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Abstract

In this paper a model of unification of gravity and gauge field theories is
proposed. This model, based on the properties of the Lagrange spaces as in
[1], can be proposed as an alternative to the Kaluza-Klein theories. The ma-
jor difference between our approach and that of Kaluza-Klein lies in the use
of different geometries. In particular, the Kaluza-Klein theories are formulated
over the total space of a principal fiber bundle, whose fibers are isomorphic
copies of the symmetry group, whereas our approach is formulated over the to-
tal space of the tangent bundle TM , which is endowed with the structure of the
Lagrange space. In terms of this space the gauge transformations are acquire
a space-time geometrical meaning, since they correspond to the Caratheodory
transformations of the proposed Lagrangian, whereas the Yang-Mills equations
are derived from the study of the properties of the h-deflection tensor. Further-
more the conventional Lagrangian R− 1

4
FAαβF αβ

A , R being the scalar curvature
of the gravitational field and FAαβ the components of the gauge field strength
tensor, is seen to be equal to the scalar curvature of the tangent bundle TM .
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1 Introduction

Our purpose is to present a theory that unifies gravity and gauge field theories on the
classical level. In our approach, this unification will be formulated over the tangent
bundle TM of the space-time manifold M . This model has been worked out by some
geometers and theoretical physicists, see for example [1, 2, 4, 5, 6, 7, 8], for the case
of electrodynamics. Our work extends this effort to gauge theories of any symmetry
group.
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In particular, we enrich TM with the structure of a Lagrange space and examine
the conditions that enable us to conceive an equivalence between the gauge transfor-
mations of the gauge potentials and the Caretheodory transformations of the given
regular Lagrangian. In other words, we conceive the gauge transformations as trans-
formations that establish an equivalence relation between the possible (physically
equivalent ) Lagrange structures over TM . It is remarkable, that such an approach
leads to the formulation of the gauge potential as given in Penrose and Rindler [3]. Af-
ter that, we give specific forms to the non-linear connection on TM , the d-connection
and the metric structure and subsequently calculate all the torsions and curvatures of
the space. It is important to note that our approach guaranties a scalar curvature of
the form R− 1

4FAaeF
ae
A , with R the Ricci scalar of the gravitational field. In this way,

the deduced scalar curvature takes the form of the conventional Lagrangian generally
used to describe the interaction of a gravitational with a gauge field.

In section 2, we establish the geometrical framework, define its basic notions and
properties and give a short description of the geometrical structures to be used. In
section 3, all the previously defined structures are given a specific form. In particular,
first we define our symbolism and explain how we conceive a gauge transformation
in the present geometrical framework. Next, we give specific forms to the non-linear
connection, the metric structure and the d-connections. We complete section 3 with
the calculation of the torsions and curvatures. Finally, in section 4 we derive the
gauge field equations from the properties of the h-deflection tensor and present the
Einstein equations.

2 The geometrical framework

Consider a real n-dimensional differentiable manifold M and let ξ = (TM, p,M) be its
tangent bundle. The total space TM will be given the local coordinates (xi, ya),where
1 ≤ i, a ≤ n. (Throughout the rest of this presentation we will use small lattin
indices i, j, . . . to denote components of tensors on the horizontal subspace and Greek
indices α, β, . . . to denote components of tensors on the vertical subspace.) We are
particularly interested in the geometry of the tangent space TTM of TM . At any
point (xi, ya) of TM , one can choose a coordinate basis of the form ∂i ≡ ∂/∂xi, ∂a ≡
∂/∂ya on the tangent space TTM , that is, any vector X ∈ TTM will be written
locally as X = Xi∂i + Xa∂a.

In the following, we give a short introductory presentation of the geometry of the
tangent bundle TM . This includes the introduction of the notion of the non-linear
connection, the notion of d-connections, its torsion and finally its curvature. These
concepts and the terminology are taken from the book of R. Miron and M. Anastasei.

There is a number of equivalent ways to define the notion of the non-linear con-
nection, see Miron, Anastasiei [1], but here we choose the following.

