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Abstract

In this paper are introduced two kinds of compact analytical (real and com-
plex) manifolds, denoted by G(p1,p2,...,pr ;m)(F ) and G∗

(p1,p2,...,pr ;m)(F ), where F
is the the field of real or complex numbers, p1, ..., pr ≥ 1 and p1 + ...+pr ≤m. In
special case when p1 = ... = pr = 1, we obtain the ordinary Grassmann manifold
G(r,m)(F ).
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1 Introduction

There are two generalizations of the Grassmann manifolds in the known literature [1]:
1o [3,4,5,10,11,12,14,15] as set of completely geodesic submanifolds of the Riemannian
manifolds or pseudo-Riemannian manifolds, 2o [2,6,7,8,9] as Grassmann bundles. In
this paper we also give a generalization of the Grassmann manifolds.

First, we give an alternative approach for the Grassmann manifolds. We denote
by F the field of real or complex numbers.

The Grassmann manifold G(n,m)(F ) is defined as the set of n-dimensional sub-
spaces of Fm (m > n), with a certain topology. Indeed, the set M of all n×m matrices
of rank n is principal bundle with the structure group GL(n, F ) and the base manifold
is the Grassmann manifold G(n,m)(F ). The principal bundle is non-trivial.

Using the elementary transformations on rows, each matrix A ∈ M(n,m) of rank
n can be transformed into a canonical form such that:

i) 0 ≤ t1 < t2 < · · · < tn < m,
where ti denotes the number of the first zero coordinates of the i-th vector,

ii) its row vectors are orthogonal,
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iii) each row vector has the norm 1 and the first non-zero coordinate is a positive
real number.

Note that the manifold of n×m matrices with rank n is equivalent to GL(n, F )×P ,
where P is the set of all matrices in canonical form. Indeed, each n×m matrix of rank
n can be written as A · X, for A ∈ GL(n, F ) and X ∈P. Moreover, if A · X = B · Y ,
for A,B ∈ GL(n, F ) and X,Y ∈ P , then (B−1 · A) · X = Y and hence B−1 · A is
upper-triangular matrix since X and Y satisfy the condition i). But B−1 · A is a
diagonal matrix, because X and Y satisfy i) and ii) and finally B−1 · A = I, because
X and Y satisfy i), ii) and iii). Thus A = B and X = Y .

According to the inner product of n-form [13], it is convenient to introduce the
following metric of the Grassmann manifold G(n,m)(F ). Let Σ1 and Σ2 are two
subspaces of G(n,m)(F ), and assume that Σ1 is generated by the orthonormal vectors
a1, · · · ,an and Σ2 is generated by the orthonormal vectors b1, · · · ,bn. Then we have:

(1.1) d(Σ1,Σ2) = inf
λ∈F,|λ|=1

‖(a1 ∧ · · · ∧ an) − λ(b1 ∧ · · · ∧ bn)‖ =

= inf
λ∈F,|λ|=1

√
2 − ∆λ − ∆̄λ̄,

where

(1.2). ∆ =

∣∣∣∣∣∣∣
a1 · b̄1 a1 · b̄2 · · · a1 · b̄n

a2 · b̄1 a2 · b̄2 · · · a2 · b̄n

· · · · · · · · · · · ·
an · b̄1 an · b̄2 · · · an · b̄n

∣∣∣∣∣∣∣ ,

So, a metric is defined in this way on the Grassmann manifold G(n,m)(F ). According
to the corresponding Cauchy-Schwartz inequality, it holds that |∆| ≤ 1 and moreover
|∆| = 1 if and only if the subspaces Σ1 and Σ2 coincide.

Note that this distance does not depend on the choice of the orthonormal systems
and in this case the orthonormal systems can be chosen to be the row vectors from
the canonical forms. Hence one obtain a metric d over the set P of matrices in
canonical forms such that the topology space (P, d) coincides with the topology of the
Grassmann manifold G(n,m)(F ). This metric does not depend on the choice of the
orthonormal coordinate system in Fm.

2 Generalized Grassmann manifold G(p1,...,pr;m)(F )

Let p1, p2, · · · , pr be positive integers such that p1+p2+ · · ·+pr = n ≤m. We consider
a set of linearly independent vectors

a11,a12, · · · ,a1p1 ,a21,a22, · · · ,a2p2 , · · · ,ar1,ar2, · · · ,arpr ,

of Fm and we denote the matrix with these n row-vectors by A. If
i) t1 < t2 < · · · < tr, where ti = min{t(ai1), t(ai2), · · · , t(aipi)} and t(a)

denotes the number of the first zero coordinates of a,
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ii) each two different vectors of these n vectors are orthogonal,
iii) each row vector has the norm 1 and the first non-zero coordinate is a positive

real number,
then the considered matrix A is in canonical form. The set of all matrices in canonical
form can be endowed with a topology as follows.

