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Abstract

The aim of this paper is to study some properties of the algebra of absolute
invariant operators which produce trace decomposition of tensors. The emphasis
is on the family of projections, which do provide insight of some problems of
differential geometry, getting a decomposition of the space of tensors of type
(1,3) into three components, invariant under the group GL(V'), in infinitely
many possibilities, generalizing in this way the Strichartz splitting of curvature
tensors.

The extension of the algebra to the (M )-module of absolute invariant tensor
fields connects to J-decompositions of geometrical object fields. Infinitely many
invariants geometrical object fields to some transformations are obtained.
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1 Introduction

The development of the theory of the decomposition of the curvature tensors
under the action of some groups was initiated by Singer and Thorpe [33]. Since these
results and their ideas are very useful in the studies of some problems in geometry
and topology of manifolds, many mathematicians have worked using this algebraic
treatment of curvature tensors. Nomizu [30] studied generalized curvature tensors.

It is possible to get some inequalities for the quadratic invariants and to character-
ize some manifolds. Interesting applications of the theory of decompositions are used
in the study of submanifolds in conformal differential geometry [17], classification of
almost complex manifolds [8], almost product manifolds [28], homogeneous structures
1], [41].
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In the Kéhler geometry, decompositions of the K-curvature tensors were given by
Johnson [14], Mori [27], Sitaramayya [34]. Tricerri and Vanhecke [39] gave the decom-
position of a quaternionic Kéhler manifold and also on almost Hermitian geometry
[40]. Janssens, Vanhecke [13] and Matzeu [22] studied the case of contact geometry.

The results in Riemannian projective geometry are given by Bokan [2], [4], which
solved the problem of decomposition under the action of SO(n). The complete decom-
position of the space of curvature tensors under the action of GL(V') was obtained by
Strichartz [36]. The problem of decomposition in holomorphically projective geometry
was studied by Nikcevié [29].

Krupka [18], [19] and Mikes [25] investigated the trace decomposition problem.
All these splittings are in principle consequences of the general theorems on group
representations of Weyl [48].

A new direction to study the problem of decompositions is initiated introducing
some (r,r)-tensor algebras of invariant operators under some groups [10], [42], [43].
The absolute invariant tensor algebra Inv(r), having the elements interpreted like
endomorphisms on the space T'X ; (M), enables us to get a trace decomposition of
this space, the results of Krupka [18] being special cases of our theory.

The focus is on the infinite subset of projections in Inv(r) which do provide good
insight in some problems of differentiable manifolds. Let us mention that the Weyl
projective curvature tensor and the Thomas projective connection are produced by
this type of operators. Also, using some absolute invariant operators which are projec-
tions one gets the splitting of the space of tensors of type (1,3) into three components
invariant under the group GL(V) into infinitely many ways. We should remark that
in a particular case, one gets the Strichartz decomposition of the curvature tensors.

The extension of absolute invariant operators to 7,1 | (M) and to the F (M )-module
AL (M), a new space which is required by our theory, leads us to the problem of
decompositions of tensors and connections.

Finally, one gets invariants for some transformations of geometrical object fields,
extending the Thomas-Weyl theory.

2 Absolute invariant tensors algebra

Let V be a real n-dimensional vector space, where n > 2. Let T} (V') be the vector
space of all tensors of type (r,7) and &% be the symbol of Kronecker. In T} (V) we
consider the vector subspace

Inv(r) = { Z :EU(S;‘I“)...(S;:“)|$U €ER, 0 € ST} ,

o€S,

where S, is the group of permutations. Any element P € Inv(r), which is an absolute
invariant tensor (i.e., VA € GL(V), Ao P = P), is interpreted like an endomorphism
on T ,(V), producing a trace decomposition of this space. So, Inv(r) becomes an
algebra of absolute invariant operators, the product PQ of two elements P, being
given by the rule

Pi1 el 1 iy

J2---Jr Jr+1
J1 jzu-erir

Gpg1...82p 1"
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Some absolute invariant operators which are projectors do provide insight in some
problems of differential geometry. Let us mention that the projectors from Znuv(4)
give the Weyl projective curvature tensor and the affine transformations of elements
from Znwv(3) produce the Thomas projective connection. Moreover, properties of the
projections enable us to get splittings of the space of tensors of type (1,3). So, for
geometrical reasons, we study the subset of projections of Znv(r).

Important geometrical meanings have the cases r = 3, 4, which appear in the
study of connections, torsion tensors, curvature tensors, Weyl projective curvature
tensors etc.

