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Abstract

The aim of this paper is to study the reductions of the extended and restricted
principal bundle associated with an almost complex vector subbundle. These prin-
cipal bundles are defined earlier for real vector bundles, where the authors studied
the induced geometrical objects. The results are similar as in the real case, where
the extended reduction is determinated by a Finsler splitting, while for the restricted
reduction, the Finsler splitting is not sufficient.
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Let £ = (E,m, M) be a real vector bundle, where E is the total space, 7 is the canonical
projection and M is the base. We use [1, 2] as general references on vector bundles. A
nonlinear connection on & is a left splitting C' of the canonical inclusion i : V€ — 7F (i.e.
Coi = idye), where TE = (TE,p, E) is the tangent bundle of E, V& = (VE,pjyg, E) =
ker 7, is the vertical bundle of £ and 7, is the differential map of .

We consider a vector subbundle £ = (E’, 71, M) of . According to [3], a &’'-F-splitting
of the inclusion I : £’ — &, is a left splitting of the canonical inclusion I’ = 77 [ : 77¢" — 73 &.
This definition is valid if we take open subfibred manifolds of ¢’ and £ instead of the vector
bundles ¢’ and ¢ (as an example the open subfibred manifolds &) and & of the non-null
vectors on & and & respectively).

In the sequel we suppose that an almost complex structure J is given on &, which induces
an almost complex structure J' on &. In this case we say that £ is an almost complex vector
subbundle. If open fibred submanifolds are considered instead of £ and &, we suppose that
they are invariant by J and J’ respectively. For example, & and &y, considered above, enjoy
this property.

We give the following example of an almost complex vector subbundle. On the vector
bundle 7M (which has the total space T M), every nonlinear connection C' defines canonically
an almost complex structure on the vector bundle 77°M. It is integrable iff it is weak flat
[1, 5]. Let M’ be a submanifold of M. It can be shown that every 7M’-F-splitting of the
inclusion 7M" C 7 M)y induces a nonlinear connection C” on 7M’, such that 7M’ is a total
geodesic manifold relating to the nonlinear connection C iff 7T'M’ is an almost complex
vector subbundle of 71" M7 ;..

In the general case, we consider local coordinates, adapted to the vector bundle struc-
tures, which are real on the base M and complex on the fibres of £ and & respectively:
(x¥) on M, (x%,2%) on E', (2%,2%,2%) on E, i = I,m, a = 1,k, u = k+ 1,n, where
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' € R, 2%,2* € C. The change law of the local coordinates is: 2% = z? (%), 2%

g2 (220 + g (@)=, 2 = g (a')s, where (g8') € GLK(C), (gt (+1)) € GLn 4(C)
and (g (2*)) € Myn—x(C) are complex matrices. Let {s,} _77 be a local base of I'(¢’)
and {sq},_77 U{tu}t,_z775, be a local base of I'(§). There are the following local bases:

{8a}o_1 Of T(€(€)), where m1¢' "2 ¢'(&"), and {50}, 17 U {fu}, 57 of T(€/(€)), where
mré et &' (€). The local expression of a &’-F-splitting S of the inclusion i is (z¢, 2%, Z%, Z%) —
(2%, 2%, Z% + S¥(2*, 2*) Z%), where Z%, Z* € C. On the fibres it has the matrice form ex-
pression: gu — ( 58 So ) . ( gu ) Since the splitting S is a morphism of vector

(0%

bundles, it follows that: ( 55: o ) . < Yo 97;, ) — (gg/) (68 S% ), therefore:

0 g

S’ 2)gy (a) = S8 (+) — g7 (@), (1)
Using the splitting S, we can consider the local sections %, = £, — S5, on I'(n), where
n = ker S, such that {s.},_ 77 U{tu},_ 5775 are local bases on I'(¢(£)), adapted as well to

[(¢'(€)) and T'(n). A straightforward calculus shows that £, = g% (z7)f,.

u

Proposition 1 Let & be an almost complex vector subbundle of the vector bundle &.