A non-linear connection N on the total space TM is characterized by the existence
of a subbundle HTM of the bundle TTM , such that the Whitney sum

TTM = HTM ⊕ V TM (1)
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holds. The subspace HTM is called horizontal and the subspace V TM is called
vertical.

A local basis which contains bases both for the horizontal and vertical subspace
of TTM is:

{δi ≡
δ

δxi
= ∂i − Na

i (x, y)∂a, ∂β}, (2)

where the symbols Na
i give the coefficients of the non-linear connection N .

Before going on to define the weak torsion and curvature of the non-linear con-
nection, let us define the notion of the d-tensor fields.

B A tensor field W of type (p + r, q + s) on TM is said to be a d-tensor field or

an M -tensor field of type
(

p r
q s

)
on TM if

W (ω1, . . . , ωp, X1, . . . , Xq, ωp+1,...,ωp+r, Xq+1, . . . , Xq+s) =
W (hω1, . . . , hωp, hX1, . . . , hXq, vωp+1, . . . , vωp+r, vXq+1, . . . , vXq+s),

(3)

where h is the horizontal projection and v the vertical one.

Locally, a d-tensor field of type
(

p r
q s

)
will be written in the form :

W = W
i1...ipa1...ar

j1...jqβ1...βs
δi1 ⊗ · · · ⊗ ∂a1 ⊗ · · · ⊗ dxj1 · · · ⊗ δyβ1 ⊗ · · · ⊗ δyβs , (4)

where
δya = dya + Na

i (x, y)dxi (5)

is the adapted vertical co-basis.
Associated to the non-linear connection N are two important d-tensor fields, with

the components:
tajk ≡ ∂kNa

j − ∂jN
a
k , Ra

jk ≡ δkNa
j − δjN

a
k . (6)

The first is called the weak torsion and the second the curvature of the non-linear
connection N .

In order to enrich the geometrical structure of the total space TM , we consider
the possibility of a linear connection on TM , which respects the already imposed
structure on TTM due to the existence of a non-linear connection. Thus, we introduce
the notion of the distinguished or d-connection (cf. [1]).

A linear connection ∇ on TM will be called distinguished iff it preserves under
parallel transportation the horizontal and the vertical distributions HTM and V TM
respectively.

With respect to the adapted basis (δi, ∂a), the local representation of the d-
connections is given by:

∇δk
δj = Li

jk(x, y)δi, (7)

∇δk
∂β = L̃a

βk(x, y)∂a, (8)

∇∂γ δj = C̃i
jγ(x, y)δi, (9)

∇∂γ ∂β = Ca
βγ(x, y)∂a, (10)
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and
∇δk

f =
δf

δxk
, (11)

∇∂γ f =
∂f

∂yγ
, (12)

where f is a scalar field over TM . Based on the above symbolism, from now on we
shall denote this d-connection as DΓ = (Li

jk, L̃a
βk, C̃i

jγ , Ca
βγ). Note that although this

is a local form, it constitutes a uniquely global object, if the local coefficients satisfy
the following transformation rules on intersections:

Li′

j′k′ =
∂xi′

∂xi

∂xj

∂xj′

∂xk

∂xk′ L
i
jk +

∂xi′

∂xk

∂2xk

∂xj′∂xk′ , (13)

L̃a′

β′k′ = Ma′

a Mβ′

β

∂xk

∂xk′ L̃
a
βk + Ma′

γ

∂Mγ
β′

∂xk′ , (14)

C̃i′

j′γ′ =
∂xi′

∂xi

∂xj

∂xj′
Mγ

γ′C̃
i
jγ , (15)

Ca′

β′γ′ = Ma′

a Mβ
β′M

γ
γ′C

α
βγ , (16)

where ∂a′ = Ma
a′∂a and Ma

a′ = ∂ya

∂ya′ .
Before completing this short introduction to d- connections, we add a little more

symbolism on h- and v-covariant differentiation of d-tensors. For example, let W be

a d-tensor field of type
(

1 1
1 1

)
given by

W = W ia
jβδi ⊗ ∂a ⊗ dxj ⊗ δyβ . (17)

For the vector field X = Xkδk + Y c∂c the h- and v-covariant derivatives are given
respectively as