Suppose that the matrices A and B are in canonical forms. For each sequence
α = j1, · · · , jr, 1 ≤ ji ≤ pi, we have the subspaces Σα and Πα generated by the
vectors a1j1 ,a2j2 , · · · ,arjr and b1j1 ,b2j2 , · · · ,brjr respectively. Notice that there are
exactly N = p1!p2! · · · pr! such sequences α. Now we define a function d(A,B) as sum
of all N distances d(Σα, Πα) in the Grassmann manifold (Section 1). It is easy to
verify that d is a metric in the set of all matrices in canonical form and hence it induces
a topology. Indeed, if d(A,B) = 0, then for α = s1, s2, · · · , sr, where su is chosen
such that t(ausu) = tu, it follows that d(Σα,Πα) = 0 and hence aisi = bisi , because
the matrices with row vectors a1s1 , · · · ,arsr and b1s1 , · · · ,brsr are in canonical forms
from Section 1. Now, in order to prove that aij = bij , it is sufficient to consider the
sequence β = s1, · · · , si−1, j, si+1, · · · , sr and to use that Σβ = Πβ . The other axioms
are obvious.

In this section we prove that these spaces are analytical manifolds and we will
denote them by G(p1,p2,...,pr ;m)(F ).
Theorem 2.1. The set of all matrices in canonical form is an analytical (real or
complex) compact manifold.
Proof. The proof is by induction of n.

If n = 1 the corresponding space is the compact analytical manifold FPm−1.
Suppose that the theorem holds for n or less than n row vectors. Let X be any

(n + 1) × m matrix of rank n + 1 in canonical form defined in Section 1 and A is
non-singular quadratic matrix of order n + 1. Then A · X is in canonical form if and
only if the matrix A is in canonical form. To see this, it is sufficient to denote the
row vectors of X as basis e1, · · · , en.

Consider a neighborhood of A · X, where A ∈ G(p1,...,pr;n+1)(F ) and
X ∈ G(n+1,m)(F ), since G(n+1,m)(F ) considers as a set of matrices in canonical
form (Section 1) endowed with a metric d which is invariant under the m × m
transformations of right over X. Without loss of generality we can assume that
t1 = 0, t2 = 1, t3 = 2, · · · , tn+1 = n for the matrix X in canonical form. In this case
the topology in a small neighborhood of X ∈ G(n+1,m)(F ) coincides with the usual
topology of (n + 1) × m matrices with row vectors in FPm−1.

Thus for each X ∈ G(n+1,m)(F ) there exists sufficiently small neighborhood U
such that

G(p1,...,pr ;n+1)(F ) × U → G(p1,...,pr;m)(F )

is an analytical embedding. The manifold G(n+1,m)(F ) is a compact analytical one
and it can be covered by

(
m

n+1

)
such open neighborhoods U . So, without loss of

generality, we assume that m = n + 1, in order to prove that the space of (n + 1) ×
m canonical matrices is a compact analytical manifold. Indeed, G(p1,...,pr;m)(F ) is
equivalent, but not homeomorphic with G(p1,p2,...,pr ;n+1)(F ) × G(n+1,m)(F ).
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We consider an (n + 1) × (n + 1) matrix P in canonical form and denote by P̄
and P̃ the submatrices of the first p1 row vectors and the last n + 1− p1 row vectors
respectively. Since P is non-singular and since P is in canonical form, at least one
of the first coordinates of the vectors in P̄ is non-zero. For example suppose that
the first coordinate of a11 is non-zero. Having in mind the metric of P and the
first zero coordinates of the vectors aij for i > 1, considering the sequence of type
α = 1, j2, · · · , jr we conclude that if the matrices P and P ′ are close according to that
metric, then a11 is close to a′

11 with respect to the ordinary metric in the projective
space and P̃ is close to P̃ ′ with respect to the hereditary topology. Further, if we
consider a sequence of type α = j, j2, · · · , jr for j > 1, we conclude that a1j is
close to a′

1j for any 2 ≤ j ≤ p1 with respect to the ordinary topology in the projective
spaces. Moreover there is no any constraint for the first zero positions of these vectors.
The converse conclusions also hold. Thus we obtain that the matrices P and P ′ in
canonical form are closed, if and only if P̃ is closed to P̃ ′ with respect to the hereditary
topology and P̄ is closed to P̄ ′ with respect to the ordinary topology of matrices with
projective row vectors. Note also that P̄ with the topology of the matrices of projective
row vectors is just the special case of the topology of G(p1;n+1)(F ), i.e. for r = 1,
and the topology of P̃ with respect to the hereditary topology of P is the special case
G(p2,···,pr ;n).

