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Abstract

The present paper deals with subgeodesically and geodesically related Rie-
mannian spaces. In the third section we study a subprojective transformation.
In the last section, using properties of conharmonic, concircular transformations
and tensors satisfying some pseudo-symmetry conditions we study subgeodesi-
cally related manifolds.
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1 Introduction

Let V, = (M,g) be a Riemannian manifold. It is said to be pseudo-symmetric
((6]) if
(1.1) at every point of M the tensors R- R and Q(g, R) are linearly dependent.

It is clear that any semi-symmetric manifold R- R = 0 ([18]) is pseudo-symmetric.
These notions arose during the study of totally umbilical subma-nifolds of semi-
symmetric manifolds ([1]) as well as during the consideration of geodesic mappings
(13, [7]. (8)).

In this paper we shall continue the study in this direction, considering subgeodesic
mappings ([13], [16]) which are a generalization of the geodesic ma-ppings. We de-
termine some properties of £'-subgeodesically related spaces, the tensor of correspon-
dence being —g, with conharmonically semi-symmetric spaces or pseudo-symmetric
spaces. We study also the Weyl conformal curvature tensor produced by some sub-
projective transformations.
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2 Preliminaries

Let (M, g) be a Riemannian manifold, covered by a system of coordinates nei-
bourhoods. We denote by g;;, Rijxi1, Rij and K the components of the Riemannian
metric, the Riemannian curvature tensor, the Ricci tensor and the scalar curvature,
respectively. We define the tensors R(1), R- R and Q(g, R) by the formulae

K
(2.1) E(l)eju = H(T_'-l—)'(gskgjh = gijgkh),

(2.2) (R R)hijkim = =Ry Raijk — Rij Rhsjk — Rl Rhist = Riym Rhijs,

Q(9, R)nijrt = gmn Riijk — ghi Rmijk + 9mi Ruje—
(2.3)
—=9it Ramjk + 9jmRiitk — 9j1Rhimk + gkm Raiji — ge1Rhijm,

where R}, = ¢*" Rrhim.
The condition (1.1) holdson U = {z € M | R # R(1) at x } if and only if

(*) R-R=LQ(y,R)

is satisfied on U, where L is a function.
We can also define the tensors R-g and Q(g, B), B being a symmetric tensor field
of type (0,2).

(2.4) (R - 9)jkri = Gjk,ir — Gjk,ris

(2.5) Q(9, B)jkri = 9ij Bkr — 9rj Bri — gxiBjr — 9k Bji,

where the comma denotes covariant differentiation with respect to the metric g.
A (0,4)-tensor field T on M is said to be a generalized curvature tensor if

(2.6) Lijrt + Tinj + Taje = 0,
(2.7) Tijui = =Tjir,
(2.8) Tijet = Thiij.

Further, we define the tensor T'- T' analogous with R - R and the Weyl conformal
curvature tensor W(T') associated to T" by the formula ([5])

1
(W(T))ijer = Tijue — =

(2.9)
—g1Tix) + & HI;’)((?_ ) (9:k951 — 9i19%;),

(9ixT51 — 9Tk — 956 Tu—
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where T}, = 0" Tohim, Tt = T}, and K (T) is the scalar curvature associated to T
The conharmonic curvature tensor on V, = (M, g) is defined by ([11])

1
(2.10) Cijri = Rijri — —=(gix Rj1 — gt Rjx — gjx Rar + gj1 Rix)-
n—2

A manifold is said to be conharmonically semi-symmetric if R - C = 0, the tensor
R - C being defined by analogy with (2.2), replacing the Riemann tensor with the
conharmeonic tensor C.

Let A, be a space with an affine, symmetric connection l"}k and & be the com-
ponents of a vector field on A,. We can associate the differential system of equations

d?z’ 4T def dz* _ dot
7 I L TR TR
a and b being functions of ¢, which defines the €-subgeodesics.

Let A,.(l"‘k) and 4, (I‘Jk) be two spaces. K.Yano introduced ([23]) the subprojec-
tive transformation of connections, which preserves the £'-subgeodesics

(2.11) T}k =Ty + 659 + 6195 + djak’,

where 1; and ¢;; are the components of a 1-form and of a symmetric tensor field of
type (0,2), respectively.

