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Abstract

In this paper a model of unification of gravity and gauge field theories is
proposed. This model, based on the properties of the Lagrange spaces as in
[1], can be proposed as an alternative to the Kaluza-Klein theories. The ma-
jor difference between our approach and that of Kaluza-Klein lies in the use
of different geometries. In particular, the Kaluza-Klein theories are formulated
over the total space of a principal fiber bundle, whose fibers are isomorphic
copies of the symmetry group, whereas our approach is formulated over the to-
tal space of the tangent bundle T'M, which is endowed with the structure of the
Lagrange space. In terms of this space the gauge transformations are acquire
a space-time geometrical meaning, since they correspond to the Caratheodory
transformations of the proposed Lagrangian, whereas the Yang-Mills equations
are derived from the study of the properties of the h-deflection tensor. Further-
more the conventional Lagrangian R — iFAQﬁFXB, R being the scalar curvature
of the gravitational field and Fanp the components of the gauge field strength
tensor, is seen to be equal to the scalar curvature of the tangent bundle T'M.
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1 Introduction

Our purpose is to present a theory that unifies gravity and gauge field theories on the
classical level. In our approach, this unification will be formulated over the tangent
bundle T'M of the space-time manifold M. This model has been worked out by some
geometers and theoretical physicists, see for example [1, 2, 4, 5, 6, 7, 8], for the case
of electrodynamics. Our work extends this effort to gauge theories of any symmetry

group.
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In particular, we enrich T'M with the structure of a Lagrange space and examine
the conditions that enable us to conceive an equivalence between the gauge transfor-
mations of the gauge potentials and the Caretheodory transformations of the given
regular Lagrangian. In other words, we conceive the gauge transformations as trans-
formations that establish an equivalence relation between the possible (physically
equivalent ) Lagrange structures over TM. It is remarkable, that such an approach
leads to the formulation of the gauge potential as given in Penrose and Rindler [3]. Af-
ter that, we give specific forms to the non-linear connection on T'M, the d-connection
and the metric structure and subsequently calculate all the torsions and curvatures of
the space. It is important to note that our approach guaranties a scalar curvature of
the form R — iF ‘AaeF'3?, with R the Ricci scalar of the gravitational field. In this way,
the deduced scalar curvature takes the form of the conventional Lagrangian generally
used to describe the interaction of a gravitational with a gauge field.

In section 2, we establish the geometrical framework, define its basic notions and
properties and give a short description of the geometrical structures to be used. In
section 3, all the previously defined structures are given a specific form. In particular,
first we define our symbolism and explain how we conceive a gauge transformation
in the present geometrical framework. Next, we give specific forms to the non-linear
connection, the metric structure and the d-connections. We complete section 3 with
the calculation of the torsions and curvatures. Finally, in section 4 we derive the
gauge field equations from the properties of the h-deflection tensor and present the
Einstein equations.

2 The geometrical framework

Consider a real n-dimensional differentiable manifold M and let £ = (T M, p, M) be its
tangent bundle. The total space TM will be given the local coordinates (x¢, y®),where
1 < i,a < n. (Throughout the rest of this presentation we will use small lattin
indices i, 7, . . . to denote components of tensors on the horizontal subspace and Greek
indices «, 3,... to denote components of tensors on the vertical subspace.) We are
particularly interested in the geometry of the tangent space TTM of TM. At any
point (z¢,y%) of TM, one can choose a coordinate basis of the form 9; = 9/9z*,0, =
0/0y* on the tangent space TTM, that is, any vector X € TTM will be written
locally as X = X?0; + X0,.

In the following, we give a short introductory presentation of the geometry of the
tangent bundle TM. This includes the introduction of the notion of the non-linear
connection, the notion of d-connections, its torsion and finally its curvature. These
concepts and the terminology are taken from the book of R. Miron and M. Anastasei.

There is a number of equivalent ways to define the notion of the non-linear con-
nection, see Miron, Anastasiei [1], but here we choose the following.

