MAGNETIC FIELDS GENERATED BY
PIECEWISE RECTILINEAR CONFIGURATIONS
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Abstract

The paper determines the magnetic field and its vector and scalar potentials
for spatial piecewise rectilinear configurations. Several applications for configu-
rations which generate open magnetic lines, plane angular circuits and properties
of the magnetic lines and surfaces, are provided.
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1 Decomposition in elementary circuits of a piece-
wise rectilinear spatial configuration

Fori = 1,n, let ; be a piecewise rectilinear electric circuit traversed by the current
T; which is constant on each rectilinear part. Let J; be the associated versor, piecewise
defined via J; = [;/I;, where I; =|| I; ||.

The circuit 4; is expressed in the form

m
= U Yij»
=1

where v;; is a straight line, a semiline or a segment in space, disposed under the
condition of circuit closedness (either at finite distance, or at infinity).
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be a configuration in space, union of piecewise linear electric circuits. For modelling real
fenomena, we agree that a configuration in space has to satisfy the following axioms:

(A.1) - Each segment 7;; has its edges in contact with the extremities of other
segments or semilines yg;. Each semiline 7;; has its finite edge in contact with the edge
of a segment or of a semiline 7.

(A.2) - At each knot (contact point) the second Kirchhoff law shall be satisfied, i.e.,
the algebraic sum of the intensities vanishes. If this won’t happen, the magnetic field
associated to the net doesn’t admit a scalar potential U.

Assuming that these axioms are satisfied, the magnetic field associated to the con-
figuration I' will be, according to the Biot-Savart-Laplace (BSL) rule,

Ji x PM

3
4 Wdrp’ YM €R \I‘,

HI':ZH-", goh(M):I"

izl
where P € 7; is the arbitrary point on the electric circuit 7:, and H., is the magnetic

field generated by the electric circuit 4; (modulo a multiplicative constant, 1/47).
Using the additivity of the integral, we can write

Hr = ZZH'“J" }??.,(‘w): f;j/ %dfp, M ERS\T.

Yij

where P € 7;; is the arbitrary point on the rectilinear segment v;;. We notice that
H., ; is a proper magnetic field iff v;; is a straight line.

The configuration I' which satisfies the axioms (A.1), (A.2) produces the same
magnetic field as the one determined by the configuration

r=U U7
i=lj=1

where ¥;; are electric circuits determined as follows:
a) If v; is a finite segment v;; = [AB), then %; is the union

5ij = (A-AlUw; JBB4),

where the semilines (A_ A] and (BB, ) are parallel to the axis Oz and are traversed by
a current of constant magnitude I;j, with the sense given by the order of points (fig.1).

Fig. 1

b) If v; is a semiline which is oriented by the current I, then:
by) for %; = [AB4), we have ¥; = (A-AJU[AB:);
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%ij ¥i

Fig. 2.1
bz) for i; = (A- B), we have ¥%; = (A- B]|J[BB,),

Yij Yij

Fig. 2.2

where (A_A] and [BB,) are semilines parallel to Oz, traversed by a current of mag-
nitude I;j, with the sense given by the order of points (fig.2.1, 2.2). ¢c) If %5 is a line
(A-By) oriented by I;;, then %; = ¥;;. .

Remarks. 1) In this framework, we have the equal magnetic fields

Ar(M) = Ap(M),¥M eR\T,
because adding the terms,

Ba(M) = Z“: A5.(M), M eR\F,

the domain of the function Hy is extended (by continuity) from Rs\l-" to Rs\l".

. 2) A configuration ¥; of type a), §i; = (A A) U[AB) U[BB; ), produces a magnetic
field, which is equivalent to the one produced by a pair of angular configurations,
namely

s = U d i = (A= A]U[ABo)
Vi = Vi U Yija, { gij, = (BoB)U[BB,),
as shown in fig.3.

Yija B,

g A

Yii = Yii, U %ij,
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3) Hence, it follows that any spatial configuration I which satisfies the postulates (A.1),
(A.2) decomposes into angular configurations ¥ (called in the following, elementary an-
gular configurations) traversed by the current I (of intensity I, and associated versor J).

Ay

Fig. 4

Here the current I |, represents a vectorfield which is tangent to the curve ¥, which
has a discontinuity at the vertex V. The mapping I is piecewise constant.

We remark that the straight line is a particular case, obtained easily as opposed semi-
lines (with the angle of magnitude =).

_The magnetic field f?r_ defined on Ra\l" by the BSL formula is irrotational (rot Hr
= 0) and solenoidal (div Hr = 0). Therefore, it admits a local scalar potential Ur, i.e.,

Hr = grad Ur and a vector potential
n j.
— I3 —-—'
6[‘ = £§=l: If -[r. PMdfP!

ie., Hr = rot &r.

