FINSLER CONNECTION IN THE HIGHER
ORDER GEOMETRY

Joan Bucataru

Abstract

The first part of this work is a natural extension of a recent paper by
M.Anastasiei ([1]). In §1 the Finsler connections are defined by local com-
ponents. In §2 a Finsler connection appears as a pair (N,V), where N is a
nonlinear connection on the jet bundle of order k, Osc*M and V is a linear
connection in the pull-back bundle of the tangent bundle by the projection map
7% : Osc*M — M. Next, the notion of linear connection of Cartan type is
generalized and two examples are given.
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1 Introduction

Let M be a real, smooth manifold of dimension n and (Osc* M, 7%, M) its k-osculator
bundle, k& € N* (the jets bundle of order k of the manifold M). Then Osc*M is a
real, smooth manifold of dimension n(k+1). We set E = Osc*M. For k = 1, Osc* M
can be identified, in a canonical way, with the tangent bundle T'M.

Let (2%) be the local coordinates in a local chart U C M. The local coordinates
on (7F)~1(U) € Osc®* M will be denoted by (%, 3y, ... y*)?),

For each u € E, let {32 |u, % |u,...,% |} be the natural basis of the
tangent spaces T, F.

As (7%), : (TE,75,E) — (TM,7,M) is a 7 morphism of vector bundles, its
results that its kernel is a vector subbundle of the bundle (T'E, g, E'). This will be
denoted by V1 E and will be called the vertical subbundle of the TE. The fibers of
V1E determine an integrable distribution V; : u € E — Vi(u) C T, E that has the
dimension kn, called vertical distribution.
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For each u € E we consider the linear mapping J, : T,F — T,FE defined in the
natural basis as follows:

(1.1) Ju Eax’

ay(m |u7--~»Ju(% ‘u) = % |u7

u

) =
and extended by linearity. The map J : TE — TFE is called k-tangent structure. Con-
sider Vi, = J¥(V1) and the map Vj, : u € E — Vj,(u) is an integrable, n-dimensional
distribution.

Let be (7%)*(TM) = {(u,X) € Osc*M x TM,7*(u) = 7(X)} and the map
(7rk)*(7') : (Wk)*(TM) —  Osc*M defined by (7%)*(7)(u,X) = wu. That is,
(&) (T M), (7%)*(7), Osc* M) is a vector bundle over E, called the pull-back bundle
of the tangent bundle (7'M, 7, M) by the map 7*. This vector bundle is isomorphic
with the vertical bundle (V4 E, 7g|v, g, E).

A section in this bundle is locally of the form

Ay k)i

; Ch
S:u= @) . yk) St y®)
U ('r) y ) ) y ) = (x7 ) 81']
with 77 the natural basis in Tor M. This will be called mk-vector field of TM
and W111 be identified to a d-vector field on E, which has the components (S?). The
F(E)-module of the 7¥-vector fields will be denoted by I'((7*)*(T'M)). There exists
a remarkable 7F-vector ﬁeld on TM: C :u+ (u,7¥(u)) and it can be identified to

the Liouville vector field 1" y(l)l e

k . .
Let be ]_—‘: y(l)lm + Qy( ) oy (k;)z?"'?F: y(l)lﬁ + -+ 2y(2)7‘% —+

ky (R ay(kﬂ The vector fields I‘ 1",~ ~,{'c‘ are called Liouville vector fields of the k-
osculator bundle.

A nonlinear connection in the k-osculator bundle is a subbundle NE, of the tan-
gent bundle of E such that the Whitney sum

(1.2) TE=NE&WE

holds. A nonlinear connection induces a regular distribution N on E of dimension
n, which is supplementary to the vertical distribution V;. For each u € E the map
7F Ny @ N(u) = TrryM = ((7*)*(TM)), is an isomorphism of linear spaces. It
inverse, which is denoted by (l3), will be called horizontal lift. Using the notation

% w= (lh)u(%) we obtain a basis for N(u). This is expressed in the natural basis

of the tangent space T, F as follows:

1) 0 ; 0 ; 0
(1.3) = gle= N (Wagyile = = N} (W) 57 -
Szt Oxt (1) Oy ) y(k)i
The functions (Nf o ,Nij ) are called the coefficients of the nonlinear connection N.