A non-linear connection N on the total space T'M is characterized by the existence
of a subbundle HT'M of the bundle TT'M, such that the Whitney sum

TTM = HTM & VTM (1)
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holds. The subspace HT'M is called horizontal and the subspace VIT'M is called
vertical.
A local basis which contains bases both for the horizontal and vertical subspace

of TTM is: 5

{6, = ozt
where the symbols N/ give the coefficients of the non-linear connection V.
Before going on to define the weak torsion and curvature of the non-linear con-
nection, let us define the notion of the d-tensor fields.
> A tensor field W of type (p+7,qg + s) on T M is said to be a d-tensor field or

an M-tensor field of type < Z Z ) on T'M if

:ai_Nia(xvy)aaaaﬁ}v (2)

W(wla v 7wp7X17 s 7Xqva+1,...,wp+T‘7Xq+17 s 7X(1+s) = (3)
W(hwi, ..., hwp, hX1, ..., hX g, vwpit, .., Wpir, VX g41, - -+, X g4s),

where h is the horizontal projection and v the vertical one.

p

Locally, a d-tensor field of type ( 7 Z > will be written in the form :

W =W g0, @ @0y, @ @da? - @0yh @ y”, (4)

where _
oy* = dy" + N{(z,y)dz’ (5)

is the adapted vertical co-basis.
Associated to the non-linear connection N are two important d-tensor fields, with

the components:
t5e = 0N} — 0; N, Ry, = 0k N — 6; N (6)

The first is called the weak torsion and the second the curvature of the non-linear
connection N.

In order to enrich the geometrical structure of the total space T'M, we consider
the possibility of a linear connection on T'M, which respects the already imposed
structure on TT M due to the existence of a non-linear connection. Thus, we introduce
the notion of the distinguished or d-connection (cf. [1]).

A linear connection V on T'M will be called distinguished iff it preserves under
parallel transportation the horizontal and the vertical distributions HT'M and VT M
respectively.

With respect to the adapted basis (d;,9,), the local representation of the d-
connections is given by:

Vs, 85 = Li(z, )8, (7)
V6,05 = L (2,)0a, (8)
Vo, d; = C';A/(gc,y)éz7 (9)
Va,05 = Cf,(x,y)0a, (10)
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and 5f
v5kf = W7 (11)
Vo, f = % (12)

where f is a scalar field over T'M. Based on the above symbolism, from now on we
shall denote this d-connection as DI’ = (L; ko L C;'w C’g,y). Note that although this
is a local form, it constitutes a uniquely global object, if the local coefficients satisfy

the following transformation rules on intersections:

o' 9l 9k,  dx¥ 9%k

Li»/, )= —— ——— L - 13
I’k dzt Oxd’ dxk' Ik + Oxk Oxi' Ok’ (13)
_ L Ok ,OM7,
a _ a 6] a a I}
i ozt oz i
Cliy = 3% Daj M;Y,ij, (15)
Chrp = MY MGM,CE, (16)

where 9, = M0, and Mg, = .

Before completing this short introduction to d- connections, we add a little more
symbolism on h- and v-covariant differentiation of d-tensors. For example, let W be

a d-tensor field of type < 1 1 ) given by

W = W56 ® 0, ® da? @ 6y, (17)

For the vector field X = X*§, + Y9, the h- and v-covariant derivatives are given
respectively as

Vi W = X*Wi5 16, ® 9, ® da’ @ 6y°, (18)
where: '
W%k =0 W5 + L;lnghﬁa + Eikwjg - L?kai% - ﬂngﬁ (19)
and
VoxW =Y Wib|,6; @ 0, ® dz’? @ 6y, (20)
where:
W;gh = 87WJ% + éiijh; + Cng;g - OJh’YW;L% - Cgv ng (21)

The above notations can be generalized in an obvious way for a d-tensor field of any
order.