2 The magnetic field associated to an elementary
angular spatial configuration

In the following, we shall study the magnetic field A, of an elementary angular spatial
configuration y. Using the additivity of the Biot-Savart-Laplace formula, we shall
obtain in §3 the magnetic field associated to an arbitrary configuration I which satisfies
the axioms from §1.

Notations. For the elementary configuration v from fig.4, we shall denote

Y=7- U7+:

1-=To(Vib,0.) = (A_V], 74 =T(V.04,p4) = [VA,),
where
{ i. = (O:.@:—g_), 0= (Oz:‘ﬁ?y‘i) € [0,27)
¢~ = (WB.,VA.), ¢4 = (WB4,VA,;) € [-7/2,7/2),
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Fig. 5

and By, B_, W are respectively the projections of A, A_,V, on zOy. We can deter-
mine these four angles, considering the following result
Lemma 1. Let be the segment [AB] of ertremities

3
A= (xA,yA1ZA),B == (“ﬂ:B:yBazB))A ;é B ElR
We shall use the notations

LA =IB —TA, YA =YB — Ya,2A = 2Zp — 24,
p= (21 + 93 +22)"2

In spherical coordinates, the semilines
v- =T(B,0_,¢_) = (A_B), where [AB]) C (A_B];
Y+ =T(A,604,04) = [AB;), where [AB] C [AB,)
are fized by the angles

- =pp == arcsin:f'-
I
arccos 22~ | ya >0
frigfa
g_ = 3_}_ =8 = 27 — arccos cos g A < 0

0 , ya=0,za>0
7 , ya =0,z25 <0.
Proof. We use the relations

zp = pceosBcosy . i
ya = psinfcosyp (p,0,¢) €R, x[0,2m) x {—51 5] s
zZa = psing,
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Letc: I — Rs be a parametrized curve, with ¢(J) closed or unbounded at both edges
("closed at infinity”), traversed by the current J = I&/ || é||. Let A, be the magnetic
field associated to the electric circuit y = Im c. .
3
Proposition 1. IfT :R3 ~ Ra is a translation and R : R — R is a rotation,
then .
a)Hr(RM) = RH, (M), YM €R\7;
3
b)HT'r(TM) T(M)s VM € RS\T;
¢)A7,(IM)=RH, (M), YM ER \7, where T=T oR.

Proof. We shall use the following notations
v=¢/|| &, drp =]l cldt,
{ PM=0M-% P=ct)ey, M ER’\7.
a) Ry is parametrized by Re: I — R’ and we hnve
{ Rv = RE[|| RE|| = Re/|| € ||, drp, = || RE||dt = || ¢]ldt,
RpRy = RG — Ré = R(W - 7),
where we denoted @ = OM. Then the magnetic field of the rotated curve will be

REX R(T—-3),, . U x (0-7)
Hz+(RM t=Ro dt = RH.,(M
wRM)= TR 1 /u(w— I@-9I° (M),

3
VM(z,y,z) €R \7.
b) For the translation 7, denoting ¢ : [ — Ra. we have

T(P)T(M) = PM = OM - ¢(t),

where P = ¢(t). Using this equality, we get
Hry(TM) = Hy(M).
We remark that c) is a consequence of the relations a) and b).
More generally, we can state the following result:

Proposition 2. Let vy be an elementary spatial configuration traversed by an unitary
electric current J and let ¢ be an isometry of the spaceRa; let A, and Hs be respectively
the magnetic fields associated to the configurations ¥ and ¥ = ¢v, then the magnetic
field associated to the elementary configuration 7 is given by

- 8

H;(N) = e(p)p. H,(¢~'N),YN €R "\, (1)
where @. is the orthogonal linear mapping associated 1o the isometry ¢, and

€(p) = det(p.).
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Proof. Considering thiit on 7 we have
3 mat
y=Imc,c: I =R ,J=F,a=poc,

using the Biot-Savart-Laplace formula we get

/ o’(t) x a@)e(M) ,, _ /[ ¢ (C) x ple®)e(M) ,, _
—_— 3 = e ——— =
¢ || a(t)e(M) || e || ele())p(M) ||

P+ (1) X e COM) 4 _ | @) x M, _
/vm Il (M) |’ va oM I

Hs;(p(M))

= €(p)H,(M),YM €R’\7,

where @ = gcc. Denoting N = ¢(M), i.e., M = ¢~ }(N), we obtain the relation (1).
Iri the proof we used the known result, that for any orthogonal mapping A € O(IRB) of
the vector space Rs, the following relations hold
o Al x 7) = e(A)A(T) x A(B),Va,7 R’
o |Aull=]a] YaecR .

Regarding Us; we can state

Proposition 3. The scalar potential U; associated to the elementary configuration
¥ is given by

Us(N) = Uy(¢~'N), YN €R\7.

Proposition 4. The vector potential 5 associated o the elementary configuration
¥ 1s given by

By(N) = e(p)p By (5~ 'N), YN €R\7.

In the following, we shall consider the case in which ¢ is a congruence, hence the
associated orthogonal mapping . is a rotation and therefore ¢(p) = 1.