∇hxW = XkW ia
jβ\kδi ⊗ ∂a ⊗ dxj ⊗ δyβ , (18)

where:
W ia

jβ|k = δkW ia
jβ + Li

hkWha
jβ + L̃a

γkW iγ
jβ − Lh

jkW ia
hβ − L̃γ

βkW ia
jγ (19)

and
∇vXW = Y γW ia

jβ |γδi ⊗ ∂a ⊗ dxj ⊗ δyβ , (20)

where:
W ia

jβ |γ = ∂γW ia
jβ + C̃i

hγWha
jβ + Ca

δγW iδ
jβ − C̃h

jγW ia
hβ − Cδ

βγW ia
jδ . (21)

The above notations can be generalized in an obvious way for a d-tensor field of any
order.

In this section we shall also introduce and calculate the torsion and curvature
tensors of d-connections. Let us start with the torsion tensor T . This is given by the
relation:

T (X,Y ) = ∇XY −∇Y X − [X,Y ],∀X,Y ∈ X (TM). (22)
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It can be decomposed in the following way:

T (X,Y ) = T (hX, hY ) + T (hX, vY ) + T (vX, hY ) + T (vX, vY ). (23)

Taking into account the skew-symmetry of T and the equation h[vX, vY ] = 0,we
deduce that T can be known completely if the following five components are given.
These give also the local form of the torsion:

hT (δk, δj) = T i
jkδi, (24)

vT (δk, δj) = T̃ a
jk∂a, (25)

hT (∂β , δj) = P̃ i
jβδi, (26)

vT (∂β , δj) = P a
jβ∂a, (27)

vT (∂γ , ∂β) = Sa
βγ∂a. (28)

The following theorem gives the local components of the torsion tensor:
Theorem. [1] The local components in the frame (δi, ∂a) of the torsion of a

d-connection DΓ = (Li
jk, L̃a

βk, C̃i
ja, Ca

βγ) are:

T i
jk = Li

jk − Li
kj , (29)

T̃ a
jk = Ra

jk (given in (6)), (30)

P̃ i
jβ = C̃i

jβ , (31)

P a
jβ = ∂βNa

j − L̃a
βj , (32)

Sa
βγ = Ca

βγ − Ca
γβ . (33)

Next we introduce the curvature tensor R of the d-connection ∇. This is given by:

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z,∀X,Y, Z ∈ X (TM). (34)

This tensor is completely known when the following six components, determining its
local form, are given:

R(δk, δj)δh = Ri
hjkδi, (35)

R(δk, δj)∂β = R̃a
βjk∂a, (36)

R(∂γ , δk)δj = P̃ i
jkγδi, (37)

R(∂γ , δk)∂β = P a
βkγ∂a, (38)

R(∂γ , ∂β)δj = S̃i
jβγδi, (39)

R(∂δ, ∂γ)∂β = Sa
βγδ∂a. (40)

Denoting the local components of the curvature of a d-connection ∇ on TM as DΓ =
(Li

jk, L̃a
bk, C̃i

jb, C
a
bc), a direct computation yields to the following formulas obtained in

[1]:
Ri

hjk = δkLi
hj − δjL

i
hk + Lm

hjL
i
mk − Lm

hkLi
mj + C̃i

haRa
jk, (41)
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R̃a
βjk = δkL̃a

βj − δjL̃
a
βk + L̃γ

βjL̃
a
γk − L̃γ

βkL̃a
γj + Ca

βγRγ
jk, (42)

P̃ i
jka = ∂aLi

jk − C̃i
ja\k + C̃i

jβP β
ka, (43)

P a
βkγ = ∂γL̃a

βk − Ca
βγ\k + Ca

βδP
δ
kγ , (44)

S̃i
jβγ = ∂γC̃i

jβ − ∂βC̃i
jγ + C̃h

jβC̃i
hγ − C̃h

jγC̃i
hβ , (45)

Sa
βγδ = ∂δC

a
βγ − ∂γCa

βδ + Cε
βγCa

εδ − Cε
βδC

a
εγ . (46)

For a complete presentation of the local form of the Bianchi and Ricci identities see
[1].

