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Abstract

The study of higher order Lagrange spaces founded on the notion of bundle
of velocities of order k has been given by Radu Miron and Gheorghe Atanasiu
in [2].

The bundle of accelerations correspond in this study to k=2.
The notion of invariant geometry of order 2 was introduced by the author in

[4].
In this paper we shall give the Maxwell equations of a generalized Lagrange

space of order 2 in invariant frames.
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1. General Invariant Frames

Let us consider the bundle E = Osc2M , a nonlinear connection N with the coefficients N i
j

(1)

, N i
j

(2)

 and the duals

 M i
j

(1)

, M i
j

(2)

 .

The invariant frames adapted to the direct decomposition

Tu( Osc2M ) = N0(u) ⊕ N1(u) ⊕ V2(u) ∀u ∈ E (1)

will be < = ( e
(0)i

α , e
(1)i

α , e
(2)i

α ) and the dual <∗ = ( f
(0)α

i , f
(1)α

i , f
(2)α

i ).
The duality conditions are:

< e(A)i
α , f

(B)α
j > = δi

j δA
B , ( A,B = 0, 1, 2 ).
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In this frame the adapted basis has the representation:

δ

δxi
= f

(0)α
i

δ

δs(0)α

δ

δy(1)i
= f

(1)α
i

δ

δs(1)α

δ

δy(2)i
= f

(2)α
i

δ

δs(2)α

and the cobasis

δxi = e(0)i
αδs(0)α ; δy(1)i = e(1)i

αδs(1)α ; δy(2)i = e(2)i
αδs(2)α (2)

and we have the relations:〈
δ

δs(A)α
, δs(B)β

〉
= δβ

α δB
A , (A,B = 0, 1, 2 ).

This representation lead us to an invariant frames transformation group with the
analitycal expressions

e(A)i
α =

A

Cβ
α (x, y(1), y(2)), e(A)i

β ; f
(B)α

j =
B

C
α

β f
(B)β

j ,

isomorphic with the multiplicative nonsingular matrix group
0

Cα
β 0 0

0
1

Cα
β 0

0 0
2

Cα
β

 .

A N-linear connection D has in the frame < the coefficients:

0A

Lγ
βα = f (A)γ

m

(
δe

(A)m
β

δs(0)α
+ e(0)i

αe
(A)j

β Lm
ij

)
, (A = 0, 1, 2),

BA

Cγ
βα = f (A)γ

m

δe
(A)m

β

δs(B)α
+ e(B)i

αe
(A)j

β Cm
ij

(B)

 , (A = 0, 1, 2 ; B = 1, 2 ).

Definition 1. If the vector field X ∈ X (E) has the invariant components X(A)α

(A = 0, 1, 2) and we denote by ′
)′ and ′

B

) ′ the h− and the vB, B = 1, 2, covariant
invariant derivative operators then

X
(A)α

)β =
δX(A)α

δs(0)β
+

0A

Lα
ϕβ X(A)ϕ, (3)

X(A)α
(B)

)β =
δX(A)α

δs(B)β
+

BA

Cα
ϕβ X(A)ϕ.
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The definition of the Lie bracket conduces us to the introduction of the non-
holonomy coefficients of Vranceanu:

[
δ

δs(A)α
,

δ

δs((B)β

]
=

0

W γ
αβ

(AB)

δ

δs(0)γ
+

1

W γ
αβ

(AB)

δ

δs(1)γ
+

2

W γ
αβ

(AB)

δ

δs(2)γ
,

(A,B = 0, 1, 2, A ≤ B) .

2. Einstein Equations

Let us consider a metric tensor G on Osc2M , the invariant frames < and <∗ so that
the quadratic form associated to the metric has the canonical representation

ω(A) = (ω(A)1)2 + .. + (ω(A)iA)2 − (ω(A)iA+1)2 + − .. − (ω(A)n)2,

where:
ω(A) = g

(A)
ijδy

(A)iδy(A)j .

We introduce the Vranceanu’s symbols:

ε
(A)

αβ =

 δαβ α ≤ iA , β ≤ iA,
−δαβ α > iA , β > iA,

0 in rest.

Theorem 2.1. The Vranceanu’s symbols ε
(A)

αβ represents the invariant componenets

of the tensors g
(A)

ij in the frame <.

Proposition 2.1. The frame < defined above is pseudoorthogonal.

Proposition 2.2. The invariant components ε
(A)

αβ of the metric tensor g of the
total space E satisfy the relations:

ε
(A)

αβ)γ = 0 , ε
(A)
αβ

(B)

)γ = 0, (A=0,1,2; B=1,2).

Proposition 2.3. The invariant components of the canonical metrical N-linear con-
nection CΓ(N) satisfy the relations:

0A

Lϕ
αγ ε

(A)
ϕβ +

0A

Lϕ
βγ ε(A)

αϕ = 0,

BA

Cϕ
αγ ε

(A)
ϕβ +

BA

Cϕ
βγ ε(A)

αϕ = 0.

The calculus of the Ricci’s tensor and the scalar curvature permit us to formulate
the following result:
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Theorem 2.2. The Einstein equations have the following invariant expressions in
the frame < :

Rαβ − 1
2
ε
(0)
αβR = κ

(0)

Tαβ ,

Sαβ

(1)

− 1
2
ε
(1)
αβR = κ

(1)

Tαβ , Sαβ

(2)

− 1
2
ε
(2)
αβR = κ

(2)

Tαβ ,

(B)

Pαβ

(A)

= (−1)B+1κ
(0B)

Tαβ

(A)

,
(B)

Pαβ

(12)

= (−1)B+1κ
(12)

Tαβ

(B)

, (A,B=1,2),

where Tαβ and Tαβ

(A)

are d-tensor fields and represent the invariant components

of the energy-impulse tensor.