For deriving the magnetic field and the associated potentials of an arbitrary el-
ementary configuration, we shall apply the previous result to a pair of elementary
plane semilines (located inside the plane zOz, fig.6), whose BSL assciated integrals are
provided by the following result

i -1

e ——

o 120 z o 1€0 =
T+ -
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Lemma 3. Let be the elementary plane semilines from fig.6, described by

Y+ =Ime;, ey(t) =(1,0,0), t>0and:
v- = Im c3, e3(t) =(~t,0,0), t<O.

Then the BSL integrals have on these semilines the form

+(M) _l.;r.(o. "-y)l
(M) ="4L(0|"z:y):

where s
ey 42 r=(2+y 4172, M(z2,9.2) €R"\14,

and the vector potential 1s, respectively

%, (M) --Inlr-:_h’,
®, (M) =ln|r-z]|i.

Proof. a) For the semiline v4, denoting ¢ = ¢;, we notice that Im ¢ C Oz and the
traversing sense given by the velocity & coincides with the positive sense of the axis

Oz. Let M(2,y,2) ER", & = OM. We have
&t)=ti=(1,0,0), t>0,

PM=w-ém(z2—t,yz2),&t)=12(1,0,0),s=/é|.
Then the BSL integral for the semiline v, is

Ary(M) = f pxit, j 202 = O &qe) fat =

+||
dt

B [ 2 N T
= 0k-)- [ ey =) WL

i
1

JE
00
y =2

t

= (yk-zj)- ['l! .l .4..'4»:'] ~ (vk-2j)=
= ﬁ'(ﬂi—zly)l

where || é(t) || = || i ]l =1, = OP, and we denoted

W42 5=0M,r=d| =(+5+:7)"3 M(z,y,2) €R \1s.

‘ b) For the semiline v_, denoting ¢ = ¢3, we notice that Im ¢ C Oz, with opposite
traversing sense, vs. the positive sense of the Oz axis, o(f) = —1i, ¢ > 0.
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Let M(z,y,2) €R’, % = OM. We have
PM=w-¢=(z+ty2),é=-10=¢f|é]|=-i=(-1,0,0)

and the BSL integral on the semiline 7_ is

-
.

- 0 i jk dt
A, (M) = j ”"F:dp / -1 0 0 =
- || PM || “ [ p—t y 2z ;("”_t) '*'"!
t=0

=-(yi:—z})-(;i;+;’g)§

a T t4z
= —(yk - zj) u—\/-=h, sy

= _w(oi_zly)'

We remark that A, (M) = —H,,(M) and we can easily check straightforward that
the following functions have as curl the two BSL H,, and A,_, respectively,

¢-,+(M)...-ln|r—::|t
&, _ (M)=hn|r-=z|i.

In the following we shall evidentiate the isometries which provide from the semilines
Y4, 7~ from lemma 3, the angular elementary configurations.

Remarks. Let Ry the rotation of angle § around the Oz axis in trigonometric
sense (from Oz to Oy), and R, the rotation around the Oy axis (from Oz to Oz).
Then we have

a) The matrices Ry, respectively R, associated to the two rotations are

¢ =5 0 c 0 -s
Re=| o ¢ 0 }j,R,=]1010
0O 0 0 s 0 ¢

cet -8 =z
* » > .
Re,=ReRy = | cs c —88 ;

5 0 e

and we have

where we denoted

s =sinéd s =singp.

{c’:cosﬂ {c:cudp

b) We have the relations

R’-‘:='R9¢=‘Rw"R9:R;]'Rs-l':R_,‘,-R_a

3
¢) For a point M(z,y,z) € R , the associated position vector ¥ = OM can be
written 7 = (z,y, z) = (rec’, res’, rs), and the versors of the associated spherical moving

frame
i or "' oF - s o af}
{er-—||§r‘|| g a=lgl g Ge=lgll 5
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form an orthonormal basis, whose matrix is
R’\ﬂ - [Er ] E.! EW] ;

hence, the spherical frame can be obtained by rotating the canonic frame {1, j, k} with
the angle ¢ arround the Oy axis (with the sense from Oz towards O:z), followed by
a rotation of angle § around the Oz axis (with the sense from Oz towards Oy)-see fig.7.

d) Let R., the rotation of angle v around the Oz axis; R., has the associated matrix

1
Ry=10
¢

O

0 "
= ¢ =cosy
Es ) , where { - ,Y € [0,27).

Fig. 7
Then

ce’ -—-sc—s8c'5 §8§-—8c'5
s c§ cé

1 - P - -
Repr=RaRoRy = ( cs® c'C—s5’§ ~=c'§-—-ssC

3 Applications to particular angular configurations

Using the results of the previous section, for the case § = 0, we get the following known
results regarding plane elementary configurations I' C z0z.

