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Abstract

The paper follows Miron’s approach in the general Randers space and his
theory is extended to the higher order setting.
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1 Introduction

The Randers spaces were introduced by G.Randers (1941) as ”Riemannian spaces
with affine connection”. In 1953, Stephenson and Kilmister considered the spaces
with Randers metric.

The Finsler spaces having the fundamental function

F (x, y) =
√

γij(x)yiyj + bi(x)yi,

where γij(x) is a Riemannian metric tensor were introduced by
R.G.Ingarden. H.Eliopoulos finds the movement equations on the Finsler spaces with
Randers metric and after that, he studied the general Randers metrics. In the volume
”Lagrange and Finsler geometry” edited by R.Miron and P.L.Antonelli, [4], R.Miron
considered the general Randers space GRn with the metric

(1) F (x, y) = α(x, y) + β(x, y)

where α is a fundamental function of a Finsler space and β = bi(x)yi is an 1-form.He
develops a theory of Randers spaces completely different from the classical one.

This paper follows Miron’s approach and his theory is extended to the higher
order setting. First, we define the Finsler space F (k)n = (M,F ), where M is a
smooth manifold and F is from (1), starting with the prolongation of Riemann space
ProlkRn.
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Secondly, we determine the coefficients of a k-spray and the nonlinear connection.
Since in k = 2 case the expression of the coefficients of the nonlinear connection N is
very simple, we give it and the adapted basis to it.

Let M be a real, smooth manifold of dimension n. We denote by Rn = (M,γij(x))
the Riemann space and by ProlkRn = ( ˜OsckM,G) its prolongation of order k.

We consider the Liouville d-vector fields, [2]:

z(1)m = y(1)m,
z(2)m = 1

2 [Γz(1)m + γm
ij z(1)iz(1)j ], · · · ,

z(k)m = 1
k [Γz(k−1)m + γm

ij z(1)jz(k−1)i],
(1.1)

where

Γ = y(1)i ∂

∂xi
+ 2y(2)i ∂

∂y(1)i
+ ... + ky(k)i ∂

∂y(k−1)i
.

We have [5] the following Theorem:

Theorem 1.1 The function α2 = γijz
(k)iz(k)j is a differential Lagrangian that has

the properties:
1) α2 is global defined on ˜OsckM ;
2) α2 is a regular Lagrangian;
3) α2 depends on the metric γij and by OsckM , only;
4) The fundamental tensor field of α2 is given by

1
2

∂α2

∂y(k)i∂y(k)j
= γij(x).(1.2)

Let us consider the 1-forms field

β(x, y(1), .., y(k)) = bi(x)z(k)i,(1.3)

where bi(x) is the electromagnetic potential and has physics means.
Thus the function F : OsckM → R which is given by F = α + β or

F (x, y(1), .., y(k)) =
√

γij(x)z(k)iz(k)j + bi(x)z(k)i.(1.4)

We can give the Theorem:

Theorem 1.2 The fundamental tensor field of the Lagrangian F 2 = (α+β)2 is given
by

gij = (pγij + lilj) − p
◦
li

◦
lj ,(1.5)

where
◦
li= ∂α

∂y(k)i , li =
◦
li +bi, p = α+β

α .

Proof. Since
◦
li= 1

αγijz
(k)j we have γij

◦
li

◦
lj= 1.
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We put:
◦
li= 1

αz(k)i and z
(k)
i = γijz

(k)j . Using this notation we obtain:

gij =
1
2

∂2F 2

∂y(k)i∂y(k)j
= (α + β)

∂2(α + β)
∂y(k)i∂y(k)j

+
∂(α + β)

∂y(k)i

∂(α + β)
∂y(k)j

=

α + β

α
[α

∂2α

∂y(k)i∂y(k)j
] + lilj = p[α

∂2α2

∂y(k)i∂y(k)j
− ∂α

∂y(k)i

∂α

∂y(k)j
] + lilj =

= p(γij−
◦
li

◦
lj) + lilj

2

We prove now, the following Theorem:

Theorem 1.3 The pair F (k)n = (M,F ) is a Finsler space of order k.

