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Abstract

The paper follows Miron’s approach in the general Randers space and his
theory is extended to the higher order setting.
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1 Introduction

The Randers spaces were introduced by G.Randers (1941) as ”Riemannian spaces
with affine connection”. In 1953, Stephenson and Kilmister considered the spaces
with Randers metric.

The Finsler spaces having the fundamental function

F(z,y) = \/7ij(@)yy? + bi(z)y’,

where  4;(z) is a Riemannian metric tensor were introduced by
R.G.Ingarden. H.Eliopoulos finds the movement equations on the Finsler spaces with
Randers metric and after that, he studied the general Randers metrics. In the volume
”Lagrange and Finsler geometry” edited by R.Miron and P.L.Antonelli, [4], R.Miron
considered the general Randers space GR™ with the metric

(1) F(z,y) =a(z,y) + B(x,y)

where « is a fundamental function of a Finsler space and 3 = b;(x)y’ is an 1-form.He
develops a theory of Randers spaces completely different from the classical one.

This paper follows Miron’s approach and his theory is extended to the higher
order setting. First, we define the Finsler space F(¥)* = (M, F), where M is a
smooth manifold and F' is from (1), starting with the prolongation of Riemann space
Prol*R".
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Secondly, we determine the coefficients of a k-spray and the nonlinear connection.
Since in k = 2 case the expression of the coefficients of the nonlinear connection N is
very simple, we give it and the adapted basis to it.

Let M be a real, smooth manifold of dimension n. We denote by R™ = (M, 7;;(x))

the Riemann space and by Prol* R" = (O;’?M , G) its prolongation of order k.
We consider the Liouville d-vector fields, [2]:

Am (.
(11) 2(2)7” = %[Fz(l + P)/ 2(1)7‘2(1)]] e 5
where 5
(1)1 2y7i_~ (k)i
Ori + 2y By + ...+ ky T(k_l)i.

We have [5] the following Theorem:

Theorem 1.1 The function o? = %jz(k)iz(k)j 1s a differential Lagrangian that has
the properties:

1) o? is global defined on OsckM;

2) o2 is a regular Lagrangian;

3) o? depends on the metric Vij and by Osc* M, only;

4) The fundamental tensor field of o is given by

da’?

1
(1.2) 2 Oy ®igy i = i (2).

Let us consider the 1-forms field

(13) ﬂ(gjvy(l)v"ay(’c)) = bl(x)z(k)l7

where b;(z) is the electromagnetic potential and has physics means.
Thus the function F : Osc* M — R which is given by F = o + 3 or

(1.4) F(a,y®, . y®) = [yi(2)2®i20)5 + b; ()20
We can give the Theorem:

Theorem 1.2 The fundamental tensor field of the Lagrangian F? = (a+3)? is given

by
(1.5) gij = (pvij + Lly) —p Ly,
where lZ: aya((i)i; l’L :l’L +bi; p = OCTW

Proof. Since l;= i'%’jz(k)j we have 7 [;l;= 1.
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i

We put: I'= 1 2(*¢ and 2P = 7i;2%)7. Using this notation we obtain:

1P P*a+p3) | O a+p8)da+p)
915 = 5 gy Wigy®i (a+5) dyRigy®i T “oy®i gy

a+p 0*a Ll — 0%a? Jda  Oa
o hmﬂM@wﬂ+”J*ph@NM@wn*a¢Wawm

| +lily =

= p(vij— lily) + lil;
O
We prove now, the following Theorem:

Theorem 1.3 The pair F(F)" = (M, F) is a Finsler space of order k.

Proof. We must to show the following properties:

1. Fis of C*®-class on E = Osc*M \ {0} and continuous on the null section;
2. F' is positive on an open set, where 3 > 0;

3. F' is k-homogeneous on the fibres of F;

4. The Hessian with the elements:

O’ F*?

1
(1.6) 9id = 5 5y Rigy®i

is positively defined.

F is of C*°-class on E and continuous on the null section of the canonical surjection
m : E — M because a and 3 has these properties. It is known that z(®)7 is k-
homogeneous on the fibres of Osc¥M, i.e. hyz®)? = t*2(K)i To prove 4. we need the
following Lemmas, whose proofs are not difficult:

Lemma 1.1 Let ||4;;||, (i,j =1,..,n) a real nonsingular matriz, having ||A;;||~' =
[|A%||. Then the matriz ||B;;|| with the elements B;j = Ai;j + cicj, such that 1+ c* #
0, ¢ = A¥c;c;, is nonsingular. Its determinant is det||B¥|| = (1 + c?)det||A;j|| and

||Bij|| = has the elements B = A" — chz dd, (¢t = Alc;).

Lemma 1.2 If ||Aill, (i,j = 1,..,n) is a real nonsingular matriz, having A” as
elements of its inverse and d; (i = 1,..,n) are real numbers for which 1 — d*> #
0, d? = Aijdidj, then the matriz with the elements B;; = A;; — d;id; s nonsingular.
It has the determinant det||B%|| = (1 — d®)det||A;j|| and its inverse has the elements
B = A+ L didl, (4 = AYdy).