Corollary 1. Let be a plane angular configuration I' = T, (V, a, 8) C 20z, of verter
V(a,b,c), b =0, which is traversed by a unitary current, as in fig.§,
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Fig. &8

The magnetic field and its vector and scalar potentials associated to the configuration
I' have respectively the form

Ar(M) = Asy(-vs,us —we, ve) - =7y (—v8, us — wé, vé),YM € R’\r,

r(M) = &, +9_,

b, =-In|r-7](c0,8),
d.mIn|r-7](c0,3), YMeR\T,

Ur(M) = 2arctg=Stn§-ucsfircond ER’\:Oz,

where we denoted

c=cosa,s=sina,é=cosf, 5 =sinp,

A=a-f,c=a+8,

u=z—aguv=y-bw=z-¢b=0,

r=(u?4+v* +w")'? r = uc+ws, 7= ué+ wi.
More, we remark that [' decomposes as follows

F=Tp(Vips,¢-) = (A-V] U [VA,) = T4(V,0,,) U T_(V,0,¢.),
where .
¢+ = (02,VA,)=a,p. = (02,VA_) = 5.

Proof. Denoting a = ¢, and 9, = [Oz), we notice that the given configuration
can be obtained by a rotation [0A;) = R.v4. Applying proposition 2 and lemma 3,
we get

Aioay) = Ameqy(M)=RoH, (R.oM) =

e () -8 0
010 | us—we | A iz
s 0 ¢ v

Tty (—vs, us — we, ve), VM = (2,5,2) €R \[OA4),
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where we denoted

c=cosa, s=sina, r = uc+ ws.

Similarly, for § = p_ 'si 7_ = (20), we have (A_O] = R57-, and hence
Aiacop = Ar,y.(M)=RsH, (R.yM)=

;(,—_(-Eh-‘m’ +(=vE, us — wé, vé).

Adding the two fields, and composing with 7= we get A.. Similarly we obtain also
the vector potential ®r associated to the circuit I'; by integrating the fleld A, we get
also the scalar potential Ur. We notice that for a = 3 we have
ﬂy_ - -H-u-
Corollary 2. In particular, for [ = [,(V,a,—a). (see fig.9)

we have the magnetic field and its associated vector and scalar potentials, respectively
) b (Mhsws g wetme) we( oL

Hr(M) = I&(P—T; =T r—73 ',)]' 3
(M) = (lnlf-ﬂml O-InI(r—uc+ws)(r-uc-m)|'5. VM eR\T

F=uc—us

Ur(M) = 2 arcty =atzsma yAf eR'\20x,
0 -
o« e
r
g
' )
Fig. 9

where we denoted
c=cosa,s=siha, N =cutsw,n=cu~-Iw,
r=(+?4+w?) 2 y£b=0.

Corollary 3. For the configuration given by a straight line ' = [,(V,a. a+7), see
fig 10, we find

Ar(M) = [_u('_’.;_i.),u_.r;(’_'.{.*)lg(r_h +:L)) =
2(vs, us = we,ve), VM €R \l'
(=ln|(r=ue- ws)(r+u+w:)t‘,o,_|.|{‘:_1.%ﬂ.)=

= =Inp-(e,0,8), YM ERJ\I'.
Ur(M) = 2 arctg ®t=m v eR \20s,

$r(M)
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where
p=r?—(uc+ws)? = (we—us)® +v?,
T=uctws,c=cosa,s =sina.

Fig. 10

Using the results obtained above, we can derive the magnetic field of an elementary
spatial configuration. Let T’ = 94 | Jv-, where v, 7. are the semilines

7+ = (0,04, ©4),7- = 7(0,6-,¢-),

as in the following figure (fig.11)

Theorem 1. The magnetic field of the configuration G and its vector potential are
respectively

E[‘ = ﬁ"f-& : g H'!’- '

R, = ?(Fl-ﬂ(—ys + zes”,z8 — zec”, —zc8” + yec”),
Hy, = —h5y(—ys+288" 28 - 286", —288" + yee’)

- ee er r

$r = (lnl=fl, jple=f g je=tl

r If-‘l“'“ I,._?ln ! |I‘—‘l'| !
/
y
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where we denoted
= (zc'+ys)c+zs, 7= (28 +y5)e+ 25, r= (2t +y* + PP

cosf_

c=cospy,c” =cosfy ¢ =cosp_,
sin §_

s=sinpy,s  =sinf, §=sinp_,

g
. 3

‘Proof. We use the relation ) ) )
where .
H—y = Rs+¢+ u O‘Re+v+, H'Y- —Rﬂ p_H.:.l:l ORQ—__lgp_:

with 7% and 72 are respectively the elementary semilines traversed by current, from
lemma 1. The same result can be obtained using the BSL integrals H [0A4) and H (4_0)
from the proof of corrolary 1, obtaining, e.g.,

Hy, = R9+H[OA+] °R9+’
Moreover, we notice that we have the relation
r=((zc" +y8) + (—z8" +yc')? + 27)2 = (& + 97 + )2