In this section we shall also introduce and calculate the torsion and curvature
tensors of d-connections. Let us start with the torsion tensor 7T'. This is given by the
relation:

TX,Y)=VxY -VyX - [X,)Y],VX|Y € X(TM). (22)
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It can be decomposed in the following way:
T(X,)Y)=ThX,hY)+T(hX,0Y)+ T(wX,hY)+ T(vX,vY). (23)

Taking into account the skew-symmetry of T and the equation h[vX,vY] = 0,we
deduce that T' can be known completely if the following five components are given.
These give also the local form of the torsion:

hT (0k,8;) = T}1.6i, (24)

(25)
) (26)
vT(D3,6;) = P%0,, (27)
VT (), 5) = S D (28)

The following theorem gives the local components of the torsion tensor:
Theorem. [1] The local components in the frame (8;,0,) of the torsion of a

d-connection DI = (L;k, f/gk, C’;a, C’g,y) are:
ik = Lk = Liy, (29)
[, = RY, (given in (6)), (30)
Ply=Clg, (31)
s = 0N} = Ly, (32)
S5y = Oy — Cop- (33)

Next we introduce the curvature tensor R of the d-connection V. This is given by:
R(X,Y)Z =VxVyZ —-VyVxZ— V[X’y]Z,VX, Y, Z € X(TM). (34)

This tensor is completely known when the following six components, determining its

local form, are given: '
R(0r,07)0n = R}, ;1,04

(35)
R(6k,6;)95 = Rfj1.0a, (36)
R(9,01)0; = Py, 6, (37)
R(0y,0)0p = P&, 0a, (38)
R(a'vvaﬁ)aj = 5?5751’ ( )
R(05,0,)93 = S50 (40)

Denoting the local components of the curvature of a d-connection V on T'M as DI" =
(L Lk Cjps Ot )» & direct computation yields to the following formulas obtained in

szk = 5kL§1j —0;Lj,, + Ly} ok — L;LnkLinj +C, s (41)
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Ry = Ly — 0, L + Ly, LSy, — L, LS + C§, R, (42)
Plia = 0aLi = Cooi + CipPhys (43)

Py = 87[~’a5k = ot Cg5plg"f’ (44)

gjﬂv = a”/é;ﬁ - aﬁé}v + éjlﬁéﬁv - éthéfiLB’ (45)
855 = 0505 — 0,085 + C5, C% — C55C2 . (46)

For a complete presentation of the local form of the Bianchi and Ricci identities see

[1].

2.1 Metric structures on T'M

The tangent bundle will be endowed with a metric structure. The metric tensor will
be denoted as G. This tensor is chosen in such a way that the horizontal and vertical
subspaces are vertical to each other. That is, we demand that

G(hX,vY) =0,YX,Y € X(TM), (47)

where h and v are the horizontal and vertical projectors associated to the non-linear
connection N. Thus the local form of G can be written as:

G(z,y) = gij(z,y)dz’ ® dz’ + hag(z,y)0y" @ 6y, (48)

where

gij = G(&l,éj) and haﬁ = G(acwa[-}). (49)

Remark In section 2 the above metric tensor will be given a more specific form. In
fact, we shall associate g;; with the gravitational metric and h,g with both the gauge
field and the gravitational metric.

2.2 The notion of Lagrange spaces

From [1] we quote the following definition of a Lagrange space.

> A regular Lagrangian is a function L : TM — R which fulfills the following
conditions:

a) L is of class C* on TM \ {0} and continuous on the image of the null section
in the tangent bundle.

b) The matrix with the entries

1 9%°L

= 2ay0y (50)

9ij(x,y)
has rank n = dim M on TM — {0}.
> A Lagrange space is a pair L™ = (M, L(x,y)), which consists of a smooth
manifold M and a regular Lagrangian L, for which the quadratic form ®(&) = g;;£°¢?
has constant signature on TM — {0}.
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2.3 Caratheodory transformations

Let v : [0,1] — M be a parameterized curve on the manifold M. Then the action
integral associated with L along -y is defined as

I(7) = / L(z, ) dt. (51)
0

Using the calculus of variations we find that a necessary condition for « to be an
extremum of the action integral is that it satisfies the Euler-Lagrange equations

d oL L . do

This set of equations can be satisfied simultaneously by different regular Lagrangians.
That is, for different L and L’ we have:

d , 0L oL d oL oL’ i da?
%(ay’) C9rt dt n (53)

G "o VT a

These two Lagrangians will be called equivalent. The relation of equivalence is given
by the Caratheodory transformation, see [1], by which two regular Lagrangians L and
L’ are equivalent iff

9 ;

. a, 54
where ¢ is an arbitrary function on M and a any constant.