2.1 Metric structures on TM

The tangent bundle will be endowed with a metric structure. The metric tensor will
be denoted as G. This tensor is chosen in such a way that the horizontal and vertical
subspaces are vertical to each other. That is, we demand that

G(hX, vY ) = 0,∀X,Y ∈ X (TM), (47)

where h and v are the horizontal and vertical projectors associated to the non-linear
connection N . Thus the local form of G can be written as:

G(x, y) = gij(x, y)dxi ⊗ dxj + hαβ(x, y)δya ⊗ δyβ , (48)

where
gij = G(δi, δj) and hαβ = G(∂α, ∂β). (49)

Remark In section 2 the above metric tensor will be given a more specific form. In
fact, we shall associate gij with the gravitational metric and hαβ with both the gauge
field and the gravitational metric.

2.2 The notion of Lagrange spaces

From [1] we quote the following definition of a Lagrange space.
B A regular Lagrangian is a function L : TM → R which fulfills the following

conditions:
a) L is of class C∞ on TM \ {0} and continuous on the image of the null section

in the tangent bundle.
b) The matrix with the entries

gij(x, y) =
1
2

∂2L

∂yi∂yj
(50)

has rank n = dim M on TM − {0}.
B A Lagrange space is a pair Ln = (M,L(x, y)), which consists of a smooth

manifold M and a regular Lagrangian L, for which the quadratic form Φ(ξ) = gijξ
iξj

has constant signature on TM − {0}.
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2.3 Caratheodory transformations

Let γ : [0, 1] → M be a parameterized curve on the manifold M . Then the action
integral associated with L along γ is defined as

I(γ) =

1∫
0

L(x, ẋ)dt. (51)

Using the calculus of variations we find that a necessary condition for γ to be an
extremum of the action integral is that it satisfies the Euler-Lagrange equations

d

dt
(
∂L

∂yi
) − ∂L

∂xi
= 0, yi =

dxi

dt
. (52)

This set of equations can be satisfied simultaneously by different regular Lagrangians.
That is, for different L and L′ we have:

d

dt
(
∂L

∂yi
) − ∂L

∂xi
=

d

dt
(
∂L′

∂yi
) − ∂L′

∂xi
, yi =

dxi

dt
. (53)

These two Lagrangians will be called equivalent. The relation of equivalence is given
by the Caratheodory transformation, see [1], by which two regular Lagrangians L and
L′ are equivalent iff

L′(x, y) = L(x, y) +
∂φ

∂xi
yi + a, (54)

where φ is an arbitrary function on M and a any constant.
In the next section we shall demand that this transformation becomes a gauge

transformation of the gauge potentials that enter L.

3 Geometric Unification of Gravity and Gauge Field
Theories

In this section we propose a model of unification of gravity and gauge field theories
based in the above geometrical framework. Thus, all the above geometrical objects
will be given a specific form leading eventually to the gauge field equations and the
Einstein equations.

In our approach we will consider a family of Lagrangians LE ,parameterized by the
elements of the set of real-valued linear operators E : g → R acting on the Lie algebra
g of the symmetry group G.

In order to define these Lagrangians let us consider a basis of generators {tB}, 1 6
B 6 m = dim G, on the Lie algebra g2. Thus, the gauge potential, being a g−valued
1-form A, can be written as

A =
∑
B,i

ABidxitB , (55)
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where ABi are the components of the gauge potential in the above basis. Of course,
this is the form taken by the gauge potential A, after the choice of a gauge. A
choice of gauge is the choice of a local basis for the fiber (being a vector space in
a representation of the group G) of the vector bundle E(π,M,G), that describes
geometrically the gauge theory. We denote this basis as {aABeB}, where {eB} is the
standard basis on G. Thus, aCB is nothing more than the B−component, relative to
the standard basis, of the C−vector of the basis on the fiber. Notice that the gauge
indices in these symbols can be raised via the relations:

aABaCB = δC
A and aABaAC = δC

B . (56)

In virtue of the above notation we formulate our family of regular Lagrangians as:

LE(x, y) = gij(x)yiyj + E(aAB(x)ABi(x)tA)yi, (57)

where gij is the gravitational metric. Thus, we have constructed a family of Lagrange
spaces, the members of which we denote as (M,LE). In the following, these spaces
will take a specific structure. In particular, we will define their metric structure, non-
linear connection and d-connection. We will also calculate the torsion and curvature
d-tensors.