1) (k)
We use the following notations: 5y (a)f = JO‘(

). IENg =N, Ny = J(Ng), -+, Nj_y =
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J(Ny_2) we obtain the following decomposition in the Whitney sum:
(1.4) TE=NESNED---& N,_1EFBV,E.
For each u € F,

(1.5) d 9

{@“’ (Sy(l)"|u7’ 5y(k*1)1|u’ 8y(’“)1|U}

is a non-holonomic basis for 7, F that is adapted to the decomposition (1.4). The dual
basis of the basis (1.5) is expressed in the dual natural basis using a system of functions

(M7, ---, M?) which are called the dual coefficients of the nonlinear connection N.
(1) (k)
The Liouville vector fields are expressed in the adapted basis as follows:

1
)
I'= PASL Dy P
2
5 i 9
(1.6) T 2i by 22) W
k
= Z(I)Z <2>z -+ kz(k)z <k>w
where
20F = (17 25 = 9@ Mgty
(1.7) (k)i (k)i ’ ((11371)‘ i (1))
k2R = ey 4 (b — 1) M y=D7 o My (I

(€0) (k=1)

Let ((7%)*(TM))* the Whitney sum of the pull-back bundle on itself of k-times.
We call connection map on the k-osculator bundle ([2, 3]) a 7% epimorphism of vector

(1) (2) (k)
bundles K = (K, K,---, ) : TE — ((7*)*(TM))™®) that satisfies:

(k) (k—a)

KoJ*= K , Vae{l,2,..,k—1},

k)

K oJF =zF
In the paper [3] we have proved that every nonlinear connection N is the kernel of a
connection map.

Definition 1.1 A Finsler connection on the k-osculator bundle is a system FI' =

(N, FCFa=1 1,k), where N is a nonlinear connection on the k-osculator bundle,
()

the functions F7" are defined on every domain of local chart and which at a change

of coordinates are modified like as the coefficients of a linear connection on M and

Cj} are the local components of a d-tensor field of type (1,2).

(@)

To a Finsler connection FT' we associate a linear connection D on FE, which is
expressed in the adapted basis as follows:

_ m ) _rm_ 9
DMJ Szt F” Sz DL] Sy — Fij Sylerm>
1.8 _(m ) _m )
( ) Dgy(éﬁ)J CZ] 5z1n B Dgy(%)J 5y(°‘)77 —C” 5y(a)m .
(8) (8)
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The linear connection D is called N-linear connection. It preserves by parallelism
the distributions Ny, N1,..., Nx_1, Vi and the k-tangent structure J is parallel with
respect to it.
(@)
For a Finsler connection FT' we denote by D’ the h-tensor fields of deflection and
(o)
by d; the v,-tensor fields of deflection. These are given by:

(D) (k—1) (k)

- i ) i _ 0
(1.9) g, (@D (ak—1) (ark)
— At [ i 5 . P
D, I=dj gim+2 d; g+ +k 4 50

2 Finsler Connection on the k-osculator bundle.
Characterizations.
Theorem 2.1 There exists a one to one correspondence between the set of Finsler

connections FT' and the set of pairs (N, V), with N a nonlinear connection on E and
V a linear connection in the pull-back bundle (7*)*(TM).

Proof. If FT is specified by (N,F?,C" « = 1,k), we define V : x(E) x

ij o ~ig o
()
L((7%)*(TM)) — D((7*)*(TM)), by
o, 9 i 9
(2.1) Vit oo ~ et Vit o U oo

and we extend it by linearity. So, for a Finsler connection FT we have a pair (N, V).
Conversely, let (N, V) be a pair like in hypothesis. In the natural basis V takes
the form:
a9 Y a9 @9

X3 8 Y3
(2:2) N A L A e i L e

If we consider the system of functions (defined on every neighborhood coordinates):

.0 L k
By =5 = Dy Ny — - = T NP
1 (k)
oo ol k
Cli=Ty = Ty Np = =Ty, N7

(a) (1) (k—a)

by a direct calculation we obtain that FT' = (N, F, O,
(c)
connection on E. In the adapted basis the linear connection V is expressed as (2.1),
where F il and C’J?l are given by the previous formula. Concluding, the correspondence
()
FT' < (N, V) is one to one. O.

o = 1,k) is a Finsler



Finsler connection 19

Definition 2.1 A linear connection V in the pull-back bundle (7%)*(TM) is said to
be regular if the subspace H(u) = {X, € T, F,Vx,C = 0} of T, F is supplementary
to Vi(u) for every u € E.