In the next section we shall demand that this transformation becomes a gauge
transformation of the gauge potentials that enter L.

L/('r’ y) = L(x,y) +

3 Geometric Unification of Gravity and Gauge Field
Theories

In this section we propose a model of unification of gravity and gauge field theories
based in the above geometrical framework. Thus, all the above geometrical objects
will be given a specific form leading eventually to the gauge field equations and the
Einstein equations.

In our approach we will consider a family of Lagrangians L¢ parameterized by the
elements of the set of real-valued linear operators £ : ¢ — R acting on the Lie algebra
g of the symmetry group G.

In order to define these Lagrangians let us consider a basis of generators {t®},1 <
B < m =dimG, on the Lie algebra g2. Thus, the gauge potential, being a g—valued
1-form A, can be written as

A=Y Apida't?, (55)

B,i
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where Ap; are the components of the gauge potential in the above basis. Of course,
this is the form taken by the gauge potential A, after the choice of a gauge. A
choice of gauge is the choice of a local basis for the fiber (being a vector space in
a representation of the group G) of the vector bundle E(m, M,G), that describes
geometrically the gauge theory. We denote this basis as {aapep}, where {ep} is the
standard basis on G. Thus, acp is nothing more than the p—component, relative to
the standard basis, of the ¢—vector of the basis on the fiber. Notice that the gauge
indices in these symbols can be raised via the relations:

aspa’? = (52 and aspa’® = 5,(5’:. (56)
In virtue of the above notation we formulate our family of regular Lagrangians as:
L (2,y) = gij(2)y'y’ + E(aap(@)Api(x)th)y', (57)

where g;; is the gravitational metric. Thus, we have constructed a family of Lagrange
spaces, the members of which we denote as (M, L¢ ). In the following, these spaces
will take a specific structure. In particular, we will define their metric structure, non-
linear connection and d-connection. We will also calculate the torsion and curvature
d-tensors.

However, before proceeding to these definitions, let us first look deeper into the
implications of the choice (57) for the gauge-covariant derivatives D, in connection
with the Caratheodory transformations.

In order to do this, let us define the notion of the gauge-covariant derivative D.
This derivative is defined to act over the algebra of G- and g—valued tensors. For a
g—valued p-form wu ¢, where pq is a space-time multi-index of the form ij...a0...,
we define the gauge-covariant derivatives of w4 as usual:

Diuapm = uamji + fapcApivem (58)

and
Dauam = vam|a + faBcABaUOM, (59)

where fapc are the structure constants of the Lie group G and uaq)i, Uarm|a means
respectively the h- and v-covariant derivatives of uan. Physically, more interesting
till now are the forms with multi-index of the form ij ..., and the covariant derivative
of relation (58). Thus, in the following we will be referring to these only.

Our next step is to show under which conditions a Caratheodory transformation
of the Lagrangian (57) yields a gauge transformation of the potential A. We will
reveal that the necessary and sufficient condition relates the gauge potential with the
choice of a gauge and the gauge-covariant derivative D.

For the Caratheodory transformation we get from (54) and (57)

LE(z,y) = L¥(z,y) + y'0;9. (60)

We demand this transformation to gauge transform the potential A. That is:

L (z,y) = 99"y’ + E(aapApit™y),
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where
Ap; = Ap; + Di¢p (61)
and ¢p is a function on M.
Choosing
¢(z) = E(anp(x)pp(x)t?) (62)

in (60) we find:
959"y + E(aapApit?y’) = 9iy'y’ + E(anpApit?y’ +ty'0;(aapdp)) <

E(aapApit?y') = Et Y (aapApi + 9i(aapdn))).
Since the operator £ and y° are arbitrary and ¢4 is linearly independent to each

other, we have:

aapApi = aapApi + 0i(aapdp) <= Ap; = Ap; + a*Bdi(aacdc) =

Di¢p = a*Poi(aschc) <=

aapDipp = 0i(aacdc). (63)
Setting ug = aapdp in (37) we find:

D

aABDi(aDBuD) = 0;(aaca cuD) —

&'uA = aABDi(aDBuD). (64)
This relation also gives:

Diuy = Ojug — aABDi(aDBuD) + Dijuyg <
Diug = Ojuy — aABDZ-(aDBuD) +aspa®PDjuc —

DiuA = aiuA — aAB(DiaDB)uD <

fapcApi = —aapD;a®P. (65)

This is the desired condition. It can also be found in Penrose and Rindler [3], pp.347.
There, the relation 5.5.12 can be seen to be identical to ours (39), after choosing the
adjoint representation of G. However, in [3] this relation is taken ad hoc, whereas in
our approach it is deduced by our demand that the Caratheodory transformation of
(31) gauge-transforms the gauge potential.

Before completing this short parenthesis notice also that (39) gives in general

Viuajk.. = aapDi(a“Pucji.). (66)

This relation will be very useful in section 3, where we derive the gauge field equations
of motion.

Now, we may proceed to determine the structure of the tangent bundle. Let us
start with the definition of the non-linear connection.
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3.1 The non-linear connection

In our approach, the non-linear connection N on TM will be given in ad hoc form,
which will eventually prove to be suitable for the derivation of the gauge field equa-
tions. Thus, we set:

Ni(w,y) = T¢,(2)y" — E(aapt? 9* Fpp), (67)

where gqs is the gravitational metric, I', its Christoffel symbols and Fpg, the field
strength components. One can easily check that these coefficients for N have the
following required transformation under a change of coordinates (z*,y*) — (2", y'*).
That is, IV} transform as:

0z’ oM

!
a’ a N&
5! —_— . y B
’ s A ozt

ye. (68)

3.2 The metric structure

As mentioned in section 2, the metric tensor on T'M has the form:
G(z,y) = §ij(z, y)dz' ® dx? + hap(z,y)oy® @ 5yP. (69)
In our approach, §;; will be given by (24) as:

1 92L¢

Gij(x,y) = 20y gij (), (70)

i.e. g;; becomes the y-independent gravitational metric. On the other hand, for dim
G > 2 the metric of the vertical subspace can be considered in the form:

hozﬁ(xay) = /\Aa(x,y))\Aﬁ(l',y), (71)

where A4, denotes the components of m tetrads on the vertical subspace. In the
following, it will be seen that these quantities are not randomly chosen, but they are
related to the field strength tensor Fp;; of the gauge field. If we also consider the
quantities A% given by the relation:

AAG.AQ = 5£a (72)
then we have:

haB = Xy \3 . (73)
3.3 The d-connection. Torsions and Curvatures

We choose the d-connection to have i%k = QC’;G = 0 and L;k = I‘;k, where F;k
are the Christoffel symbols of the gravitational metric, i.e. to be of the local form
DI = (I‘;.,€7 0,0, 057)1]0 addition for the components Cj, we set:

a 1 (0%
Cﬁ'y = 59 6FA5,Y)\A5. (74)
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Notice that, since Faq3 and A4, transform as d-tensors, the above defined coefficients
C§, have the right transformation (16) under a change of coordinates.

The torsions of this connection can be calculated from relations (29)-(33) and (67).
Thus:

73, =0, (75)
Tjy = Ry = Ry” +28(t1)(0y)(aang™ Fppw) + aang” Feppa Iy, (76)
Piy =0, (77)
8= Ljp; (78)
S5, = %ga(S(FA(H)\Aﬁ — FagsAay) = 9% Faspy Aajg)- (79)
For the curvatures, the relations (41)-(46) and (74) yield:
Rpir = L} — 000 + Do — DD, (80)
R = O3 Rk = 50° Fass A (81)
jk:a =0, (82)
Py = =Chop + ChsTh, = —%51@(9@6&67)\%) + %gagFAs(s)\AﬂFiw (83)
;’Bv =0, (84)

1 1
ZnyFéI‘éAAﬂABE - zFféFél'YAAﬁ)\BE' (85)

In this equation and the rest of the text, the indices «, 3, ... in FA'?.(,B are lowered or
raised via the gravitational metric g,g.