Corollary 4. For the angular configuration

T= 7l Jr-s

of arbitrary vertez V(a,b,c¢) and semilines

7+ = 7(V, 04, 9’+)1 v- =v(V,0-, ‘P—):

the associaled magnetic field has the ezpression
Hy=Hy, + Hy_

FI-H = Rr—‘_—)-(—vs + wes”, us — wee’, —ucs” + vee”)
H, = ;(,—;-( v§ + wes’, us — wee’, —ues” + vee”)

and its vector potential is

dr = (ln L lu,,ln | r_ﬂcs,,ln [P |I) :
| P [ | r—1]e g il s
where we denoted
(v,v,w)=(z=a,y=b,z~¢),r = (u? + v + w?)!/?
7= (uc’+vs)c+ ws, 7 = (ut” + v3")e + w5,
and ¢,s,¢°,8°,¢,5,¢7,5" have the same meanings as in theorem 1.

We shall prove in the following, that applying proposition 1 we can provide also the
scalar potential of the elementary configuration T from theorem 1.
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Proposition 5. The scalar potential of the elementary configuration (see fig.12)

Az ’

Fig. 12

F'=%0,04 =6,04 =¢)| J1(0.6- =6,¢_ = )
has the form

—2CC+ ySc+ 25 + rcosécosg‘:
Ur=2 arc‘g - - A - - - . - - . a - - - 2 .'
z(¢ssinf cos o + §sin &) + y(Esin @ — §5sinfcos @) — z¢sinf cos @

where we denoted

§=sing §=Sin9:, o _
{E=°°"'5 {E=c058 s=muy, c=cuy,

s _0=0 . o=@ 2 048 . o+
il e et el e

Proof. We notice that by rotating the configuration I,
R_¢T\’._5F = f‘,

we produce the configuration

I-" = F(U, é, (,5) U F(01 —-9-, -‘ﬁ)

which is symmetic w.r.t.the Oz axis.
Also, we have the conditions which determine:
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o the (equal) angles n of the semilines of the configuration T with the Oz axis,
« the angle ¥ of the necessary rotation for including the configuration T in the z0z

plane (see fig:13)
i /

Fig. 13

cosq=CQSéC°5‘|53'?e[9:'] .
(U1 sing = 522 costh = tgh/tgn, where ¥ = § — ¥,

sy’
o) cosp =% sinn = 2%
(U2 sin¢=§%=sin0%; cos 1) = cos f cos P.

Then applying the rotation Ry[' = T'o, we get the configuration (which is symmetric
w.r.t. the Oz a.xis)

To=Tp(0,a=2n,f=-n)C20z

which is a configuration of the type studied in corollary 2; also, we have
R,;,I" = 'R.w -'R.._,; -'R._,' T

whence
F'=R; - Rs R_y -To.

Therefore, we have Ur = Ur, - J~!, where J is an orthogonal mapping, namely a
rotation of matrix

M=R§'RQ‘R_‘9.

The matrix of the inverse transform J~1 will be

1 0 0 cosp 0 sing cosf sin 8: 0
=| 0 cos¢ —siny |- 010 | —sinf cosf 0 | =
0 siny cosv¢ —sing 0 cosp 0o 0 1
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1 00 c 0 5 c 5 0
=] 0 ¢ -s 010 -5 ¢ 0 |=
0 s ¢ -5 0 ¢ 0 0 1

ot O
[==T o TR 1]
= =]

0 s
c —scC . —
§ cc

cc ic
= sCs —c5 s§55+cc —sc |,

]
R

o
@y

(7]

—cC§ — s5 c¢§§+sC ccC

where we denoted § =sin 3, ¢ =cosp; §=sinf, €= cosf; s =siny,c= cosy.

Since
—I 4+ rcosn

L ST T 0
ysinﬂ H r (‘T' +y +z) !

Ur, = 2 arctg
we obtain finally the scalar potential associated to the configuration T,

Ur = 2arctg {—xcé+ ysé+ 25+ r cos f cos @)-
[(x(s€5 — ¢53) + y(cE + s33) — z88)s]7'} =
= 2 arctg [(—z&¢+ y5¢ + 25+ rcosf cos@)-

. p . -1
{[3 (Egsinﬂcosgé _ ssimﬁ) oy (Esiné 4 5é,s;inf?cc)s(,,i*) _zEsinGcosgé] s} ]
§ § s 5 S

which proves the theorem.
We can also state the following result, regarding the scalar potential of an angular
spatial configuration of arbitrary vertex.

Corollary 6. The scalar potential of the elementary configuration of vertez V =

(a,b,c) ER’,

[=9(V.0p =0,p4 = SO)UT(V,H- =0,p- =)
has the form

—uGé + v5¢+ wi + rcosfcos
u(E5sinf cos ¢ + 5sin @) + v(Esin p — 55sin f cos @) — wésinfcos '

Ur =2 arctg

where we used the notations

u=z—a,v=y—-bw=z2-—c
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4 Applications to skew polygonal nets and to poly-
hedral circuits

Based on the corollaries 4 and 5, we can determine the magnetic field of a skew polyg-
onal net, and of a polyhedral circuit, which satisfy the axioms (A1), (A2).