If r = 1, in Example 3 it is proved that G(n;m)(F ) is a compact analytical manifold.
If r > 1, then n + 1 > p1 > 0 and thus, by an inductive assumption, each of the
topological spaces of matrices P̄ and P̃ is compact analytical manifold. The required
manifold of matrices P consists of pairs (P̄ , P̃ ) under the condition of orthogonality
in Fn+1 of their row vectors and thus it is also compact analytical manifold. 2

Notice that dimG(p1,...,pr;m)(F ) = nm −
(
n+1

2

)
− (p2 + 2p3 + · · · + (r − 1)pr).

Example 1. In the special case p1 = p2 = · · · = pr = 1 we obtain the Grassmann
manifold G(r,m)(F ).

Example 2. Let F = R, r = 2, p1 = 2, p2 = 1 and m = 3. Then the manifold of
canonical vectors consists of the following cells:

C1 =

x ∗ ∗
y ∗ ∗
0 ∗ ∗

 , C2 =

 1 0 0
0 ∗ ∗
0 ∗ ∗

 , C3 =

 0 ∗ ∗
1 0 0
0 ∗ ∗

 ,

where x, y > 0. The cell C1 is homeomorphic to R × S1 because for fixed ratio
λ = x/y ∈ R+ it is homeomorphic to S1. The cells C2 and C3 are homeomorphic
to S1. Thus the Euler characteristic of the manifold is χ = 0. The manifold can
be described as follows: each point consists of two orthogonal lines p and q through
the coordinate origin in R3 (the third line which is orthogonal to p and q is uniquely
determined) such that q lies in the yz-plane. It is homeomorphic to the Klein’s bottle.

Example 3. This example completes the proof of the Theorem 2.1. Let r = 1 and
p1 = n. Then the space of canonical forms is the manifold of n×m matrices of rank n,
consisting of n orthogonal vectors from the projective space FPm−1. This manifold is
base manifold for the principal bundle of matrices consisting of orthonormal vectors
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(F = R or F = C) with the structure group:

{
u1 0 · · · 0
0 u2 · · · 0
· · · · · · · · · · · ·
0 0 · · · un

 ; |u1| = · · · = |un| = 1
}

.

Now, let us parameterize the manifold G(n;m)(F ). For an arbitrary sequence
i1, i2, · · · , in of different numbers in the set {1, · · · ,m} we consider the n×n submatrix
Ai1i2...in of A consisting of columns nominated by i1, i2, · · · , in. For each such sequence
we choose arbitrary n(m − n) elements of the matrix A which do not belong to
Ai1i2...in , we choose units on the main diagonal of Ai1i2...in and also we choose

(
n
2

)
elements under the main diagonal such that the elements over the main diagonal can
be chosen uniquely. It can be made such that the row vectors of the obtained matrix
are orthogonal. Indeed, it means that the n × n submatrix Ai1i2...in satisfies:

a) the elements on the main diagonal are non-zeros,
b) all k submatrices (1 ≤ k ≤ n) obtained by deleting the first n − k rows and

n − k columns are non-zero.
Note that we have an open neighborhood as subset of Euclidean space for each

sequence i1, i2, · · · , in. Now the following question appears: If the columns of A
nominated by i1, i2, · · · , in are linearly independent, does there exist a permutation τ
of i1, i2, · · · , in, such that the considered n × m matrix A belongs to the neighborhood
induced by the sequence τ(i1), τ(i2), · · · , τ(in)? The answer is affirmative and it is
sufficient to prove that for any non-singular n×n matrix can be chosen a permutation
τ of its columns such that the obtained matrix satisfy the conditions a) and b). It is
easy to prove this statement by induction on n, by decomposing the corresponding
determinant with respect to the first row. This parameterization of G(n;m)(F ) makes
it an analytical manifold. This manifold is also a flag manifold.