However, before proceeding to these definitions, let us first look deeper into the
implications of the choice (57) for the gauge-covariant derivatives D, in connection
with the Caratheodory transformations.

In order to do this, let us define the notion of the gauge-covariant derivative D.
This derivative is defined to act over the algebra of G- and g−valued tensors. For a
g−valued p-form uAM, where M is a space-time multi-index of the form ij . . . aβ . . . ,
we define the gauge-covariant derivatives of uAM as usual:

DiuAM = uAM|i + fABCABiuCM (58)

and
DauAM = uAM|a + fABCABauCM, (59)

where fABC are the structure constants of the Lie group G and uAM|i, uAM|a means
respectively the h- and v-covariant derivatives of uAM. Physically, more interesting
till now are the forms with multi-index of the form ij . . . , and the covariant derivative
of relation (58). Thus, in the following we will be referring to these only.

Our next step is to show under which conditions a Caratheodory transformation
of the Lagrangian (57) yields a gauge transformation of the potential A. We will
reveal that the necessary and sufficient condition relates the gauge potential with the
choice of a gauge and the gauge-covariant derivative D.

For the Caratheodory transformation we get from (54) and (57)

L̃E(x, y) = LE(x, y) + yi∂iφ. (60)

We demand this transformation to gauge transform the potential A. That is:

L̃E(x, y) = gijy
iyj + E(aABÃBit

Ayi),
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where
ÃBi = ABi + DiφB (61)

and φB is a function on M .
Choosing

φ(x) = E(aAB(x)φB(x)tA) (62)
in (60) we find:

gijy
iyj + E(aABÃBit

Ayi) = gijy
iyj + E(aABABit

Ayi + tAyi∂i(aABφB)) ⇐⇒

E(aABÃBit
Ayi) = E(tAyi(aABABi + ∂i(aABφB))).

Since the operator E and yi are arbitrary and tA is linearly independent to each
other, we have:

aABÃBi = aABABi + ∂i(aABφB) ⇐⇒ ÃBi = ABi + aAB∂i(aACφC) ⇐⇒

DiφB = aAB∂i(aACφC) ⇐⇒

aABDiφB = ∂i(aACφC). (63)
Setting uA = aABφB in (37) we find:

aABDi(aDBuD) = ∂i(aACaDCuD) ⇐⇒

∂iuA = aABDi(aDBuD). (64)
This relation also gives:

DiuA = ∂iuA − aABDi(aDBuD) + DiuA ⇐⇒

DiuA = ∂iuA − aABDi(aDBuD) + aABaCBDiuC ⇐⇒

DiuA = ∂iuA − aAB(Dia
DB)uD ⇐⇒

fABCABi = −aADDia
CD. (65)

This is the desired condition. It can also be found in Penrose and Rindler [3], pp.347.
There, the relation 5.5.12 can be seen to be identical to ours (39), after choosing the
adjoint representation of G. However, in [3] this relation is taken ad hoc, whereas in
our approach it is deduced by our demand that the Caratheodory transformation of
(31) gauge-transforms the gauge potential.

Before completing this short parenthesis notice also that (39) gives in general

∇iuAjk... = aABDi(aCBuCjk...). (66)

This relation will be very useful in section 3, where we derive the gauge field equations
of motion.

Now, we may proceed to determine the structure of the tangent bundle. Let us
start with the definition of the non-linear connection.
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3.1 The non-linear connection

In our approach, the non-linear connection N on TM will be given in ad hoc form,
which will eventually prove to be suitable for the derivation of the gauge field equa-
tions. Thus, we set:

Na
i (x, y) = Γa

iγ(x)yγ − E(aABtAgαβFBβi), (67)

where gaβ is the gravitational metric, Γa
jk its Christoffel symbols and FBβi the field

strength components. One can easily check that these coefficients for Na
i have the

following required transformation under a change of coordinates (xi, ya) → (x′i, y′a).
That is, Na

i transform as:

Na′

i′ = Ma′

a

∂xi

∂xi′
Na

i − ∂Ma′

a

∂xi
ya. (68)

