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Abstract

Let M be a bounded domain in IR™. The aim of the present paper is to
study the influence of the spectra of the Laplace operator obtained by using
Dirichlet’s and Neumann’s conditions on the geometry of the M and M.
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1 Introduction.

Let (M, g) be a bounded domain in IR"™ which is a Riemannian manifold with bound-
ary. To this manifold we can associate the vector spaces AY(M,R), ¢ =0,1,...,n =
dim M. Let A, be the Laplace operator acting on AY(M,IR). It is known that
A9(M, IR) can be decomposed in two parts. One part contain the g-forms tangential
to OM, the other part includes the g-forms, which vanish on OM. The Laplace op-
erator acting on these two spaces gives two spectra. We study the influence of these
two spectra on the geometry of the manifold (M, g) and its boundary OM.

The whole paper contain three sections. Each of them is analyzed as follows.

The first section is the introduction. The theory of bounded domains in IR? with
the relation of the spectrum of the Laplace operator is study in the second section.
This is a special Riemannian manifold with boundary. The third section contains a
similar problem as in the second section but for IR", n > 3.

2 .

Let M be a bounded domain in IR? referred to an orthogonal coordinate system Oxy.
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The Laplace operator A on IR? takes the form:

0? o2
s (2.
We consider the set of functions f on M with the property
Si(M)={f:M — R | fon =0} (Dirichlet’s condition).
We also consider the set of functions f on M with the property
So(M)={f:M — R | [f]y =0} (Neumann's condition),

where [f] 5 is the derivative of f in the direction of the normal N to the curve ¢ = 9M.
Neumann’s conditions can be generalized as follows:

flv + ¢ = 0instead of [f]y =0 (Neumann's condition),
[fn N

where ¢ is a given function on IR?. In many cases we study with the condition ¢ = 0.
The Laplace operator is a linear operator on each of the vector spaces S1(M) and
Sao(M). A is a self adjoint elliptic operator having discrete spectrum

SP(M)d:{OZ/\O,d<>\1,d:"'<"‘</\k,d:"'<00} (1)
acting on S1 (M) and
Sp(M)p, ={0=XMp<Mp=-<-<Ajp,=--<o0} (2)

acting on Sy (M).
In (1) and (2) each eigenvalue has finite multiplicity.
In order to study the influence of (1), (2) or both we construct the following
functions:
o0 oo
falt) = Z,u,-’def/\“dt and f,,(t) = Zuime*)‘i’"t, (3)
i=0 i=0
where p; ¢ and p; , are the multiplicities of A; 4 and A; ,, respectively.
The asymptotic expansions of these functions are:

fa(t) = piae 0t = (4mt)~1/? {aw +ayoatt? + ot + agpa gt + - } :
=0

oo
fa(t) = Z“iv”eﬁ\i’"t = (47Tt)71/2 {ao,n + Oél/z,ntl/z + a1t + 043/2,nt3/2 + - } ,
i=0

where

1 1
a4 = E/dM = EArea (M), (6)
M
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1
aijed = W / OMds, (7)

oM

=5 / Rds, (8)

a3/2,d = W / }%QdS7 (9)

3/2 1
024 = 5 /R ds, (10)
agn = — /dM = —Area(M), (11)
47 47
1
Qy/jon = 5= / dS, (12)
8VT
\FQM
1
Qi = 5 Rds, (13)
aM
5 2
Qg/on = 7= / R7ds, (14)
4/
f&M
3/2d 1
“2n = I5r /R (15)

where R is the curvature of c.

Now we can put some problems.
1st PROBLEM. Compute the spectra Sp(M)q and Sp(M), when M is a given
bounded domain in IR%. It is obvious that Sp(M), depends on ¢. In the above case
we have used @ =0.

2nd  PROBLEM. What is the influence of Sp(M)q or Sp(M)y, or both on the
geometry of M ?