Let us consider » = 3. Then

Inv(3) = { PP 7, = 21606005 + 22006787 + 2300058, +

S

+2485008; + 25650507 + 26050507 |21, ..., 16 € R}

Considering the basis B = {Ii, ..., Is}, any element P = {P% : 7.} has the simplified
expression P = x1[; + ... + x6l6, being an endomorphism on 73 (V). Hence the
product PQ, P : 7, Qs : jk of two elements from Inwv(3) is determined by the
following multiplication table:

FTL| I | I3] L] Ii] Is
L L| L || L| I,]| I
IQ ]é 71[2 16 ]6 ]é 71]6
L | | 6L | Is| L] Il (2.1)
]4 I4 ]5 ]5 n]4 nlé ]4
15 ]5 nlg ]4 ]4 ]5 nlg
IG ]6 I2 Jé 71]6 71]§ ]6

The associated matrix of the algebra Inv(3), with respect to the basis B, is:

r1T X2 T3 X4 I5 Te
0 o 0 0 0 A
r3 X5 T1 g T2 X4a
0 0 0 ~ B 0 |
0 0 0 A o O
0 B 0 0 0 =~

A:

where a = x1 + nxo + o5, 0 = T2 + T3 + N5, ¥ = 1 + nxg + T, A = T3 + T4 + nxg
and det A = (27 — 22)(ay — \3).

Theorem 2.1 Let T' = {T}.} be an arbitrary (1,2)-tensor. There is an infinite set
of endomorphisms P = {P% : 7} in Inv(3), such that Q = PT is a traceless tensor,
where

Py T = a1 TY + 3Ty, + 80 (22T, + 25T5,) + 6 (w6 Ty, + 24T5,).

a
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6
The endomorphism P = Y x;I; is a projective projection on the space Ty (V) iff
i=1

x% + sc% =,

20110 + nw% + XoZs + T35 + T2Xg + T3Tg + NT5Le = T2,
2%‘1.133 = T3,

20124 + x3T6 + nzi + T4Te + T3T5 + T4X5 + NT5Te = T4,
2x1x5 + Tox3 + ToTy + T3T4 + NXT4x5 + NT2T5 + x% =I5,

201T6 + Xxox3 + Toxg + NToTg + r3T4 + NT4TE + x% = Xg-
Theorem 2.2 [10]. The quadratic system (2.2) has an infinite set of solutions.
Let us consider the case r = 4. Then
Inv(4) = {PLed Stp = ylégéé’éfég + yﬁ;é’;&féﬁ + ygégégéfég—i—
+ya 05050760 + y50,0407 05 + Y0, 0205 0h + y7020055 6y +

+ys020507 05 + Yo 858707, + y1083656; 0F + y110457 8755+
11265050500 + y13058207 65 + 114650567 65 + y155520767+

a”s”tVp
416050207 05 + y170507 6708 + y180505 0705 + 1908650767+
+yzo525§5€5§ + y21525§l5tc5; + y22525g5{5§ + y23525§5§l5§+
+y24635§5§5g|yl € Rv (S {L (a3 24}}

With respect to the basis B = {I1, ..., Zo4}, any element P = {Pi : 7, } has the
24
simplified expression P = Y y;Z; and can be written as:
i=1

,Pijkl :gtp:(szrpl :gk :ép +6£P2 :gk::p—’—(sfp?’:]:l :gp+6gp4:§l::17’
where Py, P2, P3, Py € Inv(3). So, it is determined by operators from the algebra
Inv(3).

Theorem 2.3 Let T = {T},} be an arbitrary (1,8)-tensor. There is an infinite

set of endomorphisms P = {Pl»jkl tsipy of Inv(4), such that Q = PT is a traceless
tensor, where:

fpfkl : gtpT;kl = lesTtp + y2T£pt + y3Tt7;p + y4T;st + ZUSTt;s + yGT;ts+
0y (yrTis + yoTis + Y1370 + 15T + y19Thg +ynThys) +

+07 (ysTapi +y10Tpg; + y1aTl, + y16Th5s + y20Th, + y22Th,) +
+0% (yni T + 12Ty + 17Ty + 18Ty + y23Thn, 4 y24 T, -
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For geometrical reasons, we study the subalgebra Span{Z,Zr,...,Z12} C Inv(4),
having the following multiplication table:

I | Iy Iy | Zo| T | Zu | Ti2
Iy | T 17 Is | Zo | Zio | Zu T12
I7 I7 7’LI7 ’nIg nIQ nIlO nIH TLIlQ
Is | 1 | Ir Is | Zo | Zio | Zi1 | Zao
Ig Ig nzg nIlo nI7 TLIg TLIlQ nle '

o | Tw | To| T | ZIr Is | Ti2 | In
Iy | Iy | Zo| Ty | I Iy | T2 | In
o | T | Iy Is | Zo| T | Zu | T2