3.2 The metric structure

As mentioned in section 2, the metric tensor on TM has the form:

G(x, y) = g̃ij(x, y)dxi ⊗ dxj + hαβ(x, y)δya ⊗ δyβ . (69)

In our approach, g̃ij will be given by (24) as:

g̃ij(x, y) =
1
2

∂2LE

∂yi∂yj
= gij(x), (70)

i.e. g̃ij becomes the y-independent gravitational metric. On the other hand, for dim
G > 2 the metric of the vertical subspace can be considered in the form:

hαβ(x, y) = λAa(x, y)λAβ(x, y), (71)

where λAa denotes the components of m tetrads on the vertical subspace. In the
following, it will be seen that these quantities are not randomly chosen, but they are
related to the field strength tensor FBij of the gauge field. If we also consider the
quantities λa

A given by the relation:

λAaλβ
A = δβ

a , (72)

then we have:
haβ = λa

Aλβ
A. (73)

3.3 The d-connection. Torsions and Curvatures

We choose the d-connection to have L̃a
βk = 0, C̃i

ja = 0 and Li
jk = Γi

jk, where Γi
jk

are the Christoffel symbols of the gravitational metric, i.e. to be of the local form
DΓ = (Γi

jk, 0, 0, Ca
βγ).In addition for the components Ca

βγ we set:

Ca
βγ =

1
2
gαδFAδγλAβ . (74)
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Notice that, since FAaβ and λAa transform as d-tensors, the above defined coefficients
Ca

βγ have the right transformation (16) under a change of coordinates.
The torsions of this connection can be calculated from relations (29)-(33) and (67).

Thus:
T i

jk = 0, (75)

T̃ a
jk = Ra

jk = Ra
γjkyγ + 2E(tA)(∂[j|(aABgαβFBβ|k]) + aABgγβFBβ[k\Γa

\j]γ , (76)

P̃ i
jβ = 0, (77)

P a
jβ = Γa

jβ , (78)

Sa
βγ =

1
2
gαδ(FAδγλAβ − FAβδλAγ) = gαδFAδ[γ|λA|β]. (79)

For the curvatures, the relations (41)-(46) and (74) yield:

Ri
hjk = ∂kΓi

hj − ∂jΓi
hk + Γm

hjΓ
i
mk − Γm

hkΓi
mj , (80)

R̃a
βjk = Ca

βγRγ
jk =

1
2
gαδFAδγλAβ , (81)

P̃ i
jka = 0, (82)

P a
βκγ = −Ca

βγ\k + Ca
βδΓ

δ
kγ = −1

2
δk(gαδFAδγλAβ) +

1
2
gaεFAεδλAβΓδ

kγ , (83)

S̃i
jβγ = 0, (84)

Sa
βγδ =

1
2
F .a

Aγ∂δλAβ − 1
2
F .a

Aδ∂γλAβ +
1
4
F .ε

AγF .a
BδλAβλBε −

1
4
F .ε

AδF
.a
BγλAβλBε. (85)

In this equation and the rest of the text, the indices α, β, ... in F ..α
A..β are lowered or

raised via the gravitational metric gαβ .
From (85) we can now calculate the Ricci scalar for this d-connection. It will be

equal to R + S, where R is the gravitational scalar and S the scalar corresponding
to the curvature Sa

βγδ. In order to calculate it, let us first determine the Ricci tensor
Sβγ . We have:

Sβγ = Sa
βγα =

1
2
F .a

Aγ∂aλAβ − 1
2
F .a

Aa∂γλAβ +
1
4
F .ε

AγF .a
BaλAβλBε −

1
4
F .ε

AaF .a
BγλAβλBε.