A particular case of such a spatial configuration is presented in

Proposition 6. a) For the configuration (see fig.14a)

I'=74(0,04 =0,p4 =0)J7-(0,0- =0, = )

/

7y Y—Q/y

Fig. 14

we have,
Hr, (w) = R;’;;)-(O, -z,y) + m;_%j(—-y.i + 205°, 25 — 2887, —2E5" + yce’),

O, (w) = (ln Iﬁ:—:';;—,ln |r=#]% ,In|r-7 F) , Yw GRS\I",

where we denoted

c=cospy,s=sinp;,é=cosp_,§ =sinp-
¢’ =cosf4,8" =sinfy, & =cosf., 5 =sinf..

and 7 = (z&é" + y5")é + z5. b) For the configuration (see fig.14b)

I'= 740,64 = 0,04 = ¢)| J7-(0,0- =0,¢- = 0)
we k_avc
Hr,(w) = -~—)-,{,,l_,. (=ys + zcs”",zs — zce”, —zes™ + yee”) — ey r‘_‘ (0,-z,y)
dr,w) = (In(lr=z||r=7|"),~In|r=7 |, ~ln]r=r[),

vw eR°\T.
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Proposition 7. a) For the configurction in fig.15

"ABo B

ABoce
Fig. 15
given by I' =Ty, T3, with

r =T (A!GE(P)U‘T"'(ADOIO)I ‘ = F = 8
icetitviat i RECICE CLEELS

we get the magnetic field and the vector potential
Ar(M) = Hapo+ HaBwo,

Bipe= —m-_lm(—ﬁs + Wes’, us — wee’, —ucs” + vee)+
+;-(;}—_75(—vs + wes”, us — wee”, —ues” + vee”),

EABQQ - :(,.l__us(os -w, 0) + ?(r—l_'a(o, -w, U),

dr(M) = Pipo+ PaBeo,

®ap, = (ln e d gy P Lt g PN L ') y

|r=7|ce |r=T]e* i

®uBo = (In

=2|.0,0),
and the scalar potential has the form
—(uZ—vi)E$witrzd
Ur(M) = 2( arcty T T —
—(GE—9F)é4Di4FEC -
— arclyg oire}hn‘jwl}z;—r’:’aj—mr!’) = Uas,

where we denoted

159
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Theorem 2.a) For a skew polygon Il = A, ... A, we have

gn = ZHA.A.-HU‘ \i,r = Z‘i’A.A..HG:UK = EUIMAH!'

i=1 i=1 i=1

where we used the notation Apy) = A,, and the terms in the right sums are determined
based on proposition 7.

b) For a colsed polyhedral circuit P of edges l; which are oriented by the currents Ji of
intensities I;, i = 1, m, we have '

B =S i g By By 30 <
i=]

i=] i=1

the terms in the right sums are determined based on proposition 7.

Remark. At each knot of the configurations in the theorem, we have the Il-nd
Kirchoff law (the algebraic sum of the intensities vanishes; in the opposite case, the net
does not admit a scalar potential U).

Proposition 8. For the circuit from fig.16 given by the union of elementary con-
figurations :

{ M=vA=0,0=7/2,p=0)Uv-(A=0,0,0)
I3 =v4(B,0,¢)Uy-(B,%/2,0),

where A = (0,0,0), B = (0,5,0) € Rs, the magnetic field and the potentials have the
form :

Fig. 16

Ar(M) = 77455(2.0,-2) = 7t55(0, -2, v)+

+;-(;1_—,5(—va + zcs”,z8 — zec’, —zes” + vec”) = #_—"7(;,0,_:),
$r(M) = In|r-—z|-ln|r-y|,-In|r-y|+

H(=In|F=7 [ InL=2L —n|7F-7|*),

|F=7|ee

Ur(M) = 2[— aretg E=20r 4 udgﬁ%’;’gﬁm],
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where
F=(zc"+vs')c+zs,v=y—b,
o= (22 + y?r + zz)[;'z‘f _— (xz +U2 + 22-)1!2’
L c=cosp, ¢ =cosl;Z=cos@, & = cosb.

5 Magnetic lines and surfaces

. = 5 = 3
Let H = Hgi+ Hyj + H,k a magnetic field on a domain D in R™. The magnetic
lines (the field lines of H) are oriented curves which satisfy the (kynematic) system of
differential equations

dz dy dz :
E—HE;_&_t'—HySE_HZ:

and the magnetic surfaces (the field surfaces of H) are constant level sets attached to
the solutions h of the PDE of first order

Oh Oh Oh
Hxé;'!' Hy% +H3‘5; —-—0.