3 Generalized Grassmann manifold G∗
(p1,...,pr;m)(F).

Let p1, p2, · · · , pr be r positive integers and let p1+p2+ · · ·+pr = n ≤ m. We consider
a set of linearly independent vectors

a11,a12, · · · ,a1p1 ,a21,a22, · · · ,a2p2 , · · · ,ar1,ar2, · · · ,arpr ,

of Fm, and we denote the matrix with these n row-vectors by A.
If the following conditions hold:
i) there exists a block decomposition of A of submatrices Aij , (1 ≤ i, j ≤ r), such

that Aij = 0 for i > j and rank(Aii) = pi (1 ≤ i ≤ r),
ii) each two different row vectors of A are orthogonal,
iii) each row vector has the norm 1 and the first non-zero coordinate is a positive

real number,
then we say that the considered n vectors are in a canonical form.

We are going to define a topology over the set of all n vectors in canonical form.
Without loss of generality we can suppose that these n vectors are taken to be row
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vectors of an n × m matrix and then we say that the corresponding matrix is in
canonical form. If A and B are two matrices in canonical form, with row vectors aij

and bij , for 1 ≤ i ≤ r and 1 ≤ j ≤ pi, then we define:

(2.1), d(A,B) = inf
λ∈F,|λ|=1

√
2 − ∆λ − ∆̄λ̄

where

∆ = det


P11 P12 · · · P1r

P21 P22 · · · P2r

· · · · · · · · · · · ·
Pr1 Pr2 · · · Prr

 ,

Pij for i 6= j is pi × pj matrix such that (Pij)uv = aiu · b̄jv and (Pii)uv = δuvaiu · b̄iv.
In order to prove that d is a metric, first we note that it is easy to see that |∆| ≤ 1 and
|∆| = 1 if and only if the row vectors of A generate the same vector space as the row
vectors of B and aiu · b̄iv = 0 for u 6= v, i.e. the aiu and biv are orthogonal for u 6= v.
In order to see that this it is sufficient we assume, without loss of generality , that bij

are the orthonormal vectors e1, · · · , en. Then the vectors which are row vectors of ∆
have the modules ≤ 1 and if |∆| = 1, it follows that these vectors have unit module
and they are orthogonal. Hence it follows that the row vectors of A generate the same
vector space as the row vectors of B and aiu and biv are orthogonal for u 6= v.

Now we prove that d is a metric.
i)It is obviously that d(A,B) ≥ 0. If A = B, then ∆ = 1 and hence d(A,B) = 0.

Conversely, if d(A,B) = 0, then |∆| = 1 and according to the previous discussion
it follows that A generates the same vector space as the row vectors of B and aiu

and biv are orthogonal for u 6= v. Now, using the canonical form, we will prove that
A = B. Indeed, let us decompose the matrices A and B as M ·X and N ·Y , where M
and N are n-quadratic matrices and X and Y are n × m matrices in canonical form
from Section 1. Since the row vectors of A and B generate the same vector subspace,
it follows that X = Y and moreover the matrices M and N are in canonical forms
(see Proposition 3.2). Thus, it is sufficient to prove that M = N , i.e. to prove the
statement for m = n. Now, according to the proof of the Proposition 3.1 it follows
that M and N are block-diagonal matrices. Thus for each i, 1 ≤ i ≤ r, both sets of
vectors ai1, · · · ,aipi and bi1, · · · ,bipi generate the same vector subspace. Using the
orthogonality conditions, it follows that aij is collinear with bij for 1 ≤ i ≤ r and
1 ≤ j ≤ pi. Using the condition iii) of canonical form, it follows that M = N .

ii) From the definition of d it follows that d(A,B) = d(B,A).
iii) The inequality d(A,B) + d(B,C) ≥ d(A,C) can be proved as follows. The

matrices A, B and C can be replaced by A′, B′ and C ′ of dimension n × m′ of
sufficiently large number m′, such that for each two matrices, for example A′ and B′,
the scalar product of a′ and b′ is close to the scalar product of the corresponding
vectors a and b of A and B if these two vectors belong to other sets of partition of
{1, · · · , n} into r subsets, or they correspond to same indices. Otherwise, the scalar
product of a′ and b′ is zero. Now, according to the Section 1, d(A′, B′) + d(B′, C ′) ≥
d(A′, C ′) and the metric d coincides in this case to the mapping d considered in this
section. Using that d(A′, B′) is close to d(A,B), d(B′, C ′) is close to d(B,C) and
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d(A′, C ′) is close to d(A′, C ′), it follows that d(A, B) + d(B,C) ≥ d(A,C). Thus d is
a metric.