3rd PROBLEM. Let M, and My be two bounded domains of IR%. If we assume
Sp(Mi)a = Sp(Mz)a or  Sp(Mi)n = Sp(Ma)n
or both equalities are valid, is there an isometry r on IR? such that r(My) = My ?

4th  PROBLEM. Which is the influence of Sp(M)q or Sp(M),, or both of these
on the topological structure of the bounded domain M ?

5th  PROBLEM. Compute the other coefficients v, /2 4,v = 5,6, ... and a2 n, v =
5,6,... in the asymptotic expansions (4) and (5) respectively.

We have some partial results to the above problems, but they still remain many
open questions.
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We must notice that these coefficients
ay/aqand @, n,, v=01,...
are isospectral invariants, that means, if we have:
Sp(Mi)a = Sp(Mz)a or Sp(Mi)n = Sp(Mz)n

then
al//?,d (M1> :al//Q,d (MQ)u 02071327"'

or

Qy/2.m (My) = o (Mz), v=0,1,2,....
Now, we state some of the known results.

Theorem 2.1 Let My and My be two bounded domains in IR?. If Sp(Mp)q =
Sp(Ms)g or Sp(My), = Sp(Ms),, then Area(My) = AreaMs.

Proof. This is a consequence of the formula (6) or (13).0

Theorem 2.2 Let My and My be two bounded domains in IR?. If Sp(M;)q =
Sp(Ms)g or Sp(My), = Sp(Ms),, then length (OMy) = length (OMs).

Proof. We can prove this using the formulas (7) and (12).0

Theorem 2.3 We consider two bounded domains M, and My in IR%. If Sp(M1)q =
Sp(Ms)g or Sp(Ml)n1 = Sp(Mas)y,, then the topological structure of My is the same

Proof. We have:

k
//KdM—&—/kgds:ZiT—ﬂ'
T=1

M oM
and since K = 0, the above formula becomes

[(k,=R)ds= 3 i, —m O
oM =1

Theorem 2.4 Let My and My be two bounded domains in IR?. If Sp(Mp)q =
Sp(Ms)g or Sp(My), = Sp(Ms),, and My is a disc, then so is Ms.

Proof. Since M is a disc, then M is a circle. From (8), (9) and (15) we obtain
that
Ri=cand Ry =Ry =c

and therefore My is a disc and there is an isometry r on IR? such that r(My) = Ms.
O

However for a long time it was open the following conjecture.
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Conjecture 2.5 Let M, and My be two bounded domains in IR?> with the property
Sp(My)a = Sp(Mz)q or Sp(Mi), = Sp(Ms),. This means that My and My are
isospectral. Can we construct My and My in a such way so that My is not congruent
onto My ?

Theorem 2.6 There are two bounded domains My and My in IR?, which are de-
scribed in [12] with the property Sp(Mi)q = Sp(Ma)a4, but they are not congruent.

6th PROBLEM. Construct more examples with the property of the theorem 2.6.

3

We consider n-dimensional Euclidean space IR™. Let {eq,...e,} be an orthonormal

base of IR™ and (z1,...,x,) its natural coordinate system.
Let M be a bounded domain in IR™. The Laplace operator A on IR™ has the form:
0? 0?
A=——++=— ). 16
(azf e 8:0%) (16)

From the set D°(IR") = {f : IR" — IR} of all differentiable functions on IR™ we
construct the following subsets S(M)y and S(M),, defined by:

S(M)4={f € D°IR") | floar = 0} (Dirichlet’s condition), (17)

S(M),, = {f € D°(IR™) | [fly +¢ =0} (Neumann/s condition), (18)

where ¢ is an arbitrary function on IR"™ and [f], is the derivative of the function f
to the direction of the normal N.

From these vector spaces S(M)q and S(M),, by means of the Laplace operator
A, we obtain the spectra:

Sp(M)d={0< /\1,d:/\1,d: <)\2,d: <)\k,d: <OO}7 (19)
Sp(M)n = {O<)\1,n:/\1,n =--- <)\27n:"' < )\j,n =--- <OO} (20)
respectively.