Then every &'-F-splitting of the inclusion i : & — & induces a reduction of &'(€) as
&€ @n. Conversely, every reduction of £'(£) as the Whitney sum &' (¢') @ n defines a &'-
F-splitting of the inclusion i. In the both cases n is a vector bundle isomorphic with &'(£"),

where " = ¢/ .

Let us consider the following subgroups of GL,,(C):

Go = ’3 g ;A€ GLL(C), Be GL,1(C), C € Mkm—k(c)} ;
(2)

Proposition 2 There is a canonical identification

Go/Hy = My, = {(8 o );PeMk,n_k(C)}, (3)

of the left classes Go/Hy, such that the left action, denoted as ®, of the group Go on My

. ) . E G 0o P E G 0 P
is expressed by the ad]unctwn(o F>®<O Ink)<0 F)(O Ink).
E G\
0 F , i.e.,
E G 0o P (0 (E-P+G)-F!
(0 F)®<O In_k>_(0 In s ' )

Another canonical identification of the left classes G/ Hy can be made with the elements
of the subgroup Gg1 C Gg, where

Gor = {< Ié“ Iik > :Pe Mk,n—k(c)}}v

A C I, C-B7!
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Let us consider the Lie subgroup G, ,, of GL(m+n, C) which consists of matrices which
Ai’ 0 i a
have the form < d B ) , (4%) € GL,(C), (By) € G.

In the sequel, we define the extended prolongation (or e-prolongation) of order r € IN*
of the group G, denoted by Gy, . The elements of G7, ,, have the form
At

Jij27 "

a=(A

J1?

LA s BBy, B ), (5)

J1J2:Jr?

where all the components in the parentheses are symmetric in the low indices ji, when
gk = L,m, (V)k = 1,7, and (4}) € GL,(C), (By) € G. For two elements which have
the form (5) the composition rule follows considering them as linear maps. More exactly,
for a = (A7 B) == ((Al(), AQ(-, -), RN 7Ar('; ey -), BQ(-), , Bl(-, -)7 ey Brfl(-7 EEREE) ))) and
b= (C,D), we have b-a = (A’, B'), where

Al (u1) = CrA1(w),

A’Q(ul,uQ) = ClAQ(Ul,Ug) + Cg(Al(ul), A1(u2)),

Ag(ul,UQ,Ug) = ClAg(Ul, ’U,Q,Ug) + CQ(AQ(Ul,UQ),Al(Ug))+

+C2(A1(ur), Az(uz, ug) + Co(Az(ur, us), Ar(uz)) + Cs(Ar(ur), A1 (uz), Ar(us)),

U) = DoBQ(’U)7 (6)
v, ul) = DyB; (1], ’LL1) + Dl(Bo(U), Al(ul)),

’U,Ul,UQ) = DoBQ(’l},Ul,UQ) + Dl(Bl(U7U1)7A1(U2))+

D1(Bo(v), Az(u1,u2)) + D1 (Bi(v, u2), A1 (w1)) + D2(Bo(v), Ai(u1), A1 (u2)),

It is easy to see that if H is a subgroup of G, then Hy, , is also a subgroup of Gy, .. We
can consider the principal bundle OG£(£)" on the base space E and the structural group
G1n - The structural functions of this bundle are:

@UU«u):(axl N — ) Mm), 7)

ot P 9zt ... Olr U Ogdr L Qpdr—1

where 7(u) = x, and { g% (x)} are the structural functions of the vertical bundle V¢, constant
on the fibres of ¢, which corresponds to an atlas on E of the form {U = 7~ 1(V), V C M}.

Proposition 3 There is a canonical identification Gy, .,/ Hp,y, , = Go/Ho and a surjective
morphism of Lie groups ¢ : Gy, ,, — Go, which is compatible, via the identification, with
the natural left actions: g - [a] = o(g) [¢(a)], g € Gipp» [a] € Ggm_yn/Hgmm.