Since FAaβ is antisymmetric in its space-time indices we must have F .a
Aa = 0. Thus:

Sβγ =
1
2
F .a

Aγ∂aλAβ − 1
4
F .ε

AaF .a
BγλAβλBε

(79)
= (86)

=
1
2
F .a

Aγ∂aλAβ − 1
4
F .ε

AaSa
εγλAβ +

1
4
F .ε

AaF .a
BελAβλBγ . (87)

Therefore:

S = hβγSβγ =
1
2
hβγF .a

Aγ∂aλAβ − 1
4
F .ε

AaSa
εγhβγλAβ − 1

4
FAaεF

aε
A = (88)

=
1
2
F .ε

Aa(hβa∂ελAβ − 1
2
Sa

εγhβγλAβ) − 1
4
FAaεF

aε
A . (89)
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As mentioned above, the scalar curvature < of our space will be:

< = R + S. (90)

In virtue of (88) we get:

< = R +
1
2
F ε

Aa(hβa∂ελAβ − 1
2
Sa

εγhβγλAβ) − 1
4
FAaεF

aε
A . (91)

In the case where the first term of the right hand side of (88) vanishes, we have:

∂ελAδ −
1
2
haδh

βγSa
εγλAβ = 0. (92)

Thus:
S = −1

4
FAaεF

aε
A (93)

and the scalar < of our d-connection becomes the scalar curvature of the conventional
gauge field theory with the presence of a gravitational field

< = R − 1
4
FAaεF

aε
A . (94)

At this point, we present the solution of equation (91). In order to do this, let us
make the ansatz:

λAδ(x, y) = f(x, y)kAδ(x), (95)

where f is a function over TM to be determined and kAδ a g−valued covector on TM
satisfying the relation:

gaβkΛakBβ = δΛB . (96)

This implies that by setting

haβ(x, y) = f2(x, y)gaβ(x), (97)

we obtain the required:
haβλAaλBβ = δAB . (98)

With the use of (95) and (97) in (92) we take:

∂ελAδ −
1
2
haδh

βγSa
εγλAβ = 0 ⇐⇒

∂ελAδ −
1
4
haδh

βγF a
BγλBελAβ +

1
4
haδh

βγF a
BελBγλAβ = 0

(95),(97)⇐⇒

∂ε(fkAδ) −
1
4
gaδf

2 1
f2

gβγF a
Bγf2kBεkAβ +

1
4
gaδf

2 1
f2

gβγF a
Bεf

2kBγkAβ = 0 ⇐⇒

kAδ∂εf − 1
4
f2F β

BδkBεkAβ +
1
4
f2FBδεδAB = 0 ⇐⇒
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kAδ∂εf − 1
4
f2F β

BδkBεkAβ +
1
4
f2FAδε = 0 ⇐⇒

∂εf − 1
4
f2F β

Bδk
δ
AkBεkAβ +

1
4
f2FAδεk

δ
A = 0 ⇐⇒

∂εf +
1
4
f2FAδεk

δ
A = 0 ⇐⇒ 1

f2
∂εf = −1

4
F δ

AεkAδ ⇐⇒

∂ε(
1
f2

) =
1
4
F δ

AεkAδ.

Integrating with respect to y we get:

1
f

=
1
4
F δ

AεkAδy
ε + g(x),

where g is a function to be determined by initial conditions at some global section of
the tangent bundle TM . Thus, we have:

f(x, y) =
1

1
4F δ

AεkAδyε + g(x)
,

i.e.e in virtue of (95):

λAδ(x, y) =
kAδ(x)

1
4F δ

AεkAδyε + g(x)
. (99)

Remark 1. We conclude that the solution of equation (92),i.e. equation (99), implies
that λAa is not a randomly chosen covariant vector. The ansatz (95) expresses it as
a multiple of a covector field kAδ over the space-time manifold M , which as in (71),
can be given as a set of tetrads for the gravitational metric gaβ , assuming of course
that dimG > 1. On the other hand, the factor f is a scalar field over TM given in
terms of the gauge field components FAaε and the tetrads kAδ.
Remark 2. Note that, when dim G = 1, haβ cannot be chosen as in (71), since then
it will not be invertible. Equivalently, neither gaβ can be written as in (71) in terms
of kAδ. In that case, in order to have equation (93), covector λa has to be of unit
length with respect to haβ , i.e. we must have haβλaλβ = 1. Equivalently, for kAδ we
must have gaβkakβ = 1.