Theorem 2.3. Some of the equations which give the conservation law with respect
to the canonical metrical N-linear connection CΓ(N) are given by:(

Rα
β − 1

2
Rδα

β

)
)α

+ Pα
β

(1)

(1)

)α + Pα
β

(21)

(2)

)α = 0,

 Sα
β

(1)

− 1
2
Rδα

β

 (1)

)α −
(2)

Pα
β)α

(1)

+

(1)

Pα
β

(2)

)α

(12)

= 0,

 Sα
β

(2)

− 1
2
Rδα

β

 (2)

)α −
(1)

Pα
β)α

(2)

+

(2)

Pα
β

(1)

)α

(12)

= 0,

where Rα
β = ε(0)αγRγβ.

3. An example of computation for Einstein equa-
tions

In this section we compute the Einstein equations in the particular case of the gener-
alized Lagrange space GL(2)n ( M, gij(x, y(1), y(2)) = e2σ(x,y(1),y(2))γij(x)

In some special cases it is not necessary to choose the frames where the quadratic
forms ω have canonical shape but in this cases we must consider the restrictions
e
(0)ı

α = e
(1)ı

α = e
(2)ı

α = ei
α. For the considerated generalized Lagrange space let

us take the canonical nonlinear connection N with the coefficients:

N i
j

(1)

= γı
kjy

(1)k,
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N i
j

(2)

=
1
2

(
∂γi

kj

∂xr
− γi

rhγh
kj

)
y(1)ky(1)r + γi

kjy
(2)k

and the Berwald connection BΓ(N) =
(
γi

jk, 0, 0
)
.

Theorem 3.1 The invariant components of the Berwald connection are obtained
from BΓ(N) by a deviation induced by the invariant frames.

Direct calculus lead us to the following expressions of the invariant components of
the Berwald connection:

BΓ(N) =

γη
βα +

1
2

0

W η
βα

(00)

,
1
2

1

W η
βα

(11)

,
1
2

2

W η
βα

(22)

 .

Theorem 3.2 In invariant frames the canonical metrical N-linear connection CΓ(N)
( with respect to the metrical tensor proposed ) have the coefficients

CΓ(N) =

Lγ
βα, Cγ

βα

(1)

Cγ
βα

(2)

 ,

with

Lγ
βα =

∗
Lγ

βα + Λγ
βα

0

,

∗
Cγ

βα

(A)

+ Λγ
βα

A

(A=1,2),

where
∗
Lγ

βα,and
∗

Cγ
βα

(A)

are the coefficients of Berwald connection in invariant frames

and Λγ
βα

A

are the invariant components of the deviation tensor Λi
jk

A

induced by the

metric, which have the expressions:

Λi
jk

(B)

= δi
k

(B)
σj + δi

j

(B)
σk − γjk

(B)

σi ,

where
(B)
σj =

δσ

δy(B)j
,

(B)

σi = γis (B)
σs , (B=1,2)

(y(0)i = xi )
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Theorem 3.3 The deviation tensor Λα
βγ

(B)

with respect to BΓ(N) is

Λα
βγ

(0)

=
1
2
gαη

(
gβη))γ + gγη))β − gβγ))η

)

Λα
βγ

(B)

=
1
2
gαη

(
gβη

(B)

)) γ + gγη

(B)

)) β − gβγ

(B)

)) η

)

A direct calculus of curvature tensors, Ricci’s tensors and curvature scalars lead
us to the following result:

Theorem 3.4 Consider the space GL(2)n endowed with the metric gij = e2σ(x, y(1), y(2))γij

and the canonical metrical connection CΓ(N). The Einsein equations in the invariant
frames are:

rαβ + R∗
αβ + R̃αβ +

1
2
gαβ( r + R∗ + R̃ ) = κ

0

Tαβ ,

S∗
αβ + S̃αβ +

1
2
gαβ( r + R∗ + R̃ ) = κ

A

Tαβ ,

B

P ∗
αβ

(A)

+
B

P̃ ∗
αβ

(A)

= (−1)Bκ
0B

Tαβ

(A)

,

B

P ∗
αβ

(12)

+
B

P̃ ∗
αβ

(12)

= (−1)Bκ
0B

Tαβ

(12)

, (A,B=1,2).

Theorem 3.5 The conservation law with respect to the canonical metrical connection
CΓ(N) in invariant frames are:(

Rα
β − 1

2
Rδβ

α

)
)β

+
1

P β
α

(1)

(1)

)β +
2

P β
α

(1)

(1)

)β +
1

P β
α

(2)

(2)

)β +
2

P β
α

(2)

(2)

)β = 0,

 Sβ
α

(1)

− 1
2
Rδβ

α

 (1)

)β −
2

P β
α)β

(1)

+
2

P β
α

(12)

(2)

)β = 0,

 Sβ
α

(2)

− 1
2
Rδβ

α

 (2)

)β −
2

P β
α)β

(2)

−
2

P β
α

(12)

(2)

)β = 0,

where ′
)

′ and ′
(B)

) ′ (B = 1, 2) are the h− and the vB− covariant invariant deriva-
tives with respect to CΓ(N).
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