A Cauchy problem for the differential system (1) consists of finding a solution
o: ] — D a(t) = (2(t),y@t),2(t)),t € I = (~¢,¢),
which emerges form the point
2(0) = 2o, y(0) = yo, 2(0) = =

at the moment ¢ = 0.
The field surfaces are generated by field lines. A Cauchy problem for the PDE (2)
consists of finding a field surface

.t h(e,y,2) =g,

which contains a curve

B:J—=D

which is normal to the field lines. Since A is of class C®, the previous Cauchy problems
have unique solutions.

The zeroes of the field H are constant field lines. They are called equilibrium points
of the kynematic system (2).

Let M(z,y,2) € D. A maximal magnetic line

{ G pf I(M) - D,
apm(0) =M
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is defined on an open interval I(M) = (w—(M),w4+(M)) which contains the origin
0 € R. The local flow ‘ i
T, : D(H) — D, Ti(M) = an(2),

where

D(H) = {(t,z,9,2) ER x D |w_(M) <t <wyp(M)},

is a mapping of class C*, defined on the open set D(H). This flow preserves the
volume, since H is a solenoidal vector field.

In the following we are interested in those configurations which have open magnetic
lines. As examples, we can enumerate

1) There exist configurations which consist of at least two electric coplanar circuits,
which are piecewise rectilinear, and which have open magnetic lines.

We consider the configuration in fig 17. which has the magnetic field

i =¥ Y
H: = o=+ mmrien
.H — r4a _ z4b _ r—a + z2=b
y 2 r;(n;z—b) rl(r:-;::-}-a) fg(f;-}-z—t‘.!} T':{l"':'—':c-ba)

H.

ri(ri4+z+a)  ra(ra—z+a)’

(—a,0,~b) Ie)

L A

(a,0.b

Fig. 17

where 1y = \/(z+a)2 + 12+ (z+ )%, ro = /(z —a)? + y* + (z — b)%.

Theorem 3. a) If b > a, then the azis Oy is a non-constant field line.
b) If b > a,ab > 0 then the azis Oy consisis of two equilibrium points and three non-
constant field lines.
¢) Ifb>a,ab< 0 (ie., a<0,b>0), then the negative semiazis Oy~ of the azis Oy 1s
a non-constant field line.
Proof. At the points of the axis Oy : { : = 0 0 Ve have

f'1=7'2=\/y2+a2+52
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and p 4

2 2

Zl =Hy =0, 5| = H.lp, =0.
dt |o, los dt |o, ’

Also we have,
2a 2b

Hyloy = r(ri=5) rn(n+a)
a) If b < a, then H,Io, > 0.
. . 2 3
b) If b > a, then H,|, = 0implies r; = £}~ and hence

\/Qaﬁai +ﬁ)

b—a

ha== , pentru ab > 0.

The points E;(0,%,0),i = 1,2 are stationary points. The open segment E,E}) is a
field line and Hy|p p > 0. The semilines

{0} x (=00, ;1) x {0}, {0} x (y2,00) x {0}

are field lines and Hy is negative on them.
c)Ifa<b ab<0,then Hyl, <0.

2) There exist sets of at least two non-coplanar configurations, which are piecewise
rectilinear, and which have open field lines For example, the configuration in fig.18,
consisting of two pairs of rectilinear wires which are located in parallel planes : = a
and : = —a traversed by opposed electric currents, have the magnetic field

A=(Fp+adm i -plo J -l ole - ole).

Fig. 18

This configuration admits as open field line the straight line

D: z+y=0, 2=0
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indeed, we have ~
H|p=(# -7%. 0),

and hence, the components of the field satisfy the relations

HgID'*' H’ID=0’ H‘I_D :0.
Let H be an irrotational magnetic field on D C Rs; let
= _(H2+H2+H2)

be the energy of the field H and the Hamiltonian

2 2
Hvn g 2,2 = ((%) +(2) +(%) ) fle,%,3).

Then any magnetic line is the trajectory of a conservative dynamical system with three
degrees of freedom

- ol SN OL &% _ ol | (1)

and the following theorems 3 and 4 hold true.
Theorem 4 [10]. Each trajectory of the dynamical system (3) which has the total
energy M is a reparametrized geodesic of the Riemann-Jacobt manifold-

(D\Zg,9i; = (H + f)&;j,i,5 =1,2,3),

where Zg = {M € D | H(M) = 0}.

A ruled surface in a Riemannian manifold (M, g) is a surface generated by a geodesic
which moves along a curve 8. Different positions of the generating geodesic « are called
generators of the surface. A ruled surface admits always a parametrization of the form

r:Ix[0,1]—- M,

where r(u,v,) = f(u) is the director curve and r(u,,v) = y(v) is a geodesic.
Theorem 5 (18] 1) The magnetic surfaces are ruled surfaces in the Riemann-Jacobi
manifold (D\Zg, g;).
2) The Gauss curvature K of a magnetic surface cannot be strictly positive.

