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Abstract

Using the theory of symmetry groups of differential equations (P.J.Olver
[15]) we determine the symmetry group of the minimal surfaces equation (1)
(presented in Theorem 2). Several group-invariant solutions of the equation are
given.
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Consider the surfaces which are given in nonparametric form, that is, as the graph
of a function u = f(z,y) on some domain D of R%2. The mean curvature H of the
surface is given by

Uzz(1+ ul) + uyy (1 + u2) — 2uguyug,y

H=
2(1+ u? +u2)?

The equation H = 0 is equivalent to the nonlinear second order partial differential
equation

(1) u,,(l+u3)+u,y(l+u3)—2u,u,u,, =4,

the so-called minimal surfaces equation.

The function u(®) : D — U(?) is called the second prolongation of the function u,
where U(?) = U x Uy x Uz = R® is the Cartesian product space, whose coordinates
represent the derivatives of function u of all orders from 0 to 2,

2 G .
‘u( ) — (u, ﬁx,‘Uy|us$1u3ylu99)'
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The total space D x U(2) whose coordinates represent the independent variables,
the dependent variable and the derivatives of the dependent variable up to order 2 is
called the second order jet space of the underlying space D x U. Let us consider

F(z,y, “(2)) = uzz(1 + “3) + uyy (1 + Ui) — 2usuyUgy.

Thus the equation (1) can be identified with the linear subvariety S in D x [/(2)
determined by the vanishing of the function F':

S= {(z:y: U(QJ) € D x U(z)lF(:‘ v, u(z)) — 0}.
The equation
F(z,y,u®) =0,

is said to be of mazimal rank if the Jacobian
Ir (2,1, u®) = (Fe, Fy Fui Fuyy Fuyi Fus Fusys Fuy),
satisfies the condition
(2) rank Jr =1 whenever F(z,y,u®)=0.
For equation (1), we have

F;=0, Fy=0, F, =0, Fy, = 2uzuy,, - 2uyugy,

Fu, = 2“y“r; — 21.1:“;3;, F = 1+ug, Fuxy = -21.!;-'!1.;;, F

Ury Uyy =1 + uz

and thus the Jacobian is
Jr(z,y,u?) = (0,0;0; 2u uy, — 2uyUzy, 2UuyUzs — 2UgUgy;

1+ u), —2uzuy, 1+ ud).

and it satisfies the condition (2).

On the other hand, a symmetry group of a PDE is a local group of transformations
G acting on an open set M of the space of independent and dependent variables, with
the property: if u = f(z,y) is a solution of the equation then v = g9 f(z,y) is a
solution for any g € G also. The computational procedure for finding the symmetry
group uses the following infinitesimal criterion of invariance.

Theorem 1. Let F(z,y,u®) = 0 be a differential equation of mazimal rank
defined over an open set M C D x U. If G is a local group of transformations acling
on M and

(3) pr(z)X[F(a:,y, um)] =0 whenever F(z,y, um) =,

for every infinitesimal generator X of G, then G is a symmetry group of the PDE.
Consider the vector field

() X = C(e 0, u) o + (e, ) g+ e, 4, 0)
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onMeDxU.
The first prolongation of X is the vector field
o} 0

My = e T I
(5) pr X+@ T + duy’
where

¢F = ¢ + (éu - <=)Uz = NaUy — Cuuf- = NulUzlUy

and

®¥ = ¢If = Cyus + (¢u - ’?y)"y — Cuuzuy — f}uug-
The second prolongation of X is the vector field

a 0 i}
6 DX = prX 4+ @*F — + &Y + &Y z
©) ’ o Uzg Ouzy Ouyy

where
F = oo+ (262 — (oo )tz — Nestty + (Suu — 2eu)ui-
- 2MzutgoUy — Cuutd — Nuutdty + (Gu = 2(z)Uzz — 2nsUzy—
= 3(ulUsUcss — NylUylUzz — 2Ny Uz Usy,
OV = oy + (uy — Cay)te + (Suz — Ney)uy = Cuy ¥z + (Suu = Cuz—
—  Nuy)ustty — Nuztd = (uzz + (Su — (= — Ny)Usy — Notlyy—
= Culylzz — 20ulUylUsy — 2y UsUsy — Tulslyy — Cuu Bty — NuulszUy,
YW = yy + (2duy — My )ty = Cyye + (Puu — 2Muy)ud — 2uyuzuy—
— Nuutly = Cuults Uy + (Su = 21y )uyy — 2y sy — INuUyUyy—
= Cuustyy — 2(uuylgy.
For equation (1) the condition (3) becomes
™ &% (2usuyy — 2uyuzy) + BY(2uyuzs — 2ustgy) + BF(1 + ul)-
~2u u, %Y + V(1 + u2) = 0.