Propozition 2.1 Every regular connection V in the pull-back bundle (7*)*(TM)
induces a nonlinear connection N on E.

Proof. As V is a regular connection we obtain a distribution H : v € E — H(u) =
{X, € T,E,Vx,C = 0} of dimension kn supplementary to the distribution V}, and so
T.E = H(u) ® Vi(u),Vu € E. We denote by v, the vertical projector induced by the
previous decomposition. For every u € E the map (I, )u : ((7%)*(TM))y — Vi(u)

defined by (l,)u(5%) = 700

» and extended by linearity is an isomorphism of

(k)
vector spaces. We denote by K,: Vi.(u) — ((7%)*(TM)), the inverse map of (,, ).
(k) (k)
and we extend it to Ty, FE by K,:=K, ovg. In this way we obtain a morphism of
(k) (k)
vector bundles with the base E, K: TE — (7%)*(TM) for which H = Ker K. Let

(k=1) (k) o kL (O . .
K =K oJ,--, K=K oJ* ', Themap K = (K, -, K) : TE — ((z*)*(TM))®*)

is a connection map. Its kernel is a nonlinear connection V.
Next, we give a characterization for the regular connections.

Theorem 2.2 There exists a one to one correspondence between the set of regular
connections V in the pull-back bundle and the set of Finsler connections FT' satisfying:

(1 @y (1k—1)
(x) Dl=dl=---=d =0
and
(1K)
(xx) det(d] ) #0.

Proof. Let V be a regular connection. According to the definition and the previous

proposition we obtain a kn-dimensional distribution H and a connection map K =
1) (k)

(K,..., K). Let N = KerK. For the pair (N, V) we have according to the Theorem

2.1. a Finsler connection FT'. We prove that for this the conditions (x) and (xx) hold.

For X,, € T, we have:

(0) (1) (1) ) (11) (k—1) ) (1k—1) (k) ) (1k) 5
(23)Vx,C = (X'D +(K X)' & +---+ (K X)' & K X)" d)5-|u

. (k) .
The condition H(u) C Ker K, assures that (x) is true and H(u) N Vi(u) = {0}
assures that (xx) hold.
Conversely, let FT' = (N, F[}',C},
(@)
and (xx). According to (2.3), the condition (*) implies that if X, € H, then X, €

a =1,k), be a Finsler connection satisfying (x)

(k) (k)
Ker K, and so H, C Ker K,. The condition (xx) assure that H(u) N Vi(u) = {0}

(k)
and so H, =K 4.
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Definition 2.2 Let N be a linear connection on E. An N-linear connection on E is
said to be of Cartan type if:

(@) —
(2.4) N(u)={X,€T,E,Dx, IT=0Va=1,k} Vu€cE.

Theorem 2.3 Let N be a nonlinear connection on E and D an N -linear connection.
Then D is a linear connection of Cartan type, if and only if

(@) (af)
v __ 7
(2.5) Di=0and det( d; ) #0.

Proof. Let X,, € T,FE. According to (1.9) we obtain the following formulae:

1 @@ ) (D ® (R
Dx, F:(Xng +(K X) dg +ot 4 (K X) dZ) s}

=

Ay (k)*

1
_4j 0
—AJ o lus

2 1 0@ q @Y

Dx, T=AJ W% lu +2(X'D! +(K X)' &} +---

(k) (2K) 1 2
+(K X)' dj) w w=A ﬂ lu +2 A7 5555 s

k—1

DX F AJ W ‘“ +2 AJ W |" + (k - 1) Al 5y(k§71)j |u

(0) (k) (1) ) (k1) (k) (kk)
+E(X'D] +(K X)' d] +---+ (K X)' d))

1 2
=AJ 2 A

=

Oy (k)l

+kA

)
5y(1)j |u Sy (2).7 |u ay(k)J |u .
o N .
The conditions Dx, I'=0, Va = 1,k are equivalent with the equations A7=0 Va =
k Vj =1,n and these are equivalent with:

(11)  (21) (k1)
&ooF . @
(0) @) (%) S ) A !
(2.6) X' (D] --- D))+ ((K X)" -~ (K X)") | . . =0.
(1k)  (2k) (kk)
& A e d
Let N be a nonlinear connection and D( g)e an (]\; linear conr(le)ction which satisfies
k
(2.3). We have that X € N ifand only if K X =K X =--- =K X = 0. Then (2.5)
(0 @ (@ (k)
becomes X* (D} D} ... DJ) =0 from where we obtain that the h-tensor fields of
(aB)

deflections are vanishing. If we assume that det( dé» ) = 0 then exists X,, € T, F with

(@) —
K, X, # 0such that (2.5) holds. So, we have X,, ¢ N(u) with Dx, 1a“ =0, Va=1k.
This means that N(u) C {X, € T,E, Dx, I'=0 Va= 1,k}. O
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3 Examples of linear connections of Cartan type.

Let (M, g) be a Riemann manifold, 7§k the local coefficients of the Levi-Civita con-
nection.

Theorem 3.1 There exists a unique nonlinear connection N on E such that FT' =
(N, Fj? =7t o 7", C1'=0) is a linear connection of Cartan type on E.
(@)

Proof. We prove that on every domain of local chart we can define a system of

functions (N;f, cee NJZ) which is uniquely determined by the conditions (2.5) of the
) (k)
Theorem 2.3. By a change of coordinates these functions will change according to the
rule which allows us to say that and these functions are the coefficients of a nonlinear
connection N on E. (In the k = 2 case these are determined by M. de Leon and
M.E. Vasquez-Abal in [4]). In the same time, we determine a system of functions
(Mj, ..., M) which will be called the dual coefficients of the nonlinear connection N.
(1) (k)
These coeflicients are as follows:
i E)y _ i m _ i 1 k
1) 4 1)
Let 2(?" defined by (1.7).
NI 2,y D, ey y®) = (52— NP 5850200 51 (2)220m,
(2) (1)
Also, we consider:
M}=N!+ Nj, M and 23 like as in (1.7).
@ @ O
Using the previous formulae we can define:
N_]l (xvy(l)v 7y(k)) = (%_ ij 8y(81)p - ij ﬁg)p)z(?)p + ’Y;Ln](x)z(g)m
(3) 1 (2
i __ N\t ) m 9 m 4)i

Let Mi=N; + N, M" + N;j, M and z()* defined by (1.7).

m
® 6 @ 0@
Next, in the same manner we obtain (N;f7 el N;f ), (M;, el M; yand 20 .. 2(F),
(4) (k=1) (@) (k=1)
Finally, with the previous functions we define
i o ) ) )
N} (Ly(l)’ “.7y(k)) = (55— N]’? ok NJP By~ NJP m)Z(k)p +
(k) 1 ) (k—1)
’V;Inj (x)z(k)m-
By a direct calculation we can verify that at a change of coordinates on E the system
of functions (N7, ..., N}) satisfies (4.9) from [6] and so these are the local coefficients
e (k)
of a nonlinear connection on E. The Finsler connection FT' given by this theorem is
of Cartan type because:
a) the h-tensors of deflections are vanishing (by the construction of the functions
A (@)
N; we have that D} are vanishing);
()
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(aB) (aB) (ac) (a)
b) det( d; ) # 0 (for « > 8 we have d; =0, dj =6; and so det( d; ) =1). O
Let F™ = (M, F) be a Finsler space and (N7, FJ}', C"') the Cartan connection of
the Finsler space F™ ([5, p.113]).

Theorem 3.2 There exists a unique nonlinear connection N on E such that FT' =
(N,F? := Fton},Clt= Clt o}, Cl= 0« > 2) is a linear connection of Cartan

1) (@)
type on E.

Proof. The proof follows the previous theorem line. Thus, on every domain of local

chart, we define the systems of functions (N},...,N}) and (Mj, ..., M}) which will
1) (k) 1 (k)
be the coefficients and the dual coefficients, respectively, of a nonlinear connection N.
From the vanishing of the first h-tensor of deflection we obtain N]7 (z,y D, ...,y*)) =
1)

N}(:c,y(l)) o k. To determine the next coefficients a method like in the previous
theorem is used. O
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