We construct the two functions obtaining their asymptotic expansions

fa(t) = Z Mi,de_)\i’dt = (47"-75)_7”2{0‘07(1"1'0‘1/2,dtl/2 +0417dt+013/2’dt3/2 +042,dt2 +---},
=0
(21)

oo
fult) = meew,nt = (4rrt) "o o nt P o pttag o ot as pt? b,
i=0

(22)
where
ap.q = (4m)~"/2 / dM = (47)""/2Vol(M), (23)
M
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a1yq = —47 (4m)~ (72 / dOM)A™ (4m) == D2Y ol (M), if n >4,  (24)

oM
or
—47 Y (4m)=(=D/2 Apea(OM), if n = 3, (25)
g = 6" (4m) /2 / 2L4qd(OM), (26)
oM
(g/0,0 = (384) 7! (4m) (= 1/2 /(*7LaaLbb +10Lgp Lap)d(OM), (27)
oM
a2 4 =
(360)~1(4m)=%/2 [ L (40LgaLypLec — 264LapLapLee + 320 Lap Lap Live Lac)d(OM),
oM
(28)
Q. = (47) "2 / M = (47)~"/2V ol(M), (29)
M
arjan = 4L (dm) D/ / AOM) = —4=1(4m)™=D2V ol OM),  (30)
oM
ifn>4or
471 (4m) =2 Area(M), if n = 3, (31)
o1 = 67 (dm) 2 / Laad(OM), (32)
oM
3o, = (384) 7 (4mr) (12 / (13Laq Ly + 2LapLay)d(OM), (33)
oM
360) ! (47) /2
Qo = (360) 2(1 ) /[180LaaLbchc+ 168 LapLabLec + LapLveLea)d(OM), (34)
where L = (Lgp) is the second fundament form on the boundary.
It must be noticed that the local coordinate system (z1, ..., x,) is taken such that
9 is the normal to OM.
oxy,

Now, we can put the same problems as in the case of IR?, that means we substitute
R? by R™, n > 3.
Now, we have the following theorems.

Theorem 3.1 Let My and My be two bounded domains in IR™. If Sp(Mi)q =
Sp(Ma)gq or Sp(Mi), = Sp(Ma),, then Vol(M;) = Vol(Ms).

Proof. This is obtained from (16) since the coefficients o, /5 4, v = 0,1,... and
a2, are isospectral invariants.O
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Theorem 3.2 We consider two bounded domains in IR™ . We assume that
Sp(Mi)a = Sp(Mz)q or Sp(Mi)n = Sp(Mz)y.
Then Vol(OM;) = Vol(OMs) if n > 4 or Area(0M;) = Area(0Ms) if n = 3.
Proof. Since we have:

ay/2,q(M1) = ai/2,4(Ma) or ay g n(Mi1) = a2 (M),

99

we obtain that Vol(OM;) = Vol(OMs) if n > 4 or Area(M;) = Area(Ms), if n = 3.0

Theorem 3.3 Let My and My be two bounded domains in IR™ . If we assume that

Sp(M1)q = Sp(M3)q and Sp(M), = Sp(Mz),,
and OMy is totally geodesic, then so is OMs.
Proof. From (35) we conclude that
yy2,4(M1) = ay94(Ms), v=10,1,2,...,
yjon(My) = oy o n(M), v=0,1,2,...,
which by means of (26), (27), (28) and (32), (33) and (34) we obtain:

/Laad(aMl): /L:m,d(MQ),

OMy OMo

/ (=7LaaLpy + 10LgpLap)d (OM7) = / (=7L. Li, + 10L), L. )d (OMs) ,
OM; OMo

/ (40L oo LypLec — 264L g Loy Lee + 320L gy L Leo )d (OMy) =

OM;

ab™bcca

_ / (40LL, L4, I/ — 264LL, L1, L. + 3201, L} I/ )d (9Ms),

OMo

[ Lud@rn) = [ L@,

8M1 aMZ

/ (13Laa Ly + 2LapLap)d (OM) = / (13L,, Ly, + 2L, L.,)d (0Ms) |
6M1 6M2

(180LaaLbchc + 168 Ly LapLee + 224LabLbcha)d(6M1) =

OMy

(35)
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- / (180LL, L} Ly + 168L., L L., ) d(9My), (43)
OM>

where Ly, and L/, are the coefficients of the second fundamental forms on dM; and
OM, respectively.
Since the manifold M is totally geodesic, it implies

L=0<= L, =0. (44)
The relations (38)-(42) by means of (43) yield:
[ L@ —o (45)
OM,
/ (=7Lgq Ly +10L7y Loy )d (0Ms) = 0, (46)
OMo

(40[’:111 g)bLZ:c - 264L:1bL:1bL/cc - 320L;bLg)c ,ca)d (8M2) = 0’ (47)

OMo
[ Ly + 2L Ligd@d) = 0 (18)

OM>

/ (180L;a gbL/CC + 168L;bL;bL/CC + 224L;bL§,C /Ca)d (0M3) = 0. (49)

oMo

From (45) and (47) we conclude that
/ L Ly d(0My) = Oand / Ly Layd(DMy) = 0. (50)
OM>, OM>
The relations (49) yield:
Ll,=0«=L'=0, (51)
which means that M5 is totally geodesic.O

Lemma 3.1 Let L = (Lg) be the second fundamental form on OM, where M is a
bounded domain in IR™. If we consider the function

6(‘[’) = (n - 1)LabLab - LaaLbb» (52)
then we have:
0(L)>0 (53)
and
5(L)=0 (54)

if, and only if, OM 1is totally umbilical.
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Theorem 3.4 Let My and Ms be two bounded domains in IR™ with the properties
Sp(Mi)q = Sp(Ma)g and Sp(Mi), = Sp(Ma),. If OMy is totally umbilical, then so

8 3M2
Proof. From the property
Sp(Mi)q = Sp(M2)q and Sp(M1), = Sp(Ma)n

we conclude that
azye,d(Mr1) = agz 4(Ma2),
azjon(Mr) = agjo n(Ma),
which by means of (27) and (33) imply:

/ (=7LaaLup + 10Lap Loy )d(My) = / (=7LL L}y + 10L., Ly )d(0Ma),

6M1 8M2

/ (13La Loy -+ 2Lap Lo )d(OM:) = / (1311, Ly + 2L/, Iy )d(OM)

OM OMy

respectively.
The relations (58) and (59) can be written:

—7X; +10X3 =0,
13X; +2X5=0
respectively, where

X, = /(LaaLbbd(ﬁMl)— / L Ly, d(0My),
BMl aMZ

X = / Loy Lapd(OM7) — / L, L, d(OMs).
OM, OM>
From the system (60) and (61) and since

-7 10
’ 13 9 ‘_—14—1307&0,
we conclude that
X1 =X,=0,

which by means of (19) and (63) yield:

/ LoaLopd(9My) = / L L,d(0My),

8M1 8M2
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/ Loy Lapd(OM;) = / Ly Ly d(9Ms). (65)

8M1 6M2

From (64) and (65) we obtain:
/ ((n - 1)LaaLbb - LabLab)d((‘)Ml) = / {( )L/ / L/bL b}d(aMg) (66)
OM, OM>
Since OM; is totally umbilical we conclude that
5(L) = (n — 1)LaaLbb — LabLab = 0 (67)
The relation (66) by means of (67) implies:
/ 5(L)d(OMy) = / ((n— V)L, Ly — L., Ly }d(OMy) = 0. (68)
OMo OM,

Since we have:
5(L'Y>0 (69)

then (68) gives:
5(L') = (n— 1)L L}, — Ly LL, =0, (70)

which means that 0Ms is totally umbilical.O
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