r; let also the non-linear
connection be given by N{* = 7g;, where the null index denotes contraction by y. Let
the metric tensor field be defined on T'M by

g(z,y) = 2@y (),

where o € F(T'M) is continuous on TM and C2- differentiable on TM = T'M \ {0}.
This metric was studied in [14], and provides a nontrivial example of GLS, non-
reducible in general to a Lagrange or Finsler space, and still obeying the Ehlers-
Pirani-Schild (E.P.S.) postulates.

Assuming further that o and ~;;(x) are g.s.f. and g.t.f., respectively, we can state
Proposition 1. The canonical metrical connection I'(N) for GL™ ([14, 12]) provides
via (9) a gauge linear d-connection DT'(N); it has the coefficients

Ly =7+ Mo, Chy =08"1i61 — k05,

where
A;’k = 51{]'O';€} - ’yjk’yw()'s, O = 5k0', é’k = akO'.

Proposition 2. a) The torsions of the metrical canonical d-connection DI'(N) are
the g.t.f. given by

{P = — ARy, Ry =0aNg) =10k, Ciy, Tl = Siyp = 0}
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b) The curvature tensor fields of DT'(N) are the g.t.f. given by

Ry = 7%k + 0% (00 — Y k0 st + Ve o™ ki,
1 1 . 1 1 3 .
Pbakc = (Sgabc - 5§Ukb - 7% (’kaa-sc - /Vbco'ks) + lyaévcko—(sa—bﬁ
Svea = 0%(cOba) — V"V (cTsd)>

where we use the notations

1 =
Ost = Oyl + o501 — 575107
1 . 1 M
Og1 = Og |l ‘0501 — 578l07
) .. 1 v
051 = Og |l ‘o501 — 573“7
and
H M . v . .
g = Uk(fk7 O'ZO'kO'k, GZJkUk,
s 3 s
Uk\l = 5[0]67[/“0'5, [ |l: Glak—Cklas.

¢) The following Lagrangian functions are g.s.f. :

Ly = Rka[Rkal, Lo = Cjiacjia =(3n— 2)56_207
(10)  Ls P,"wPP* = (3n — 2)0e 2,
Ly R = [7’ —2(n— 1)'yija,;j + 2Tscysdc] e %,
5
Ls S=2(1-n)"é;e, Ly=Y niLi, n€R, L=Lo+A,
i=1

where Aisag.s.f. on TM, R and S are the horizontal and vertical scalar curvatures
of DT'(N) respectively, and the raising/lowering of the indices is performed using the
metric g.t.f. ([2, 6]).

The proof is computational ([12]). We remark that the Lagrangians considered
above depend essentially on the gauge fields

® € {ij(2), o(z,y)}

and their derivatives. From relation (6) we can infer the following result.
Theorem 1 ([11]). The Einstein equations of the space GL™ are given by

1 H 1 v
Rij — §gij(R + S) = KT%j, Sij - §gij(s + R) = KTy,

where jliij and Iv“ij are the h- and v-components of the energy-momentum g.t.f., and
R;;,S;; are the h- and v-Ricci g.t.f. of DI'(N).
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Applying the variational Hilbert-Palatini method to the Lagrangian density £ =
GL, where G = | det(g;;)|, we obtain the following

Theorem 2. If L is a Lagrangian of the form (10), then the following generalized
Einstein - Yang Mills equations for L = GL take place

1 1 1 2
Rij — ng:j(RJr S) = KTij, Sij — igij(S‘f’R) = KTj

where

b= ant g [y (2L DY pu0Fes 1 0L
iy — gzj fY’Lag‘]b G k 6Bkn.b 87{11) 2 a’}/ab ’
2 1 I(L*G) OSrs 1 oL
- i'L* — Yialib | = _ s -
TZJ g 7 Y gjb |:Gak ( aBk;ab ) a"yab 2 afYab:l

L'=L—-R,L"=L~-S, L*=(L+L"+ L")/2 and Byap = OxYap-
Corollary 1. For L = R, the first E.Y.M. set of equations described above have
the equivalent expressions