From (85) we can now calculate the Ricci scalar for this d-connection. It will be
equal to R + S, where R is the gravitational scalar and S the scalar corresponding
to the curvature Sgws. In order to calculate it, let us first determine the Ricci tensor
Ssy. We have:

a 1 a 1 a
5575 = §FAW8(;)\Aﬂ — §FA587/\A5 +

Ff,yF'éla/\Agkgs — FASaFézfy)\Aﬁ)\Bs-

1
4 4

Since Faq4 is antisymmetric in its space-time indices we must have F\} = 0. Thus:

S/B"/ = Sﬁ’ya = §FA'yaa)‘Aﬂ - iFAaa’Y)‘Aﬂ +

(79)

1 1
Sgy = iFAa’Yaa/\Aﬂ 4FAaFB’y>‘Aﬁ)‘B€ = (86)
1 1 1
= 5Fay0adap — 1 FaaSeAap + L FiaF e AapABy- (87)
Therefore:
By L 6y pa 1 a pBY ! e
S = hPS, = §h Fit0uap — FA,IS6 h" A ap — EFAGEF = (83
1 1 1
= 3 Fi (WP 0 X ap — 5s;fﬁmﬂ) = 1 Faa P55 (89)
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As mentioned above, the scalar curvature R of our space will be:

R=R+S. (90)
In virtue of (88) we get:
1 e Ba 1 a 1,087 1 ag
?}% = R + iFAa(h 86)\,45 - iss,yh )\Aﬁ) - ZFAGEFA . (91)

In the case where the first term of the right hand side of (88) vanishes, we have:

1 a
@Lw—immﬂwm&wzo. (92)
Thus: 1
S == FaocF§° (93)

and the scalar & of our d-connection becomes the scalar curvature of the conventional
gauge field theory with the presence of a gravitational field

1
R=R-— ZFAGEF;}E. (94)
At this point, we present the solution of equation (91). In order to do this, let us
make the ansatz:

Aas(z,y) = f(z,y)kas(z), (95)

where f is a function over T'M to be determined and k45 a g—valued covector on T'M
satisfying the relation:

9"’ knaks = 6ap- (96)
This implies that by setting
hag(2,y) = f*(2,9)9ap(2), (97)
we obtain the required:
h’X4aBs = 6aB- (98)

With the use of (95) and (97) in (92) we take:

1
0Mas = 5hash™ SE A ag = 0 =

1 1
&Aw—Zth”E%M%Lm+ZhMM”E%M%MWzowzgn

1 1 1 1
0-(fkas) — igmﬂﬁgﬁ"’FEJ%Bgmﬁ + 19a6f2ﬁgﬁ’ngsf2kakAﬁ =0+

1 1
kasOef = f*Fpshpekas +  f*Fpsedap = 0 <=
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1 1
kasO=f = ([P Fpshpekas + ([P Fase = 0=
1 1
o-f — 1f2Fgék5AkB€kAﬁ + Zf2FA§5k5A =0 =

1 1 1
o-f + Zf2FA55kffl =0 Fasf = fZFzEkAg =
1 1
A
Integrating with respect to y we get:

1 1 5

? = ZFAgk’AéyE +g(z),

where g is a function to be determined by initial conditions at some global section of
the tangent bundle TM. Thus, we have:

D:( Fi_kas.

1
flx,y) = :
1F3 kasy® + g(x)
i.e.e in virtue of (95):
kas(z
PP p—. L1C) (99)

1Fikasy® +g(x)
Remark 1. We conclude that the solution of equation (92),i.e. equation (99), implies
that A4 is not a randomly chosen covariant vector. The ansatz (95) expresses it as
a multiple of a covector field ks over the space-time manifold M, which as in (71),
can be given as a set of tetrads for the gravitational metric g,3, assuming of course
that dim G > 1. On the other hand, the factor f is a scalar field over TM given in
terms of the gauge field components Fl4,. and the tetrads k4.

Remark 2. Note that, when dim G = 1, h,g cannot be chosen as in (71), since then
it will not be invertible. Equivalently, neither g,s can be written as in (71) in terms
of kas. In that case, in order to have equation (93), covector A\, has to be of unit
length with respect to h,g, i.e. we must have h*¥\,\g = 1. Equivalently, for k5 we
must have g“ﬂkakg =1.