Indeed, P = y177 + 211327 yrZr produces the Weyl projective curvature tensor for
some values of the coefficients y1,y7, ..., y12 in particular cases and it is a projective
projection on T4 (V) if and only if:

y% = Y1,
YT + y10p = 0,
YT + y10p = 0,
2.
Y107 +ysp =0, (23)

Y117 + y12p = 0,
Y127 + y11p = 0,

where 7 = 2y1 +ny7 +ys +y12 — 1, p = nyo + y10 + Y11
The system (2.3) is equivalent to:

yi =y,

(p— T)(y —y9) =0,

(0— T)(ws — y20) = 0, (24)
(p—7)(y11 —y12) = 0.

I. p = 7. Then (3.1) becomes:

Y =1,
p(yr +yo) =0,

2.5
p(ys + y10) = 0, (25)
p(y11 + y12) = 0.

a). T=2y1+nyr +ys +yi2 — 1 =0, p=nyg +y10 +y11 =0, y1 € {0,1}.
b). y7 = —Y9, Ys = —Y10, Y11 = —Y12. One gets:

y1+nyr +ys + Y12 = %a% € {0,1}.

IL. p A7 = y7 = Yo, Ys = Y10, Y11 = Y12 The system (2.3) leads to:

Y7 =1,
yr(p+7) =0,
yS(p+ T) = 07

y1i(p+7) =0.
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1
a). For p 4+ 7 =0 we obtain y; + ny; + ys + y12 = 3y € {0,1}.
b). yr = ... =y12,51 € {0, 1}.

3 The generalization of the Strichartz
decomposition
Strichartz [36] found a decomposition of X(V'), the space of curvature tensors, into
irreducible components under the action of GL(V'), using properties of the theory of
representations. The projective projections from Span{Z,Z7, ..., 712} acting on K(V)

produce Strichartz decomposition, but we extend this result getting infinitely many
possibilities to split into three components the space of tensors of type (1, 3).

Proposition 3.1 Let K(V') be the space of tensors R of type (1,3), verifying RL,,+
R7,, = 0 and the first Bianchi identity. The endomorphisms P € Span{I1,Iz,...,Z12}
of the algebra Inv(4) which apply KK(V') into the same subspace have the form:

P =111 + yiZr — yiZs — y10Zo + y10Z10 — (Y7 + y10)Z11 + (y7 + v10)Z1o-

Proof. Let R e K(V)and PR = R.
We have R, + R};, = 0 if and only if

((y7 + ys)Zr + (y7 + y3)Zs + (Yo + y10) Lo+

+(yo + y10)Z1o + (Y11 + v12)Z11 + (Y11 + vi2)Zi2) R = 0.

Hence:
y7 +ys =0,
Yo + y10 = 0,
y11 +y12 = 0.

Then R verifies the first Bianchi identity if and only if
81 [(y7 + y10 + y11) Rt + (ys + Yo + y12) Res] + 67 [(y7 + Y10 + y11) Ris+

+(ys + Yo + y12)Ra] + 05 [(y7 + Y10 + yi1)Ru + (ys + Yo + y12) Rie] = 0.

We find:
yr +y10 +y11 =0,
yg + Yo +y12 = 0.

a
Remark 3.1 Dim Ker(P|iv)) = 16.

Proof. The properties of the tensors from (V') imply that
{Z1 + I, I3 + Is, Za + Lo, I7 + Ta3, Ig + L1a, Lo + Lis,

Tio +Zie, 11 + a7, Tao + Tag, Thg + Io1, Tog + Too, To3 + Iaa,
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Ty +Is + Iy, Iy + Tis + Tho, Zs + Tie + Loo, Z11 + Tis + Toa}
is a basis in Ker(P|gw).0
Proposition 3.2 The projective projections P € Span{Z;,Zr,...,Z12} on K(V)
belong to the following set:

1 1
{Il — 2(7(1—7 7I8 +I9 7.’[10), 7(-’[7 71.8 +-’Z.Q 71.10) 5

n—1) 2(n—1)
I+ ﬁ(*ﬂ +Zs + Zg — To + 2711 — 27112),
ﬁ@7 —1Is — Iy + T1o — 2111 + 27143);
T- nQTi II7 + 1127i 118 B n217 119 + nzlf 1110 + nilzu a nilzl27

n n 1 1 1 1
I; — T Ty — Tio — I Tiap.
R A R A Il n+111+n+112}

In the set of infinite family of projective projections from Span{Zi,Zr,...,Z12},
this finite subset with particular properties has geometrical meanings.