Theorem 1 Let £ be an almost complex vector subbundle of the vector bundle & and r > 1.
The following properties hold:

1. Every &'-F-splitting of the inclusion i : £ — £ defines canonically a reduction of
the structural group Gy, . of the principal bundle OGo&'(§)" to Hp,, ,,, the reduced
principal bundle being OHp&' (§)".

2. Every reduction of the structural group Gy, , of the principal bundle OGo&' (€)™ to
Hg,, ., coincides with OHo&'(§)" and it is induced by a &'-F-splitting, as above.

If G is a subgroup of GL,(C), we denote by A(G) the subalgebra of M, (C), generated
by G. The algebra A(G) consists of C-linear combination of finite products of matrices from
G. If A,B € A(G), then [A,B] = A-B— B-A € A(G), thus A(G) is a Lie subalgebra of
M, (C). As an example, the matrice subgroups Gy and Hy, given by (2), have the following
matrice subalgebras:

A(Go) = {( ‘3 < ) LA € My(C), B € M, _#(C), C ¢ Mk,n_k(c:)}



REDUCTIONS ASSOCIATED WITH VECTOR SUBBUNDLES 59

and

A(Hy) = {( 6‘ e );AeMk(C), Be Mnk(C)}.

Let G € GL,(C) be a matrice subgroup.

We define the restricted prolongation (or r-prolongation) of order r € IN* of the group
G}, n, denoted by C_Vm’n, similarly for the e-prolongation, but asking additionally that the
matrices {ngl-ujp,l}a,beﬁ (considering the indices j fixed) belong to the algebra A(G).
More exactly, considering the element a = (A, B) = ((A1(+), 42(+,*), -.+, Ar(-5.. "), Bo(),
Bi(+s+), -+, Br—1(s -, ..., ))) as linear map, then, for every fixed v1,...,v, € C™, the map
C" 5 u — Bp(u,v1,...,v,) € C"is an endomorphism which belongs to A(G), using the
canonical base in C™. It is easy to see that the composition law of G:n,n defined by (6) is
well defined and defines on G:n,n a Lie group structure. In fact, C:”;n’n is a Lie subgroup of
the Lie group G7, ,,.

If the structural functions of the principal bundle OGE(E)", given by the formula (7)

belong to the group G‘mw they define a reduction of the structural group G7,, to the
subgroup C_lrmm. The reduced principal bundle is denoted as OG&(€)". The reduction is

possible when the structural functions (ggl) € Gy or (ggl) € Hy. Notice that in the

. o ) ox* orai’ o
general case, the relation (g% (x)) € G does not imply that (%, o g Ja e
67“719&/ B
2 ) € G, ,, since for any fixed ji, ..., j, , it does not follow automatically that

, rgy
the matrice M) B belongs to A(G).
a,a’€l,n

In order to study the reductions of the group GSm,n of the principal bundle OGy&'(€)"
to the group Hg,, ,,, we need a simple form of Gf,,, ,,/Hg,, .- In proposition 3 we proved
that there is a canonical isomorphism Gg,, ,,/Hg,, , = Go/Ho, which allowed to prove in
theorem 1 the equivalence between the reductions of the structural group Gf,,, of the
principal bundle OGu&'(§)" to the subgroup Hg, ,, and the ¢'-F-splitting of the inclusion
i:& — £ Tt can be proved that in the case of the r-prolongations there is no equivalence
between G§,, ,,/Hg,,.,, and Go/Hy, which allows to conclude that the reductions of the
structural group G, ,, of the principal bundle OGo&’(§)" to the subgroup Hp,, ,, are not
equivalent with ¢’-F-splittings. We state the result in the case r = 2, the general situation
being analogous, but the proof is more complicated.

Theorem 2 There is a canonical identification of the left classes Gomn/ Hom.n with the
subgroup G, , C G%mm of the elements which have the form:

I, B 0 B
(e (525 ) (0 5))

Notice that the proofs of the propositions and theorems are similary with those of [4],
with the corresponding adjustements. The complex case considered in this paper gives new
results, essentially different from the real case considered in [4].
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