Applying Lemma 1.1 to the tensor
Bij = pyij + lil;

and taking 2= %Vijlilj >0 we get 14 2> 0.
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Therefore ||B;;|| is nonsingular,

det||Bi;|| = (1 + 2)p" det||i;]|

and )
BY =~ i3,
p 1412
where /i = %fym"lm.
Applying Lemma 1.2 to g;; we get
. 1 .. 1 ~= 1 ~~
g7 =" - =17 + =did’,
p 1412 1—d?

% pij T B p .
where d* = BY,/pl; . Since 1 — d? = e we obtain

det||gij|| = (1 — d)det||By|| = (1 — d2)(1 + 12)p" det||i;]| = p" " det]i1],

where p > 0 and +;; is positively defined. O.
The Finsler space F*¥)" = (M, F ) is called the higher order Randers space.

Proposition 1.1 The contravariant " of 9i; 18 given by:
g 1 155 SN i 1
(1.7) g7 = = S (A =P)+ 1Y+ P b,
D p

where [2 = %’y”lilj.

2 k-Spray. Nonlinear Connection.

The nonlinear connection KZ of the space Prol*R", determined by R.Miron [5], has
the dual coefficients:

M]l: % = ’Y;'hy(l)h;

(1) . 5
(2.1) M;= (T M} + My, M), -

(2) (1) ™ @

M]’f: %(I‘ M]Z +M;M}”),

(k) (k—1) (1) (k—1)
where 5

— i 2 (2)i (k)i___ 2

(2.2) '=y e + 2y Dy + ...+ ky e

Starting with the canonical k-spray determined by I.Bucataru [2], given in the
form: . . . .
D)y i Ny . BV
(2.3) (k+1) G'=y W7 M +2y®7 M} +.. + ky™7 M,
(k) (k—1) &
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we consider the coefficients:

T i K)j
(2.4) G' =G" —F; (2)z*)7
where Fj(x) = 4" (x)Fn;(z) and

ob;  Oby,

(2.5) Fnj(z) = oz Ozl

is the electromagnetic tensor.
Theorem 2.1 G* from (2.4) are the local coefficients of a k-spray.

Proof. With respect to a transformation of a local coordinates, the coefficients G*
change as follows:

QL o Oyk)i

07"
— (k)j 29~
+ ..+ ky NG 1)j).

2.6 + )G = (k + NG 5~ (y

guR)i _
;%9 (2)j
907 T2 Jy i

O
Having the k-spray, we can determine the coefficients of the nonlinear connection.

Theorem 2.2 The set of functions

M;:M; —F;,
(1 (@
Mi=M?! — F?,
(2.7) (2)j (2)J ’

. o . k
M;:M;- + Fj?,
(k) (k)

give the dual coefficients of a nonlinear connection N, determined by the k-spray only
with the coefficients G*.

In the previous formula, FJ’, (a=2,..,k) is given by the following formulae:

o a—1 ° a—1 a—1l o Ca-—1
(2.8) a Fi=T(F} )+ J\(/{%lem + Fi, M —F} FI" .
(k=1)

Proof. We construct the dual coefficients, starting from the coefficients of k-spray
(2.4):

7

J
(€]

oG oG . e
= oy~ aymr 1M

1)

—F}

1 , , 1 o , o ) ) o 21,
Mi= §(F M} + M} M™) = Z[D(M} —F}) + (M}, —=FL)(M[" —F")] =M} — F},
(2) (1) @ 1) @ (1) (2)
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where
2 o a-—1

1 )
(2.9) F=_[['(F )+ Ml Fm +F’ Mm —F F].
T2 (1) (1) ’

By induction over o we prove the relation (2.8). O

Proposition 2.1 In k = 2 case (Osc>?M ), we obtain a simple express to M]’ if the
(2)
nonlinear connection is integrable:

Mi=M;] —F},
(2.10) W O
MZ MZ + F’L Fm
(2) (2)
Proof. Starting with formula (2.9) we get:

o ° ) ° a—1 ] .
MI=M; S [P(Fi)+ M, F +Fi, M —Fi,F".
@ @ @) (€5)
and
oz 9 77% i m__ (1)r aFJ i ()r m. i )r _ i (1)7‘
[(Fj )+ M F" +Fy, M Do + Fovm v+ F ey = F Ly
(1) (1)

The nonlinear connection being integrable we have [4], F}j|, = 0 (|r is the covariant
derivative with respect to Levi-Civita connection of R™). Since F ; =~'"™MF,,; we get
F;‘T = 9" Frnj + 9" Fpjjr = 0. Tt follows:

1 1 7 m
M M +5FE
(2) (2)
O

Proposition 2.2 In k = 2 case, the coefficients of nonlinear connection are looking
as follows:

Ni=Mi= Nl —F,

(211) (1) (g) (1)
Ni=Ni —I'(F}) - §Fi F,
(2) (2)

One can prove, without difficulties, the following Proposition:

Proposition 2.3 The adapted basis to the nonlinear connection N is given by:

o

5 5
(2.12) o WJFFJ&W

+Fj

(3FLFM —T(F})) 52

2+-m Sy@Di >

5 5 )
Syt — 5y<1>1 ay<2>J Sy@7 — gy@i

° o
where {%, PO %} 1s the adapted basis to the nonlinear connection N.
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The next problem is to give the N-linear connection. These will be resolved in a
forthcoming paper.
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