1
Tij — 5%‘;’ =Tij,
where
{ tij = wij +vijlu+ (1 —n)v"6ps), u=(1—n)y 0ps + 10c0°,
Uij =" Vi (0 — VisO U0V g + (0= Doy, iy = 13"
1
Proposition 3. The E.Y.M. equations for the Lagrangian L = Lg = P/[2(1 —n)]
with respect to v;;(x) are given by
1 M
Pap = Tab,

where

M

1
Tab = Pgab — Yia9jb

1
oP
1 OLG rs 1 1 A
-0, = =7 ’ = i'”a i':PiS's~
G k <(‘)Bkm> 8’}/ij P P]g PJ J
Theorem 3. a) The E.Y.M equations for the Lagrangian
L= TL1L1 + n2L2 + TZ3L3

with respect to vy;; have the form

5£ o l 8.[/1 _ Im aLl . lmV _ .l-m
—&Wm =ny {Gak <GaBklm> <7 L+ &nm)} +n2(3n — 2)u(v'""o —6'6e™)+

2 s 80—5 1 .m s 80-5 ImH .
+n3(3n2){G8k <;w aBklm>+u<aa o 8%m> g 0}0,

20

where = e~
b) The generalized Einstein-Yang Mills equation for the Lagrangian L (10) corre-
sponding to o is given by % = 0.
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3 Stationary curves in the fibered Finslerian ap-
proach

Applying the gauge variational principle for the classical Lagrangian
(11) L = (Gap(,y)V* V)12,

where {V*} = {A%, A%}, we can infer the subsequent result.
Theorem 4. The equations of geodesics for the Lagrangian (11) are

DA' . DA®
12 = g = a = 1 = 1
( ) dt ’ dt ? ? 7n7 a 7m?
where
DA' _dA* .y DA® _ dA®
= g TLnAAR L G AT e = e L APAR 4 G AP A

and the occuring h- and v-forces have the expressions
A , , 1 o
B = [AJAkgll(gmk- = 59kt + Tige) = AP A7 g™ (gij |b +Prjp — Rijp) | +

1 .. ) ~dinL
AbAc 249k, . — Pt . At
+ (29 belj b ) + dt

1 )
P = —A"Acpd (hdc b _§hbc la +Sdbc> — AP AT R (hayy; + Pjay) +

. 1 dinL
+ATARR A ( Zgip |4 +Pjra ) + A ——.
2 dt
The same procedure, applied for the Lagrangian L considered by G.S.Asanov in the

fibered Finslerian ansatz, is given by (]2, 3])
(13) L= QLH + 6LU7 avﬂ € R7

where o
LH = (gij($7y)AzA])1/2v LV = (hab(xay)AaAb)l/Qv

and provides the following result.
Theorem 5. ([4, 6]) The equations of geodesics for the gauge connection DT'(N)
and G.S.Asanov’s Lagrangian (13) and (12), provide the expressions of the forces are

_ dInL ok 1 g
= {AZdtH — AT ARG (g — 95000 + Tign) — A" AT g™ (g |y +P’”b)} '
Ly [1 . i '
ng‘j |:2AbAcg”hbcj — APAIRY,; — AbACPZbc:| ;
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dinL 1 .
F= At Vo AP AR (B |, ~5hve la +Sne) - AP AT by + Piap) | +
OLLV i 1 ki1ad 1
SV AT ARR Y ( Zg 1 +Pika ) -
+ﬁLH <2ng la +Pjra

Remark. The equations (12) represent the horizontal and the vertical part of the
equations of geodesics, respectively; F* and F'* are forces produced by the geometry
of the fibre. The proof of the theorem is computational. For the particular case
considered in §2, these forces get simpler expressions, as follows

Proposition 4. The forces which occur in the equations of geodesics ([12]) for
the canonical connection I'(IV) described in Proposition 1 are given by

Fi= Aldiele — ATARP ;) 4 BLn (AP ACAT,, — AP AT gProy;),

Fao — Ao dlgtLU _ AbAjgadAjdb .

Conclusions. Using the gauge variational principle, the generalized Einstein-
Yang Mills equations (7) for a vector bundle endowed with a (h,v)-metric g.t.f., a
nonlinear gauge connection N and a g.c.d. DI'(N), are infered. In particular, in §2,
for the canonical connection on a generalized Lagrange space we derive the explicit
form of the generalized Einstein equations. Also, in §3, using the same principle,
the equations of stationary curves are obtained for the classical and for G.S.Asanov’s
extended approach.
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