4 The Field Equations

The field equations can be derived from the following action:

I =
∫
M

<dµ. (100)

by the use of the calculus of variations. In particular, the variative with respect to
gij will give the Einstein equations of the gravitational field, while the variative with
respect to the gauge potential ABi will give the gauge field equations. However, in
this presentation we derive the gauge field equations from the properties of the h-
deflection tensor. On the other hand, the Einstein equations for the gravitational
field are not derived here explicitly, but they are presented at the end of this section.
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4.1 Gauge Field Equations

First let us give the definition of the h-deflection tensor.
We call h-deflection tensor of the d-connection ∇ the d-tensor field Di

j given by

Di
j ≡ yi

|j . (101)

It is easy to see that the h-deflection tensor satisfies the equation:

Di
j = Γi

jγyγ − N i
j . (102)

Let us take:

Di
j = E(aABtAgriFBrj) i.e. Dij = E(aABtAFAij). (103)

in equation (67). Writing down the Ricci identities for this tensor one have:

Dij|k − Dik|j = Rhijkyh − Rr
jkyi\r. (104)

In [2] it has been proved that (104) gives:∑
(ijk)

D[ij]\k = 0, (105)

∑
(ijk)

meaning the cyclic summation over the indices i, j, k. From (105) and (103) we

have: ∑
(ijk)

D[ij]\k =
∑
(ijk)

∇k[E(aABtAFBij)] = 0.

Due to the arbitrariness of the choice of the operator E , we deduce that:∑
(ijk)

∇k(aABFBij) =
∑
(ijk)

aABDk(aCBaCDFDij) =

∑
(ijk)

aABDkFBij = 0. (106)

Therefore, we have: ∑
(ijk)

DkFAij = 0. (107)

The last equation gives the first group of gauge field equations, the Bianchi identities
on the vector bundle E(π,M,G), that describes geometrically the gauge field.

For the second group of gauge field equations, consider the 1-form hJBi, which we
will call the d-horizontal charge current density covector for matter fields, defined by
the equation:

E(aABtAhJBi) =
1
2
gjk(yi\jk − yj\ik). (108)
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This gives:

E(aABtAhJBi) =
1
2
gjk(yi\jk − yj\ik) =

1
2
gjk(Dij\k − Dji\k) =

gjkDij\k = gjk∇k((aABtAFBij)) = (109)

gjkE(aABtADk(aCBaCDFDij)) = gjkE(aABtADkFBij).

Thus, we take
hJAi = DjFAij . (110)

In the present case of the pure Yang-Mills theory, this becomes the second group
of gauge field equations and it can be seen that hJAi = 0, due to the vanishing of
the torsion T i

jk. Notice that (110) is also derived after applying the principle of least
action in the action integral (100). Of course, in the presence of matter fields, hJAi will
obtain a non-zero contribution from their charge currents. It would be interesting to
see whether this contribution can be expressed through a non-vanishing gravitational
torsion T i

jk.
Furthermore, note that even in the absence of matter fields the pure Yang-Mills

field has a non-zero charge current density covector hjAi, not entering the gauge field
equations, which is defined as:

hjAi = ∇jFAij . (111)

Due to the field equations DjFAij = 0, this covector is also equal to - fABCAj
BFCij.

In order to prove the conservation of the charge, note that:

hji
B|i = ∇i∇kF ik

B =
1
2
(F ij

B|j|i − F ij
B|i|j) =

= (Rij − Rij)F
ij
B = 0.

Thus:
hji

A|i = 0. (112)

In this way, we have given the physically interesting gauge field equations and proved
the charge conservation.

4.2 The Einstein equations

The Einstein equations associated to the d-connection D are as follows:

Rij −
1
2
(R − 1

4
FAaεF

aε
A )gij = kTij , (113)

where Tij are the components of the energy-momentum tensor field.
Remark 3. Note that there is an alternative way to elaborate the present geometrical
framework. In particular, we may keep the relation (91) without imposing (92). This
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would mean that the metric haβ is no longer dependent on the gravitational metric
and assuming that haβ\γ = 0, its dynamical behavior is determined by the Einstein
equation:

Saβ − 1
2
(R + S)haβ = kTaβ , (114)

which is derived from the action of (100) and the variative with respect to the metric
hαβ . However, this approach is physically undistinguished..
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