Proof. We must to show the following properties:
1. F is of C∞-class on Ẽ = OsckM \ {0} and continuous on the null section;
2. F is positive on an open set, where β ≥ 0;
3. F is k-homogeneous on the fibres of E;
4. The Hessian with the elements:

gij =
1
2

∂2F 2

∂y(k)i∂y(k)j
(1.6)

is positively defined.
F is of C∞-class on Ẽ and continuous on the null section of the canonical surjection

π : E → M because α and β has these properties. It is known that z(k)i is k-
homogeneous on the fibres of OsckM, i.e. htz

(k)i = tkz(k)i. To prove 4. we need the
following Lemmas, whose proofs are not difficult:

Lemma 1.1 Let ||Aij ||, (i, j = 1, .., n) a real nonsingular matrix, having ||Aij ||−1 =
||Aij ||. Then the matrix ||Bij || with the elements Bij = Aij + cicj, such that 1 + c2 6=
0, c2 = Aijcicj, is nonsingular. Its determinant is det||Bij || = (1 + c2)det||Aij || and
||Bij ||−1 has the elements Bij = Aij − 1

1+c2 cicj , (ci = Aijcj).

Lemma 1.2 If ||Aij ||, (i, j = 1, .., n) is a real nonsingular matrix, having Aij as
elements of its inverse and di (i = 1, .., n) are real numbers for which 1 − d2 6=
0, d2 = Aijdidj, then the matrix with the elements Bij = Aij − didj is nonsingular.
It has the determinant det||Bij || = (1− d2)det||Aij || and its inverse has the elements
Bij = Aij + 1

1−d2 didj , (di = Aijdj).

Applying Lemma 1.1 to the tensor

Bij = pγij + lilj

and taking l̃2 = 1
pγij lilj ≥ 0 we get 1 + l̃2 > 0.
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Therefore ||Bij || is nonsingular,

det||Bij || = (1 + l̃2)pndet||γij ||

and
Bij =

1
p
γij − 1

1 + l̃2
l̃i l̃j ,

where l̃i = 1
pγmilm.

Applying Lemma 1.2 to gij we get

gij =
1
p
γij − 1

1 + l̃2
l̃i l̃j +

1

1 − d̃2
d̃id̃j ,

where d̃i = Bij√p
◦
lj . Since 1 − d̃2 = p

1+l̃2
we obtain

det||gij || = (1 − d̃2)det||Bij || = (1 − d̃2)(1 + l̃2)pndet||γij || = pn+1det||γij ||,

where p > 0 and γij is positively defined. 2.
The Finsler space F (k)n = (M,F ) is called the higher order Randers space.

Proposition 1.1 The contravariant gij of gij is given by:

gij =
1
p
γij − 1

p2
[
◦
li

◦
lj (1 − l̃2)+

◦
li bj+

◦
lj bi],(1.7)

where l̃2 = 1
pγij lilj .

2 k-Spray. Nonlinear Connection.

The nonlinear connection
◦
N of the space ProlkRn, determined by R.Miron [5], has

the dual coefficients: 

◦
M i

j
(1)

= ∂
◦

Gi

∂y(k)j = γi
jhy(1)h,

◦
M

i

j
(2)

= 1
2 (Γ

◦
M i

j
(1)

+
◦

M i
m

(1)

◦
Mm

j
(1)

), · · ·

◦
M i

j
(k)

= 1
k (Γ

◦
M i

j
(k−1)

+
◦

M i
m

(1)

◦
Mm

j
(k−1)

),

(2.1)

where
Γ = y(1)i ∂

∂xi
+ 2y(2)i ∂

∂y(1)i
+ ... + ky(k)i ∂

∂y(k−1)i
.(2.2)

Starting with the canonical k-spray determined by I.Bucataru [2], given in the
form:

(k + 1)
◦

Gi= y(1)j
◦

M i
j

(k)

+2y(2)j
◦

M i
j

(k−1)

+... + ky(k)j
◦

M i
j

(1)

,(2.3)
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we consider the coefficients:

Gi =
◦

Gi −F i
j (x)z(k)j ,(2.4)

where F i
j (x) = γim(x)Fmj(x) and

Fmj(x) =
∂bj

∂xm
− ∂bm

∂xj
(2.5)

is the electromagnetic tensor.

Theorem 2.1 Gi from (2.4) are the local coefficients of a k-spray.

Proof. With respect to a transformation of a local coordinates, the coefficients Gi

change as follows:

(k + 1)G̃i = (k + 1)Gj ∂x̃i

∂xj
− (y(1)j ∂ỹ(k)i

∂xj
+ 2y(2)j ∂ỹ(k)i

∂y(1)j
+ ... + ky(k)j ∂ỹ(k)i

∂y(k−1)j
).(2.6)

2

Having the k-spray, we can determine the coefficients of the nonlinear connection.

Theorem 2.2 The set of functions

M i
j

(1)

=
◦

M i
j

(1)

−F i
j ,

M i
j

(2)

=
◦

M i
j

(2)

−
2

F i
j ,

· · ·

M i
j

(k)

=
◦

M i
j

(k)

+
k

F i
j ,

(2.7)

give the dual coefficients of a nonlinear connection N , determined by the k-spray only
with the coefficients Gi.