4 The Field Equations

The field equations can be derived from the following action:

I= [ Rdp. (100)
/

by the use of the calculus of variations. In particular, the variative with respect to
gi; will give the Einstein equations of the gravitational field, while the variative with
respect to the gauge potential Ap; will give the gauge field equations. However, in
this presentation we derive the gauge field equations from the properties of the h-
deflection tensor. Omn the other hand, the Einstein equations for the gravitational
field are not derived here explicitly, but they are presented at the end of this section.
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4.1 Gauge Field Equations
First let us give the definition of the h-deflection tensor. _
We call h-deflection tensor of the d-connection V the d-tensor field D} given by
D} =yj;. (101)
It is easy to see that the h-deflection tensor satisfies the equation:

Di=T% 47 — N (102)

Let us take:

D; = 5(aABtAgTiFBTj) i.e. Dij = S(aABtAFAZ-j). (103)

in equation (67). Writing down the Ricci identities for this tensor one have:

Dijii = Digy; = Ruijiy” — Rjpyin- (104)

In [2] it has been proved that (104) gives:

> Dijpw =0, (105)
(ijk)

Z meaning the cyclic summation over the indices 4, j, k. From (105) and (103) we
(ik)
have:

Z D[ij]\k = Z Vk[g(aABtAFBij)] =0.

(ik) (i5k)

Due to the arbitrariness of the choice of the operator £, we deduce that:

Y VilaasFsy) = Y aasDi(a“PacpFpiy) =
(ik) (ijk)
Z aapDypFp;; = 0. (106)

(i5k)

Therefore, we have:
> DiFai;=0. (107)
(ijk)
The last equation gives the first group of gauge field equations, the Bianchi identities
on the vector bundle E(w, M, G), that describes geometrically the gauge field.
For the second group of gauge field equations, consider the 1-form h.Jp;, which we

will call the d-horizontal charge current density covector for matter fields, defined by
the equation:

1.
E(aapt*hip;) = igjk(yi\jk — Yj\ik)- (108)



122 P.C. Stavrinos and V. Niarchos

This gives:
A 1 ik 1k
Elaapt™hip;) = 59 (Yivik — Yi\ik) = 59 (Dij\k — Djini) =
7*Dije = ¢"Vi((aapt*Fpij) = (109)
gjkg(aABtADk(aCBaCDFDM)) = gjkg(aABtADkFBij).
Thus, we take _
hJa; = DI Fay;. (110)

In the present case of the pure Yang-Mills theory, this becomes the second group
of gauge field equations and it can be seen that hJ4; = 0, due to the vanishing of
the torsion T]?k. Notice that (110) is also derived after applying the principle of least
action in the action integral (100). Of course, in the presence of matter fields, hJ4; will
obtain a non-zero contribution from their charge currents. It would be interesting to
see whether this contribution can be expressed through a non-vanishing gravitational
torsion T7,.

Furthermore, note that even in the absence of matter fields the pure Yang-Mills
field has a non-zero charge current density covector hja;, not entering the gauge field
equations, which is defined as:

hjai = VI Faij. (111)

Due to the field equations DjFA,»j = 0, this covector is also equal to - fABcA%FCijA
In order to prove the conservation of the charge, note that:

_FY

i ik _ Lo
hjp = ViViFg = S J Blils) =

B|jli
= (Rij — Rij)F =0.
Thus: ‘
hjly; = 0. (112)

In this way, we have given the physically interesting gauge field equations and proved
the charge conservation.

4.2 The Einstein equations
The Einstein equations associated to the d-connection D are as follows:

1 1
Rij — 5(3 - EFAaEFZE)gij =kT;5 , (113)
where 7;; are the components of the energy-momentum tensor field.
Remark 3. Note that there is an alternative way to elaborate the present geometrical
framework. In particular, we may keep the relation (91) without imposing (92). This
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would mean that the metric h,g is no longer dependent on the gravitational metric
and assuming that h,g\, = 0, its dynamical behavior is determined by the Einstein
equation:

1
Sap = 5 (R + S)hag = kTap (114)

which is derived from the action of (100) and the variative with respect to the metric
hqg. However, this approach is physically undistinguished..
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