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Abstract

Using the symmetry properties of S3, which is the manifold of SU(2), we de-
velope the SO(3, 1)×SU(N) gauge - covariant formulation of the spin 3/2 field,
in S3 × R spacetime. The explicit form of the SU(N) gauge - invariant Rarita
- Schwinger Lagrangian density, as well as the corresponding field equation are
derived, pointing out additional terms, due to the gravitational spin effects and
to the choice of the pseudo - orthonormal basis.
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1 INTRODUCTION

The S3 × R spacetime has always been of great interest for Friedman - Robertson -
Walker cosmological models. The analysis of both statical and dynamical S3×R Uni-
verse has an important contribution in generalizing the Standard Cosmological Model
based on the conformal - flat Robertson - Walker metric. The maximal symmetry of
S3 and its compactness offer the possibility of using group theory techniques in for-
mulating gauge theories, enlarging the Minkowskian background case. Preserving the
temporal dimension flat allows us to work out the quantization of the complex scalar
field on Σ3 ×R manifolds. M. Carmeli and S. Malin have developed field theories on
S3 × R topology, exploiting the high symmetry of S3 spacelike hypersurface, whose
Lie algebra is SU(2) × SU(2). They derived the Klein - Gordon, Weyl and Dirac -
type equations, by simply going from the momentum representation to the angular
momentum one [1-3]. In our work, we are using a modified method, in order to obtain
the Rarita - Schwinger equation on S3 ×R spacetime. Our results generalize those of
D. Sen, who provides an excellent formulation of fermionic fields, in R × S3 [7].
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The goal of our works is to develope gauge field theories on S3 × R spacetime,
in order to obtain a good description of physical processes in S3 × R Universe, by
considering, in a gauge framework, the matter sources [4, 5, 6, 8]. The complete set
of the Dirac - Klein - Gordon - Maxwell - Yang - Mills equations, generalizing those
of the unified electroweak theory, are presented in [5].

2 REVIEW OF S3 × R GEOMETRY

We shall use the same parametrization for the S3 sphere with the unit radius, as in
our previous works [4, 5, 8], namely:

x1 = cos α cos θ ;
x2 = sinα cos θ ;

x3 = cos β sin θ ; 0 ≤ θ ≤ π

2
; 0 ≤ α, β ≤ 2π ;

x4 = sin β sin θ . (1)

with the corresponding metric

dσ2 = cos2 θ(dα)2 + sin2 θ(dβ)2 + (dθ)2. (2)

Exploiting the maximal symmetry of S3, which is the manifold of SU(2), we define
the right - handed triad

L1 = cos(α + β)
(

tan θ
∂

∂α
− cot θ

∂

∂β

)
− sin(α + β)

∂

∂θ
,

L2 = sin(α + β)
(

tan θ
∂

∂α
− cot θ

∂

∂β

)
+ cos(α + β)

∂

∂θ
,

L3 = −
(

∂

∂α
+

∂

∂β

)
, (3)

satisfying the commutation relations of the angular momentum operators:

[Li, Lj ] = 2 ε k
ij Lk , i, j, k = 1, 2, 3. (4)

By adding L4 = ∂
∂t , we introduce the pseudo - orthonormal tetradic frame

{Lα} = {Li, L4 = ∂t} , α = 1, 4 , (5)

whose Lie algebra is

[Lµ, Lν ] = −2 εα
µν4Lα = Cα

µνLα , with ε1234 = −1, (6)

that means the SU(2)×T algebra (T being the time translations group). This allows
the use of the group theory techniques in describing field theories on S3×R manifold.
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In these assumptions, the metric has only diagonal constant terms [4]

g11 = g22 = g33 = −g44 = 1. (7)

The Levi - Civita coefficients are given by [5]

Γαµν = εαµν4 (8)

and the spin - connection 1-forms read:

wij = −εijkωk ,

wµν = εµνα4ω
α, with

wi4 = 0 , (9)

where ωµ is the dual basis:

ω1 = cos(α + β) sin(2θ)(dα − dβ) − sin(α + β)dθ ,

ω2 = sin(α + β) sin(2θ)(dα − dβ) + cos(α + β)dθ ,

ω3 = − (cos2 θdα + sin2 θdβ) . (10)

3 YANG - MILLS LAGRANGIAN

We consider G as some simple Lie group, with the associated Lie algebra

[Ta, Tb] = i fc
ab Tc , a, b, c = 1, n (11)

and we put the Yang - Mills theory in the SO(3, 1) - gauge framework. So, the G
gauge - tensor is [8]