In D we shall use a cylindric system of coordinates {p,#,z}. Let H be a magnetic
field on D. The field A admits the following symmetries

1) translational, iff # = H(p,0);

2) axial, iff H = H(p, z);

3) hellcmdal iff H=H(p,0-az),
where o = T- and L is the step of the helix.

Let {é,,,€,} the cylindric orthonormed frame and

A = H,é, + Heeo + H,2..
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The symmetric differential system which describes the field lines of A rewrites

dp_pdﬁ_f{zﬁ
2, Hy Ha

The components of A are related to the components of the vector potential
A= AyE, + Agty + AE,

by the relations

_ 104, 04y . 8A, 08A, ., 10 104,
PT o E T T Hem g A - S

Therefore, considering the existing symmetries we can find first integrals of the system
(4).

Theorem 6 [1). 1) If H admits translational symmetry, then A,(p,8) is a first
integral, i.e., the surfaces given by

Az(p,8) =c

are field surfaces.
2) If H admits axial symmetry, then pAe(p, z) is a first integral, i.e., the surfaces
given by
pAs(p,z) =c
are field surfaces.
3) If H admits helycoidal symmeiry, then A;(p,80 — az)+ apAs(p,0 — az) is a first
integral, 1.e., the surfaces given by

A:(p,0 — az)+ apAs(p,6 —az) =c

are field surfaces.

The field surfaces (magn?éif%surfaces) of the previous theorem have the same sym-
metries as the field H. Amoi¥these, only the field surfaces which have axial symmetry
can be bounded. Also, if known a first integral of the system (4), the second first
integral can be determined also.

§7. Phase portraits

3 :
Let f: 1 —IR be asimple curve, which is regular and transversal to the magnetic

: 3 .. ; 3 ;
lines, and @ : I — R~ the magnetic line which passes through P € R . A magnetic sur-
face © = Im r which is lining on the curve 8, can be described by the parametrization

r:DC iRz — IR3,
2
(4,0) = apu)(2), Y(u, ) € D = {(u,0) €R® | w € I,v € Jpgwy)-

In the following, we shall represent éertain magnetic lines and surfaces associated
to the magnetic field . The field surfaces appear as a mesh

z

2ry={Py|i=0,m,j=1,n},
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where F = {Py;j | j = 1,7n} are equidistant points which belong to a segment Im «,
where Pgj = a(tj),tj =j-1/(n—1),j=0,n=1,1 = [0,1], and the grid points of the
surface X,

{Pjli=0m}, j=T,n
are located on n field lines Im ap,;, j = T, n, which appear as a result of the numerical
integration of the Cauchy problems

o py; () = H(ap,(t)) T
{QP};(O)=P{)§ g 1J—1, 5

The numerical integration is done using the method Runge-Kutta of order four; the
initial time is ¢ = 0 and the number of steps is m > 1.

The software package SURFIELD which describes locally a magnetic line or surface
is designed in the C programming language, and is optimized for speed and allocated
memaory.

The 3D-objects can be translated, rotated and scaled. The magnetic curves o and
surfaces ¥ are represented by central (perspective) projection.

The study of the shape of different magnetic surfaces T associated to the piecewise
rectilinear nets, provides valuable experimental hints for the study of:

- the space displacement of the magnetic lines and surfaces,

- the localization of the fractal indecision zone, for close trajectories which enter
different magnetic traps.

y i~

e

Scaledioon) 1169 SsrotailmiZ70 @sslirftiliso I_flag 0
Eomnands: 3I(cha.scale). Pl «ohi) . Tich. thate) . Cleolour) . . Qlauit)
Comnands: O0(x0z).l(ruset),.2isurf. toonle). §. =, (Founsdn) , (De 1 end)
CH o mtm:z?‘l. nlines:3

. : 3
camants, Kur:d -;..I.: 0.1, =0.1 /‘]

#+ Hegnetic surface-tracer 0 SURFIELD ¥ U.F.B, ++ z

Fig. 19

In this context, of considerable interest is the evolution of magnetic field lines for a
special configuration (”deformed U”, (3], [4], see fig. 19), whose magnetic lines appear
to be open, and which is given by I' = I, | J T3, where
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F=7(A,04 = §,04 =0)Ur(A,6- =0,p. =0)
Ta=v(B,d=0,¢=y)yB.F = .9 =0)

of vertices A(0, ~1,0), 5(0,1,0) € Oy, ¢ # 0.
An example of such a magnetic line is plotied below (see fig. 20)

Fig. 20

Conclusions. The magnetic field and its vector and scalar potentials were de-
termined for spatial plecewise rectilinear configurations. Classical planar and spatial
particular cases were pointed out, and examples of configurations which generate open
magnetic lines were provided. In this context, computer-drawn magnetic lines associ-
ated to the classical " deformed U™ configuration ([3), [4]) were included.
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