We say that two Riemannian spaces V, = (M,g) and V, = (M,7) are &'-
subgeodesically related ([13], [16]), the tensor of correspondence being —g;;, if we
have Yano formulae

+ b,

(2.12) | ;k |=I }k |+6}1.bk+5i¢j - gi;€',

where are the Christoffel symbols for V,, and V,, respectively. ¢; and

i i
ik |’ ‘ Jk
&' are the components of a 1-form and of a vector field, respectively.

This is equivalent with the existence of a diffeomorphism f between these two
spaces which maps £-subgeodesics onto £'-subgeodesics. f is called the subgeodesic
mapping.

From (2.12) we have

3 det(g;;)
= det(asy) |
where £ = gi.£*. There exist the functions ¥(z!,...,z"),£&(=?,...,2") ([13]) such
that ¢ = 6¢:‘ and & = aii.

Spaces V,, and V, are non-trivial £'-subgeodesically related, the tensor of corre-
spondence being —gi;, if the components ¥; — £; are non-zero.

If € = 0 then the Yano formulae become the Weyl formulae and V,, and V. are
geodesically related spaces ([2], [15], [21]).
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3 Subprojective transformations

On a Riemannian manifold V,, = (M, g) we consider the linear connection

(3.1) Tha= I ; & |+ 8 Wy + 6 — gi;€'
Using (3.1) we have
(32) ' Tijer = Rijri — 95 (Ar — Aie) + girAjx — giAji+

+9ikBit — g;1Bir — (9ixgj1 — 9i195%)¥sE°,

2]
where 'I;'jH = gisﬁj“,A.‘j = \I",',j — ‘-I‘,'\I’j ' ng = 'Sl',j = EiEj
and the comma denotes covariant differentiation with respect to g.

Theorem 3.1. T, defined by (3.2), is a generalized curvature tensor if and only
if the relations

1
(3.3) Bij = Aij = —9i; [T+ (A) = T-(B)), Aij = 4ji, n23,
hold . ,
Proof. The condition (2.6) is identically satisfied. The relation (2.7) is equivalent
to
(3.4) git(Ajx — Bjx) + gj1(Aix — Bix) — gix(Air — Ba)—

—gik(Aj1 — Bji) = 2gij(Art — Ane).
Transvecting with g/ and summing, (3.4) leads to
(3.5) B By & Gk Dl ),
The relation (2.8) is equivalent with

(3.6) 9ii (Art — A) + gix(Aji — Aij) + 951(Bix — Bri)—
—9i1(Ajk — Bij) + gj:(Ai — Bar) = gri(Aij — Aji).

Transvecting with g** in (3.6), we have

+2 2
n .

n n

1
(3.7) Bj = Aij — ;gj![T;'(A) - T,(B)).
Using (3.6) and (3.7), we obtain (3.2), for n > 3.
If the conditions (3.2) are satisfied, then T verifies the relations (2.6), (2.7) and
(2.8).

Theorem 3.2. IfT, defined by (3.2), is a generalized curvature tensor on V, =
(M, g), n2> 3, then the Weyl curvature tensor of V, coincides with the Weyl curvature
tensor associated with T.
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Proof. Substituting the relation (3.3) in (3.2) we get

Tijrr = Rijur + guAje — gieAji + gjxAi — gj1Aix+
(3.8) [

+(gikgj1 — 9irgjn) %(T.-(A) - T:(B)) - \lf,{’] .
In view of (3.8), we obtain

Ty =Rji = (n—2)Aj — 91T (A)+

(3.9) +(n = 1)g;i [;,‘-(T,(A) -T.(B)) - m'] :

Using (3.9) we have

K(T)=K = (n=2)T,(A) - nT,(A)+

(3.10) +n(n —1) [%(Tf(A) -T,(B)) - w.e'] :

The relations (3.9) and (3.10) lead to

_Ru-Ty  K(T)-K
311) e n(n - 2)

1
91 + ‘;;Tr (A)gj.

Substituting (3.10) and (3.11) in (3.8), we obtain W = W(T).

Proposition 3.1. Let T, defined by (3.2), be a generalized curvature tensor on
the Riemannian manifold V, = (M,g), n > 3. If the Weyl conformal curvature
tensor W verifies the relation -

(3.12) (X)W, 2)+7(Y)W(Z, X))+ r(Z)W(X,Y) =0,
where 7 is a I-form, then the condition W(T) - W(T) = 0 holds at z, where 7 # 0 at
z, W(T) being the Weyl conformal curvature tensor associated with T

Proof. If the relation (3.12) is satisfied, then the condition W . W = 0 holds at
z, where 7 # 0 at z ([5]).
Using the previous theorem we obtain our assertion.