Substituing the functions ®*, ®¥, ®** ®=¥ and d¥¥ defined by (5), and (6) and
eliminating any dependencies among the derivatives of the u’s caused by the equation
(1) itself, we find:

G2z + byy + (20zu = (o — Cyy )tz + (2duy — Nyy — Nez)uy + (dyy+
+uu — Azu)u2 + (b2e + Suu — 20yu)uy — 2(Jzy + Nou + Cyu)usty—
—(Cyy + Cun) S = M2z + Nuu)t + (202y — Coo — Cuu)usu) + (2ey—

—Nyy = Nuu) U2ty + 2(1y — Gu)tzs + 2(Cc — Su)yy — 2({y + N )usy + 2(Sy+
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+7?u)uyu:r::: + 2(Cu 5 ‘?5::)“::“3:;: a 2(¢y + nu)uzuzy - Q(Cu + é:)uyu::y =0.

Now we can equate the coefficients of the remaining unconstrained partial deriva-
tives of u to zero. This will result in a large number of PDEs for the coefficient
functions ¢, 7, and ¢ of the infinitesimal operator, called the defining equations for
the symmetry group of the given equation:

Pz + éyy =0, Czz + ny = 2¢’zu:
Nez + Nyy = zéyus ¢w + Puu = 2(zu,
G2z + Guu = 27?yu: ¢a:v + Nzu + Cyu =0,

(9) ny + (uu =0, Nez + Nuu = 0,
(oz + Cuu = 2’}'1‘3; Nyy + Nuu = 2(::9':
ny - ‘ﬁﬂ: éu = CS!
Cy = — 1z, by = =1,
¢= = _Cu .
By integration, we find the following solutions
((z,y,u) = Crz—-Csy+ Csu+Cy,
’?(-‘-‘:ya u) = C4z:+C7y—C5u+C3,
é(zsys u) = '—CG:B'I‘CSy"' C?t.l +C3:

with C1,...,C7 € R, and the vector field X is given by:

o] 8 Fi] F) F)
(10) X —015;+Cz-a;+033—u++04 (—y-a—z- +x§§)+

+Cs (—ua% * yz,%) + Cs (—x% + u%) + C7 (x% + y‘% % u%) :

Proposition 1. Let a partial differential equation of the mazimal rank defined by
over M C D x U. The set of all infinitesimal symmetries of the equation form a Lie
algebra of vector fields on M . Moreover, if this Lie algebra is finite-dimensional, the
symmetry group of the equation is a local Lie group of transformations acting on M.

We get the following

Theorem 2. The Lie algebra of infinitesimal symmetries of the minimal surfaces
equation is spanned by seven veclor fields:

i} i) 8
(11) Xl-—ar, Xz—@: X3=a—u1
0 0 8
Xy = ~Y5s + e Xs = -Ugg + Yaa
0 8
Xﬁ _-::6“ +‘I'.l-8—z-,
Xr=z—+ +u-‘-9-
=73 Ou’
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Since each one-parameter subgroup G; generated by X; is a symmetry group,
every solution u = f(z, y) is changed into the following solutions

u(l) = f(z — €, y)!

u? = f(z,y—¢),
u® = f(z,9) +e¢,
u®) = f(zcose — ysine, zsine + ycose),
zsine + u® cose = f(z cose — uPsine,y),
ysine + u® cose = f(z,ycose — u®sine),

ul®) = ¢f f(e ™z, e”"y),

where ¢ is a real number.

For each s-parameter subgroup H of the full symmetry group G of the equation
correspond a family of group-invariant solutions. Thus, a classification of these so-
lutions is by using an optimal system of group-invariant solutions from which every
other solution can be derived.

Proposition 2. If u = f(z,y) is an H-invariant solution to the equation and
9 € G is an any other group element, then the transformed function v = f(z,y) =
9 f(z,y) is a H-invariant solution, where H = gHg~! is the conjugate subgroup to
under g.

The problem of classifying group-invariant solutions reduces to the problem of
classifying subgroups of the full symmetry group G under conjugation and this is
equivalent with the classifying subalgebras of the Lie algebra g of the group G.