F a
µν = LµAa

ν − LνAa
µ + g fa

bcA
b
µAc

ν + 2 εαµν4A
αa =

= F̃ a
µν + 2 εαµν4A

αa, (12)

where the last term comes from the non - commutativity of {Li}i=1,3.
Hence, the Yang - Mills Lagrangian becomes

LY M = − 1
4
F a

µνFµν
a = − 1

4

(
F̃ a

µν + 2 εαµν4A
aα

)(
F̃µν

a + 2 εβµν4Aaβ

)
=

= L̃Y M − εαµν4F̃
µν
a Aaα − 2

(
Aa

αAα
a − Aα

4 A4
α

)
,

(13)

pointing out some additional terms, namely

− εαµν4F̃
µν
a Aaα − 2

(
Aa

αAα
a − Aα

4 A4
α

)
,

absent in the usual Minkowskian case, described by L̃Y M .
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4 RARITA-SCHWINGER-TYPE EQUATION

In flat space, spin 3
2 field is described by the Lagrangian density

L̃RS =
1
2

εηρµνψ̄ηγ5γρ∂µψν (14)

In curved space, its coupling to gravity can be written using the idea introduced
by M. Carmeli in [1], namely to go from the momentum representation to the angular
momentum one. In addition, we shall introduce also the gravitational spin effects, by
replacing the usual derivatives ∂µ, not by {Lµ} as in [1], but by the operator

Jµ = Lµ + Sµ , (15)

where {Lµ}µ=1,4 are given by (5) and {Sµ}µ=1,4 are the spin operators

Sµ =
i

2
εµαβ4Σαβ ; Σαβ =

i

4
[
γα, γβ

]
, (16)

{γµ} being the usual Dirac matrices.
In these assumptions, the SU(N) gauge - invariant Rarita - Schwinger Lagrangian

density on S3 × R spacetime takes the form

LRS =
1
2

εηρµνψ̄ηγ5γρDµψν − 1
4
F a

µνFµν
a . (17)

Here, the gauge - covariant derivative

Dµψν = ∇µψν + ig Bµψν , (18)

where
Bµ = Aa

µ Ta , a = 1, n , (19)

contains the Levi - Civita covariant derivative written in the form:

∇µψν = Jµψν + ψρΓνρµ . (20)

Using in (18) the expressions (20), (16) and (8), we obtain the explicit form of the
Lagrangian density (17) as:

LRS =
1
2
εηρµνψηγ5γρ

[
Lµψν + ενσµ4ψ

σ − 1
4
εµαβ4γ

αγβψν

]
+

+ igεηρµνψηγ5γρψνBµ − 1
4
F a

µνFµν
a . (21)

Starting from (21), we can derive now the SO(3, 1)×G gauge - covariant form of
the Rarita - Schwinger equation on S3 × R manifold as being:

εηρµνγ5γρ(Lµ + igBµ)ψν − 7
2
γ5γ

µψµδη
4 +

3
2
γ5γ4ψ

η + (22)

+
3
2
γ5γ

ηψ4 +
1
2
γ5γ4γ

ηγµψµ = 0 .
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If someone applies mechanically Carmeli’s method, described in [1], and replaces
~∇ by ~L, he should obtain the following SU(N) gauge - covariant Rarita - Schwinger
- type equation

εηρµνγ5γρ(Lµ + igBµ)ψν = 0 , (23)

missing the additional term

T = −7
2
γ5γ

µψµδη
4 +

3
2
γ5γ4ψ

η +
3
2
γ5γ

ηψ4 +
1
2
γ5γ4γ

ηγµψµ . (24)

This comes in the theory as a result of the following two expressions:

• the first one, namely

TS = −3
2
γ5γ

µψµδη
4 − 1

2
γ5γ4ψ

η +
3
2
γ5γ

ηψ4 +
1
2
γ5γ4γ

ηγµψµ , (25)

which in the case of the Dirac field becomes − (3/2)γ5γ4ψ, being absent in
Carmeli’s paper [3], expresses the spin effects;

• the second one, namely

TΓ = −2γ5γ
µψµδη

4 + 2γ5γ4ψ
η , (26)

expresses the gravitational effects.

For η = i, we have

εiρµνγ5γρ(Lµ + igBµ)ψν +
3
2
γ5γ4ψ

i +
3
2
γ5γ

iψ4 +
1
2
γ5γ4γ

iγµψµ = 0 (27)

and for η = 4, we obtain

ε4ijkγ5γi(Lj + igBj)ψk − 3γ5γ
iψi = 0 . (28)

These results can be now materialized in some important physical cases, like the
one corresponding to the gauge group G = SU(2)×U(1) on which is based the unified
electroweak theory.
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