In the previous formula,
α

F i
j , (α = 2, .., k) is given by the following formulae:

α
α

F i
j= Γ(

α−1

F i
j )+

◦
M i

m
(1)

α−1

Fm
j +

α−1

F i
m

◦
Mm

j
(k−1)

−F i
m

α−1

Fm
j .(2.8)

Proof. We construct the dual coefficients, starting from the coefficients of k-spray
(2.4):

M i
j

(1)

=
∂Gi

∂y(k)j
=

∂
◦

Gi

∂y(k)j
− F i

j =
◦

M i
j

(1)

−F i
j

M i
j

(2)

=
1
2
(Γ M i

j
(1)

+ M i
m

(1)

Mm
j

(1)

) =
1
2
[Γ(

◦
M i

j
(1)

−F i
j ) + (

◦
M i

m
(1)

−F i
m)(

◦
Mm

j
(1)

−Fm
j )] =

◦
M i

j
(2)

−
2

F i
j ,
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where
2

F i
j=

1
2
[Γ(F i

j )+
◦

M i
m

(1)

α−1

Fm
j +F i

m

◦
Mm

j
(1)

−F i
mFm

j ].(2.9)

By induction over α we prove the relation (2.8). 2

Proposition 2.1 In k = 2 case (Osc2M), we obtain a simple express to M i
j

(2)

if the

nonlinear connection is integrable:
M i

j
(1)

=
◦

M i
j

(1)

−F i
j ,

M i
j

(2)

=
◦

M i
j

(2)

+1
2F i

mFm
j .

(2.10)

Proof. Starting with formula (2.9) we get:

M i
j

(2)

=
◦

M i
j

(2)

−1
2
[Γ(F i

j )+
◦

M i
m

(1)

α−1

Fm
j +F i

m

◦
Mm

j
(1)

−F i
mFm

j ].

and

Γ(F i
j )+

◦
M i

m
(1)

α−1

Fm
j +F i

m

◦
Mm

j
(1)

= y(1)r
∂F i

j

∂xr
+ F i

mγm
rjy

(1)r + Fm
j γi

rmy(1)r = F i
j|ry

(1)r.

The nonlinear connection being integrable we have [4], Fij|r = 0 (|r is the covariant
derivative with respect to Levi-Civita connection of Rn). Since F i

j = γimFmj we get
F i

j|r = gim
|rFmj + gimFmj|r = 0. It follows:

M i
j

(2)

=
◦

M i
j

(2)

+
1
2
F i

mFm
j

2

Proposition 2.2 In k = 2 case, the coefficients of nonlinear connection are looking
as follows: 

N i
j

(1)

=M i
j

(1)

=
◦

N i
j

(1)

−F i
j ,

N i
j

(2)

=
◦

N i
j

(2)

−Γ(F i
j ) − 1

2F i
mFm

j ,
(2.11)

One can prove, without difficulties, the following Proposition:

Proposition 2.3 The adapted basis to the nonlinear connection N is given by: δ
δxi =

◦
δ

δxi + F j
i

◦
δ

δy(1)j + ( 1
2F i

mFm
j − Γ(F i

j ))
∂

∂y(2)j ,

δ
δy(1)i =

◦
δ

δy(1)i + F j
i

∂
∂y(2)j

δ
δy(2)i = ∂

∂y(2)i ,
(2.12)

where {
◦
δ

δxi ,
◦
δ

δy(1)i ,
∂

∂y(2)i } is the adapted basis to the nonlinear connection
◦
N .
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The next problem is to give the N-linear connection. These will be resolved in a
forthcoming paper.

References

[1] Anastasiei M., Finsler Connection in Generalized Lagrange Spaces, Balkan Journal
of Geometry and its Applications, I, 1(1996), 1-10.

[2] Bucataru I., On the prolongation of the spaces with linear connection, (to appear).

[3] Miron R. and Anastasiei M., The Geometry of Lagrange Spaces. Theory and Ap-
plications, Kluwer Acad. Publ., FTPH no 49, 1993.

[4] Miron R. and Antonelli P.L., Lagrange and Finsler Geometry. Kluwer Acad. Publ.,
FTPH no 762, 1996.

[5] Miron R., The Geometry of Higher Order Lagrange Spaces. Applications to Me-
chanics and Physics, Kluwer Acad. Publ., FTPH no 82, 1997.

Author’s address:

Marcel Roman
“Octav Mayer” Seminar of Mathematics,
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