Thus, we compute the adjoint representation Ad G of the underlying Lie group
G, by using the Lie series :

Ad(ezp(eX)Y) = i E-n—:(adX)"(Y) =Y —¢[X,Y]+ -E;[X, XY

n=0

and we construct the table:

Ad . X, X3 X3 X4

X X, X2 X3 Xy —eXy

X3 X, X Xa Xy +eXy

X3 X, X2 X3 X4

Xy | Xycose+ Xzsine | X3cose — X sine X3 X4

Xs Xy X3cose+ Xaysine | Xgcose = Xysine | Xycose = Xgsine
Xe | Xqjcose— X3sine X3 Xscose+ Xysine | Xqcose+ Xgsine
Xz et X, e‘ Xy e*Xa X4
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Ad Xs Xg X7
X Xs Xe + X3 Xy —eX,
Xq Xy —eX3 Xs X7 —eXo
X3 Xs + X, Xe — X4 Xr—eXs
Xy | Xscose + Xgsine | Xgcose — Xgsine X7
X Xs Xgcose+ Xysine X7
Xe | Xscose — Xysine Xe Xq
Xq X Xs Xq

with the (i, j)-th entry indicating Ad(ezp(eX;))X;.

For one-dimensional subalgebras, this classification problem is esentially the same
as the problem of classifying the orbits of the adjoint representation, since each one-
dimensional subalgebra is determined by a nonzero vector in g. The method consists
in taking a general element X and subjecting it to various adjoint transformations so
as to "simplify” it as much as possible. ‘

_ Forequation (1) we find an optimal system of one-dimensional subalgebras spanned
by

(12.1) X1, X2, Xu,
(12.2) X4, X5, X,
(12.3) X3+ X4y X1+ X5, X2+ Xo,
(12.4) Xa+ X7, Xs+ X7, Xe+ Xz

For each one-parameter subgroup there will be a coresponding class of group-
invariant solutions which determined from a reduced ODE, whose form depends on
the particular subgroup.

(12.1) If we consider X7 = z& + y;% + u then the global invariants of this
group are Cy = £, C, = £. Thus, we have u = zh(¥).
By substituting in the equation (1) we get

(13) u=az+by, a,b€R.

Also for X, and X5 we find planes.
(12.2) If we consider X; = —y£& + ::;% then the global invariants are C; =

V2 +y?, C2 = u,so that a group-invariant solution has the form u = h(y/z2 + y?).

Consider
r=yzidpr, 0= arctg(%)

and by substitution in the equation (1) rewritten in these coordinates

1 1 2 1 2
Upr (1 % r—._,u%) + r_3u”(1 + u?) - —Urtetrs + — Uy (1 +u? + ;-2-113) =1,
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the following equation A" = — "r-:- - -’-‘; hold good.

1. For A’ = 0 it follows u = k and the minimal surface is a plane.

2. For h' # 0 it results the Bernoulli equation ¢’ = —1g — 143, g = A’ with the
general solution g = 7:,‘?-_—‘,, a > 0 and we find h = aln(r + Vr = a’) + b. So, the

minimal surface is the catenoid

(14) u=aln(r+Vr?-a?)+b, a>0,bER

the only minimal surface of rotation (Theorem Meusnier [7]).
For X5 we find also the catenoid (with y-axis of rotation):

(15) u = y/a? cosh? (-z-+b)—y’, 1 a,b€ER".

For X, we find the catenoid with the z-axis of rotation.
(12.3) Consider

d o 0
X=X3+X4=—y3;+3-3—!"+%.

The global invariants of this group are Cy; = \/z2+y?, C; = u — arctg. Thus
u = 0 + h(r). By substituting in the equation (1) we get

h" (1+r—1-._,) 4 éh’ (1+h"+;25) = 0.
1. If A’ = 0 it follows

(16) u=uctg%+a, a€ER

and we find the helicoid.
2. Suppose h’ # 0 and denote h’ = £. We get the differential equation g’(r? +1) +

£(g? + 1) = 0, with the general solution g = |/r—"7¥—y; a > 1, and

- -
h(r) = bIn(v/r? + 14 \/r? - b?) +arctg(i% .';—2—.%_) —blnV/r2+ b2 +¢,

where b = 7;!_—1, ¢ € R. In this case, we obtain the Scherk’s second surface
(17) u = arctgf + h(r)
which is a helicoidal surface ([6], p.144).
(12.4) Consider
0 9 9
X= =(z—-y)=— -_— _—,
Xa+X7=(z y)az +(z+y)ay+uau
We find the global invariants C) = § — Inr, C; = ¥.Thus, we haveu = rh(¢ — Inr).
By substituting in the equation (1), the following differential equation
h'2+h?)+h-20-h®+(h=h)> =0
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hold good. In this case, the finding of the solution is more difficult and it is going
to be carefully studied in the future. We are also going to study the classification
of the s-subalgebra, for s > 1. Using this theory we must obtain all the solutions of
equation (1).
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