4 Subgeodesically and geodesically related
Riemannian spaces
Theorem 4.1. Let V, = (M,g) and V,, = (M,7),n > 3, be two & -subgeodesically
related Riemannian spaces, the tensor of correspondence being —g, such that £ = 0,
i
where {ar = §a0 — Eaée + 56 o

If V., is a conharmonically semi-symmetric space and with irreducible curvature
tensor, then V,, is an Einstein space.
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Proof. Let V,, = (M, = e%g). V, and V, being conformally related, we have

—

o Rl

Using (2.12) and (4.1) we get

+ 66k + 6165 — gja€’.

i i
ik \ jk

Hence V,, and V, are geodesically related spaces. In the same way as in the proofs
of the theorems 1-3 of [10], V, is an Einstein space.

A necessary and sufficient condition that an Einstein space be transformed into
an Einstein space by a conharmonic transformation is that &; = 0 ([11]).

Because &;; =0, g = § = e¢*g is a conharmonic transformation i.e.
&= g"&; = 0. Applying the previous property, V, will be an Einstein space.

‘ -+ 5}(..& + 6;;:...-,-, where w; = ¥; — &.

Theorem 4.2. Let V, = (M,g) and V, = (M,3),n > 3, be two €& - sub-
geodesically related Riemannian spaces, the tensor of correspondence being —g, such

1
that B = ;Tf(ﬁ)g, where B is a tensor field of type (0, 2), having the components
Bn - fr,s = fr 53- - :
If Vi, is a pseudo-symmetric space, then V,, is a pseudo-symmelric space.
' 1 » ; ; - ;
Proof. If B = -’;T,(B)g, then ¢ — g = e%g is a concircular transformation. If

V. is a pseudo-symmetric space, then V, is a pseudo-symmetric space ‘([4]).

V. and V, being geodesically related manifolds, the space V, will be pseudo-
symetric ([3], [12]).

~ Theorem 4.3. Let V, = (M,g) and V, = (M,7), n > 3, be two non-trivial
§'-subgeodesically related Riemannian spaces, the tensor of correspondence being —g.

Then R-g = Q(g, F), where F is a symmetric tensor field of type (0,2), having
the components

(4.2) Fij = &y = Wiy = (& = ¥:)(&5 = ¥5),

where ”;” denotes covariant differentiation with respect to the metric g.
Proof. Using (2.12) we get
Gikir = —2Wirgik = (Yjir = &5ir)gin — (Va;r — ke )9ij—
—2W; [-2¥, 951 — (V5 — &)grt — (Vi — Ek)9rj) —

—(W; = &) [=2%,gir — (Vi — &)grk — (Vi — €k )gir) —

=(Wr = &) [—2%,0i — (W5 — &) gri — (Wi — &)grj) -
Hence .

(R-9)jkri = giksir — gikri = Q) F)jrri,

where Fij = & — Wiy — (& — Wi)(§5 — ¥5).
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Proposition 4.1. Let V, = (M,g) and V,, = (M,5),n > 3, be two non-trivial
¢*-subgeodesically related Riemannian spaces, the tensor of correspondence being —g.

We suppose that V, is a pseudo-symmetric space and the function L, which
satisfies the condition () on U, is constant.

If Fij = fgij + hyg;;, where f,h € F(M),h being non-nulle and Fj; defined by
(4.2), then the relation :

(4.3) (L+h) [9 e %(?jgs'j)?] =0

holds on U.

Proof. We will apply the property ([7]) :
Let A and D be symmetric tensors of type (0,2) on a pseudo-symmetric manifold
Vo = (M, g), having a constant function L, which satisfies the condition (x) on U.

If the relation R- A = Q(g, D) holds on U, then the relation E — lT (E)g =0 1is

satisfied on U, where E = D — LA.
" Because F = fg + hg, using the theorem 4.3, we haie R-g=0Q(7, —hg).
In this case, the tensor E = —hg — Lg satisfies on U the relation

1, ..
E-—(@37E;)7=0.

This condition is equivalent with (4.3).
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