Theorem 3.1 There is an infinite set of nonvanishing projective projections
P,O,R € Span{Il,I7, ...,Ilg}, such that

P+Q+R=7;,PQ=0P=RQ=0QR =0

and
T{(V) = ImP & ImQ & ImR

hold.
Proof. Let

12 12 12
P=Ti+ Y uT,Q=> yT;,;R=> T
i=7 =7 k=7

be such that P+ Q4+ R=77,PQ=QP =RQ = QR =0.
I a).
{ 1+nyr +ys+yi2 =0
nyy + Y10 +y11 = 0.
We get PQ =PR =0.
1.
{ nyr +ys + yip = 1
nYy + Y10 + Y11 = 0.

QR = 0 implies 2,1527 YZr =0. So, R=0and Q =7; — P.
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D=

/

Yr = —Y9,Ys = —Y10: Y11 = —VYlo-

=

{ nyr +ys + Yo =

Also nylh + yho + 5y = — 3.

OR = 0 implies:
(v — yo)Zr + (ys — y10)Zs + (yo — y7 ) To+

+(yio — ¥8)T10 + (¥11 — ¥i2) T + (¥1z — ¥11)Ta2 = 0.
Hence v = yd,v8 = yio, ¥i1 = yl's. R being projective projection, one gets R = 0
or nyf + y{ +yy = 5.
Finally, T3 (V) = ImP & ImQ & ImR, where:

1+nyr +ys+y12 =0
nys + Y10 +y11 =0,

D=

{ny;+yg+ya2=

Y = —Y5,¥s = Y10, Y11 = —Vi2

e

Y7 = Y995 = Yo %/1’1 = Yia
nyr s Tyl = g
3. Yh = vo, ¥s = Yio, Y11 = Yio- Q is a projective projection. We have Q = 0(=
R=7,—P)or nyb+ys+yis = % In the second case we obtain nyj + yio+ ¥, = %
OR =0 leads to ¥ = —vg,y§ = =10, Y11 = —Yia- So, nyd +y§ + vy = %
We get T4 (V) = ImP & ImQ & ImR.
4. f Q@ =0,then R=7; — P.
L b).
nyr +ys +yi2 = —%
Y7 = —Y9,Y8 = —Y10; Y11 = —Y12-

We find nyg + Y10 + Y11 = %
From PQ = 0 we get:

(yr — vo)Ir + (ys — y10)Zs + (3o — y7) Lo+

+(W10 — ¥8)T1o + (W11 — ¥12)T11 + (Y1a — ¥11)T12 = 0.

Hence v% = y§, Y5 = Y10, Y11 = Yia- In a similar way PR = 0 leads to

vy =l vyl = vl v =yl TP+ Q+ R =Ty, then yr = y9, Ys = Y10, Y11 = Yi2-
So, P=7,,0=R=0.

IL. y7 = Y9, Ys = Y10, Y11 = Y12

a). 14+ nyr +ys + y12 = % We have nyg + y10 + y11 = —%. PQ = 0 implies
Y7 = Y9, Ys = Y10, Y11 = Y12
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From PR = 0 one gets y7 = yg, ¥s = Y10, Y11 = Yio-
We have:
R =0orny; +yg +y1p =

9

ro = DNI—

Q=0or nyy +yg + yfy =

In all these cases at least one projection is vanishing.

b). P=7;,0=R=0. O

Proposition 3.3 Any tensor R € Ts(V) splits into infinitely many ways R =
R’ 4+ R" + R", such that Rj; = 0, R} is a symmetric tensor and R} is a skew-
symmetric tensor.

Proof. Let R € T} (V) and P € Span{Zi,Zr,...,Z12} be a projective projection.

(PR)Sta = (y1 +ny7 + ys + y12) Rst + (nyo + y10 + y11) Res.
Using the previous proposition, T4 (V) = ImP & ImQ & ImR, where:

l+nyr+ys+y12=0
nyg + y1o +y11 = 0,

nyy +yg + Yio Z%
Y = —Y5,¥s = Y10, Y11 = —Vi2

Y7 = Y9, Y8 = Yio, i1 = Yo
nyt 4+ + oy = 5,
one gets (PR)s = 0,(QR)u = §(Ryt — Res), (RR)st = §(Rat + Res). D