In order words, the metric d in set of canonical forms can be described such that
two matrices A and B are close if the subspaces generated by the rows of the matrices
A and the rows of B are close (in the sense of the metric of the Grassmann manifold)
and aiu and biv are approximately orthogonal for 1 ≤ i ≤ r and u 6= v.
Proposition 3.1. If m = n, then the space G∗

(p1,...,pr ;m)(F ) is analytical compact
manifold homeomorphic to

Gp1(F ) × Gp2(F ) × · · · × Gpr
(F ) =


Gp1 0 0 · · · 0
0 Gp2 0 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · Gpr

 ,

where Gpi(F ) is the manifold consisting of pi × pi matrices with the orthogonal row
vectors in FP pi−1.
Proof. Note that n = m implies that all the submatrices Aii(1 ≤ i ≤ r) are quadratic
pi × pi matrices. Since each row of this matrix has norm 1, A ∈ O(n) or A ∈ U(n).
Since Aij = 0 for i > j it follows that Aij = 0 for i < j. Thus, we obtain the required
form in the special case m = n.

It also can be verified in this case that the topology of G∗
(p1,p2,...,pr ;m)(F ) is the

same as the topology of Gp1(F ) × · · · × Gpr
(F ). Since Gpi

(F ) is a compact analyt-
ical manifold for each i ∈ {1, · · · ,m} (see Example 3 in Section 2), we obtain that
G∗

(p1,...,pr ;m)(F ) is also a compact analytical manifold. 2

Proposition 3.2. There is an equivalence between the sets

G∗
(p1,...,pr ;m)(F ) and

[
Gp1(F ) × Gp2(F ) × · · · × Gpr (F )

]
× G(n,m)(F ).

Proof. Notice that is Section 1 we have proved that each n × m matrix of rank n
can uniquely be written as A · X, where A ∈ GL(F ) and X ∈ G(n,m)(F ), i.e. the set
of n × m matrices in canonical form defined in Section 1. One can verify that A · X
has a canonical form (defined in this Section) if and only if A has canonical form
(defined in this Section). Since A is quadratic matrix in canonical form, it belongs to
Gp1(F )×Gp2(F )× · · ·×Gpr (F ) according to the Proposition 3.1. Thus, each matrix
of G∗

(p1,...,pr ;m)(F ) can uniquely be written as A ·X for A ∈ Gp1(F )×Gp2(F )× · · · ×
Gpr (F ) and X ∈ G(n,m)(F ). 2

Notice that the equivalence in this proposition does not mean homeomorphic. To
see this, it is sufficient to consider the special case r = 1.

Having in mind the topology of G∗
(p1,...,pr;m)(F ) and the Proposition 3.2, the fol-

lowing theorem holds.
Theorem 3.3. The space G∗

(p1,...,pr;m)(F ) of canonical matrices is an analytical (real
or complex) compact manifold.
Proof. According to the Proposition 3.2, analogously to the proof of the theorem
2.1, for each matrix X ∈ G(n,m)(F ) there exists a neighborhood U of X such that

G∗
(p1,...,pr;n)(F ) × U → G∗

(p1,...,pr ;m)(F )
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is an analytical embedding and moreover G(n,m)(F ) can be covered with
(
m
n

)
such

neighborhoods U . Since G(n,m)(F ) is an analytical compact manifold and G∗
(p1,...,pr ;n)(F )

is also an analytical compact manifold according to the Proposition 3.1, it follows that
G∗

(p1,...,pr ;m)(F ) is an analytical compact manifold, too. 2

Notice that

dim G∗
(p1,...,pr ;m)(F ) = n(m − n) +

(
p1

2

)
+ · · · +

(
pr

2

)
,

and the manifold is covered with
(
m
n

)
p1! ·p2! · · · pr! coordinate neighborhoods. Hence,

if q1, · · · , qr is a permutation of p1, · · · , pr, then

dim G∗
(p1,...,pr;m)(F ) = dim G∗

(q1,...,qr ;m)(F ),

but we do not know when the manifolds G∗
(p1,...,pr;m)(F ) and G∗

(q1,...,qr ;m)(F ) are
homeomorphic.

In the special case p1 = p2 = · · · = pr = 1, we obtain the ordinary Grassmann
manifold G(r,m)(F ).
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