ON THE LAGRANGE SPACES WITH
(v, B-METRICS

C. Cretu

Abstract

One considers a Lagrange space with the fundamental function (1.1) and
one determines the fundamental tensor field, canonical nonlinear connection
and canonical metrical linear N-connection.

1. Introduction

Let M be a real, n-dimensional C*° manifold and 7 : TM — M its tangent bundle.
We shall consider, together with a Finsler space F" = (M, F(z,y)), a covector field
A;(z) defined on M, or on open set of M, and ”the electromagnetic” 1-form f(z,y) =
A;(x)yt. So, we can define the real function on TM:

(11) L(z,y) = &*(z,y) + aB(z,y) + b3>(z,y), V(x,y) € TM,

where a(x,y) = F(x,y).

This function is C*-differentiable on TM = TM — {O} and continuous on the
null section O : M — TM. Obviously L(x,y) is not homogeneous with respect to
(y'). We prove that L(z,y) is a regular Lagrangian and that L™ = (M, L(x,y)) is a
Lagrange space [2]. We study the Lagrange space L™ with the fundamental function
(1.1) and determine the fundamental tensor field, canonical nonlinear connection and
canonical metrical linear N-connection.

2. The Lagrange space L" = (M, L)

According to (1.1) the fundamental tensor field of the Lagrange space L", g;; =
1 9%°L

iw, is given by
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Proposition 2.1 The fundamental tensor field of the Lagrange space L™ = (M, L)

18:
(2.1) gi(x,y) = 7ij (2, y) + bAi(2) A (),
2 2
where v;; = = =——— 15 the fundamental tensor field of the Finsler space F™.
2 Jy*oyJ

In order to deduce that g;;, from (2.1), is nonsingular we distinguish two cases:
b > 0 and b < 0. In this respect we reproduce the following Lemmas from the paper

2].

Lemma 2.2 Let || A;;|, (4,7 = 1,...,n) a real nonsingular matriz, having ||A”H_1
||A” ||. Then the matriz || B;j|| with the elements B;j = A;j+c;cj, such that 14+¢* # 0,
2 = AYc¢cj, is nonsingular. Its determinant is det||Bi;|| = (1 + ¢®)det||Aj|| and

|Bij||~! has the elements B¥ = chcj, (¢t = AYcy).

Lemma 2.3 If | A, (i, = 1,...,n) is a real nonsingular matriz, having A% as

elements of its inverse and d;, (i = 1,...,n) are real numbers for which 1 — d* # 0,
d* = AYdd;, then the matriz with the elements B;; = A;; — did;j is nonsingular. It
has the determinant det|B;;|| = (1 — d?)det||A;j|| and its inverse has the elements

B = AU +
1
Applying these Lemmas we obtain:
Theorem 2.1 1° The d-tensor field gij has the following properties:

1 Qi i ij
dedJ,d = A"d;.

Ifb>0, then det|gi;| = (1+ c*)det|;l,
where ¢? = by (z,y) A;(z)A;(z).

Ifb<0, then det|gi;| = (1 — d?)det|vi;],
where &2 = by (2, 3) As () A; (z).

(2.2)

20 The contravariant tensor of (gi;) is as follows:

If b>0, then g"(x,y) =7 (2,y) — = A'(z,y) A (2, y),
where A (z,y) = Vby" (z,y) A, (x).

Ifb<0, then g"(x,y) =" (z,y) + =g A'(z,y) A (2,y),
where A'(z,y) = V=bv" (z,y)A; (z).

Now, we can state:

Theorem 2.2 The pair L™ = (M, L(x,y)), where L(z,y) is given by (1.1), is a
Lagrange space.

Remark. The classical case is obtained when ~;;(x,y) = 7v;;(z) , (Lorentz metric).

The space L" is called the Lagrange space of generalized electrodynamics and F™
the associated Finsler space to L™.

(2.3)

3. Variational problem

Let ¢ : [0,1] — M be a smooth curve in M expressed in a local chart (U, ¢) on the
base manifold M by z¢ = 2%(t),t € [0,1],Im ¢ C U. The length of ¢ in the Lagrange
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space L™ is

1
(3.1) I(c) = / L(z, )dt.
0
The variational problem concerning I(c), leads to the Euler-Lagrange equation:

ooy { A1)~

i __ dxz'

dt
We denote the electromagnetic tensor field, determined by the covector field
Ai(x)vby
0A; 04,

and consider its mixed form
(3.4) Fj(x,y) =" (z,y)Fi;().

After usual calculation we get:
Theorem 3.1 The Euler-Lagrange equations in variational problem concerning
the functional (3.1) are given by

4zt 1 i
G +2(G(z,y) + H' (z,y) =0,

1 . .7 _
5 Fiy" + A'B), if b > 0, B =
VBp 1 e ddet o det b o 04,
2 T b4 ar ar 20+ a2+ ) T T Vo
0A, . dx® dz” , : 1 a+2b8 ,; 4 - _
— ,A=A"A; and H" == Ey A'B), if b d> #1
8m7‘) dt dt ’ an (:c,y) 2( 2 nY + ;) Zf < Oa 7£ ’
vV—b =~ 1 dx" dz® a+2b3 . dx b ~
B = F 4 T AR, — 4+ ——FA.
S TV 1T B S L TR TR TG W) S T T )
The equations (3.5) determine a spray defined only by the Lagrangian £ from
(1.1), so we can develop the geometry of the Lagrange space
L™ = (M, L) using this canonical spray only. We have then:

. P a+ 200
where G (z,y) - %’me v, H (Iay) = 9

Theorem 3.2 The canonical nonlinear connection of the Lagrange space L™ is
given by:

Ni=N; A, if b>0,
(3.6) W
N} =N, — 45, if b<0,

1)
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— 1 0 2b
where A;j= - —— a+ 250
o 2 Qy’
We can prove now:
Theorem 3.3 The linear N-connection on the Lagrange space L™ is:

li{a—i—?bﬁ
2 Oyd 2

Fiy" + A'B}, Al= Fiyh + A'B}.

1)

—m

(3.7) {N; =N; — Z;a L;‘k =Fj; + ijf?k) +Z;‘k, C;k =Cji + éz'k
(1) 1

(1)

in the case b > 0,

(3.8) {N; =N; — A}, Ll =Fy + ij%%n + Ay, Ch =Cjp, + Cy
(1) 1 (1)

. —i b ., 0(AjAL) O0(ArAn) 0(AjAg) APAP 5y
in the case b < 0, whereAjkzig ( (%Jvk v Q;h_ )72(14—62)(6;]6
5'Ykh _6’ij) i _ 9 m(a(A]Ah) 8(AkAh) _8(A]Ak)) At AP (§’th 5’}/kh B
5zi  oxh =k T 99 ozk Oz dzh 2(1—d?)" dak  dad
ik i 1 i 0V Ovkn Ovjk ; 1 i hOVhj

~ ik = — AA = — 0= o A'A

dzh ), (f)k 21+ ¢2) ( oyk + oyJ oyh ), Tf)k 2(1—d?) ( oyk +
Nikn 8’ij)

OyI oy’

Then the whole geometry of the Lagrange space L™ can be developed only on
the base of canonical linear connection given by Theorem 3.3. This connection is a
canonical one because it is determined only by the fundamental function (1.1) of the
Lagrange space L™ = (M, L).
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