Remark 3.2 In the particular case

n n 1 1 1 1
=7 — 7 Is — 7 A 7111 — A
P 1 n2_17+n2_18 n2—19+n2—1 10+n+1 = e
1
= ——(T7 — I3 — Ig + 119 — 27 27
Q 2(n—|—1)(7 8 9+ 2o 11+ 2Z42),
1
R=——-(I7—1Is+71g— T
2(71_1)(7 g +1g 10)

we find again the Strichartz decomposition [36] of curvature tensors into three irre-
ducible components under the action of the group GL(V):

K(V)=ImP&ImQ&ImR,
. dimImR = ”(”T“Ll)
n? —4)

where dim K(V') = W
2
dim Im@ = M=) dim 1y = 2 .
If the Ricci tensor associated to R € KC(V) is symmetric, then PR = W is the
Weyl projective curvature tensor.
This decomposition is not irreducible under the action of O(n) or SO(n).
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4 )-decompositions of some geometrical object
fields on differentiable manifolds

Let M be a differentiable n-dimensional manifold and 7, (M) be the bundle of
(r,7)-tensor fields of M. Then

Tnu(r) = {P;;;;;;Z; =3 L8008 | fo e F(M), 0 € sr}

og€eS,

is the F(M)-module of absolute invariant tensor fields.

We define the F(M)-module AL_; (M), the union of parallel affine spaces of geo-
metrical object fields of type (1,7 — 1) on M ([26]), whose difference or whose skew-
symmetric part with respect to a pair of indices belongs to 7,1 ; (M). Obviously, for
r = 3, the space C of all affine connections on M and 73'(M) are examples of such
parallel affine spaces.

Each element P of Znwv(r) acts like an endomorphisms on 7,1 ; (M) and induces
an affine transformation on Al_; (M), producing trace decomposition of this space.

Remark 4.1 The image of the family of the projective projections on C produces
infinitely many parallel affine spaces.
If the projective projections act on the symmetric affine connections, then in the
cases:
_ _ O e —
a). 11 =1l,z3 = 0,00 = x4 = T 20 %5 = T6 =

n? -1
b). xl:17x3:07x5:$4:_1+%_/\71‘6:332:/\6.7:(]\4)’
O w1 =y =g, = =15 =26 = —gr Ly,
1 1
A a1 =23 =50 = 04 = Ly, 05 =06 =~y 7

we find the Thomas projective connection:

1
I, =T% — m(dgrt +06iLs), I'e =Tg,.

These particular cases and the splitting like a direct sum motivate the general
construction of the projective projections.

Remark 4.2 Let I' € AL(M). If A € AY(M) is a geometrical object field defined

by:
r 81—‘2 r Tm
stl = th + Pmtrst

and R = Z; — Z is an affine transformation on A}(M), then RA = R € AL(M) is
the exotic curvature tensor associated to I'.

Moreover, in the particular case when T" is an affine connection, then RA = R is
the curvature tensor field.

The results obtained in the case of a vector space lead to the following result:
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Theorem 4.1 There is an infinite set of affine transformations on AL(M) of
nonvanishing projective projections P, Q, R € Spanrn{Zi,I7,...,T12} such that

P+Q+R=1,,PQ=QP=RQ=QR=0

and
AS(M) = ImP & ImQ & ImR.

Theorem 4.2 Let P = x11; + 221y + xglg, P = Iy + y7Z7 + ysZs, T =
21Th + 27Z7 + 28 be transformations on AL(M) and AY(M) respectively, of pro-
Jjective projections from Inv(3) and Inv(4) respectively.

There is an infinite set of invariants

W=PR=TR

of the transformations of geometrical objects

I' —T,
where :
T is an affine symmetric connection, having a symmetric Ricci tensor,
T = PI € AL(M) is the exotic Thomas projective connection,
R is the curvature tensor field associated to T,
R e AL(M) is the exotic curvature tensor associated to the T.

Taking into account only nontrivial possibilities for P,P,7, one gets that the
exotic Weyl projective tensor field W = PR = TR is invariant to the following
transformations: )

a). T i T, where P =I; — = I,

n

T =P e {yiIr + (1 —nyr)Is, I1 — y7Zr + (nyr — 1)Ig}, yr € F(M);

b). T if, where P = I + x2ly — (1 4+ nxo)ls, o0 € F(M)\ {1}, T=Pc
n

1 1
7 — 7z Is ¢
{ | 7+n—1 8}
We should remark that in this case W = 7R = PR is the Weyl projective curva-

1 _
ture tensor and if x5 = b then I' is the Thomas projective connection.
n

Hence, using this method, we generalize the known properties of this tensor, ex-
tending the Thomas-Weyl theory.
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