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Abstract

The fundamental tensor and angular metric of a generalized Randers-Kropina
Finsler space are determined; the Cartan framework is developed, the C-reducibility
equations are provided and considerations regarding the equations of geodesics
and of their deviations are given.
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1 Introduction

The general Randers Finsler spaces were introduced by R.Miron ([10]); a particu-
lar case with evidentiated Riemannian part was considered in [19], where a series
of considerations on the geodesics and on the physical relevance of the space were
developed. The present approach provides a Finsler space which embraces the two
cases. In particular, it provides the Randers metric - a good geometrical model for the
unified electromagnetic and gravitational field theory ([9]) and the Kropina metric -
used in the Lagrangian analytical dynamics ([17]). Its metric is a functional linear
combination of Randers-type, Kropina and general fundamental functions. We shall
present sufficient conditions for the metric to be a Finslerian one, then derive explic-
itly the Cartan connection coefficients, and discuss the equations of geodesics and of
their deviations.
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2 Randers-Kropina Finslerian metrics

Let M be a smooth real n-dimensional manifold and TM = TM\{0}. In the following
we shall consider a Finslerian metric of the type

a?(z,y)
ol Ay 1)

L(z,y) = aa(x,y) + Bb(z,y) + v

where:

a(z,y) = v/a;j(x)y'y?, with {a;;(x)} Riemannian metric on M;
b(z,y) = b;(x)y, with {b;(x)} covector field on M;
A(z,y) is a Finsler fundamental function on TM, and «, 5,7 € F(M).

Remarks. 1. The first two terms of L determine a Randers-type Finsler metric,
while the third is a Kropina one.
2. For « =y =0 and 3 = 1 the framework becomes the general Randers studied by
Miron ([10]);
3. Fora=1, vy=A =0, and 8 = % (e being the electrical charge, m - the

mc

mass and ¢ - the speed of light), we get the Randers-type metric useful in physical
applications ([7]).
4. For v =0 and a = § = 1, we have the case studied in [19].
5. Fora = A =0, v = 3 = 1, the Finsler metric becomes L = %—Fb, a case considered

by M.Matsumoto in [9]. The more general Kropina metric

(aij + didj — bibj — cic;)y'y?
b )

Ly = % + ci(z)y' =
where d; = b; + ¢;, will be investigated in a forecoming paper.

In the following we shall denote briefly a(z, y) and b(z, y) by a and b, respectively;
also, throughout the paper, the indices ”,7” and ”;a” will represent, respectively, the
partial differentiation with respect to ¢ and y°.

The space F™* = (M, L(z,y)) is a Finsler space provided that the fundamental ten-
19%L2(z,y)

5 Buioui is non-degenerate. By direct calculation, we obtain the
Yy oy

sor field g;; =

following:

Theorem 2.1 The fundamental tensor field g;; associated to the metric L(z,y) has
the form

1
9ij = Maij + Abibj + hriy;y + pyiy; + 51\;2@ + Aij, (2)

where the coefficients are given by:

= (a®ab® + 29%a® + affb® + 2Bvab® + 3aya®b)/(ab?),
A= (8% +37%at 4 207a%D) / (bY),

=
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= (—4v%a® + aBb® — 3ava®b)/(ab®),
(47%a® — afBb® + 3aya®b)/(a®b?), and
~aab + B8 + va? n

Aij = A 5
n SA-labej + Bab?*b; + va(2by; — a*b;) N
ij i ab2
i Aab3(a2aij — yly]) + ’Vb3(2b2a7;j — 2bb{2y]} + 2bibja2)

a3bh3 ’

and where we denoted T(;;y = STij = Tij + Tji and y; = aijyi'
i

Remark. If A = 0, then in the expression of the fundamental tensor g;;, the coefli-
cients of @ and v? multiply exactly the Riemannian and the Kropina fundamental
tensor fields, respectively; for v =0, g;; becomes the Randers metric tensor field.
The proof of the theorem is based on the following general result.

Lemma 2.1 Let }]% :TM — R, kK = 1,m be m Finsler metrics, = F(M) and
§ij be their associated Finsler fundamental tensor fields. Then the Finsler metric

k
F= > aF has the associated fundamental tensor

k=1,m

k . k13 {k I
gii= Y. 0%+ > aa (FH(F) +VF® VF) :

k=1,m k<lik,l=T,m

where H($) denotes the y-Hessian of the function ¢(x,y), and V, its y-gradient.

In order to study if the fundamental tensor field g;; is non-degenerate, we must
consider the case A = 0. In this case, it admits the convenient form
1
9ij = haij + Ylilj + 0yiy;,
2

where [; = Ab; +7y;, § = p— 7, and the main result is based on the following lemma.

Lemma 2.2 Let (a;;) € GL(n,R), o, € R*; v; € R, i = 1,n, and consider the
matriz (b;;) € Mup(R), of coefficients

bij = aa;j + Poivj,

such that o+ Bv? #0, where v2 = a¥v;v;. Then we have
a) det (bi;) = a" P A(a + Bv?), where A = det(ai;);
b) (bij) € GL(n,R) and the coefficients of its inverse (b") are

1 viyd
pid — = (4 —
a <Cl 6Oé+ﬁ7]2),
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where v' = a*v; and (a") is the inverse matriz of (ai;).
Remark. For a« =1, 8 = {—1, 1}, we obtain the technical lemmas from [10].

Theorem 2.2 The fundamental tensor g;;j(x,y) in (2) is non-degenerate, provided
that the following conditions are satisfied

1 #0; A+ Mb + 2mb) + w2a2 # 0
[(A(p + pa?) — m%a?] {)\(u + Ab + 27b) + 71'2a2} — (Ao — 1) (\b + ma?)? £ 0,

where a* is the reciprocal tensor field of the Riemannian metric a;;. In this case, its
inverse g¥ (x,y) has the coefficients

9" = fia” + Nt + 7 Uyt 4yt (3)
where bt = aijbj, and
~ 1 5 2 2
=0 A= (Mp+vig),
7= _(Aﬂ-p + ’U/Uq), /5 = _(7‘-2p + U2q),

and where we used the notations:

p= (pw)™t, q = 0w - [w+ 0(pa® + 2xba?) + OA(b? + a2b)] 1,
|l = )\2b+%7r)\b+7r2a2, w = pA+1,
u= (u+A+7b)/p,  v=(Ab+ma?)/q.

Remarks. 1. The above coefficients have their homogeneity degrees described in the
following table:

pw A T p | p g | vou
00 -1 2] 0 -2 |10 |
Using it, one can see easily that g% is 0-homogeneous.
2. The tensor field g% has also the convenient form
g9 = fd” — pm'm? — qn'n’,
where m! = \b* + my* and n® = vb® + uy’.

3. In particular, for « = g =1, v = 0, and A # 0, the results for the general
Randers space with outstanding Riemannian metric studied in [19] are obtained eas-
ily, replacing the notations of coefficients as described below

aij gij bi B A a
9ij fij wm=Ai gUAAN o
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3  The Cartan connection
The Cartan connection of the space F™ is CT = (N7, Fj;,, %) with

Ni =5y = Clrvay™y’

Fj = 9" (0(;9sk} — 0s95k)/2 (4)
Clr = 9" (9(gssky = Gikis) /2,
where §), = 0} — N;?(?a, Ok = %7 o = aiya and

) 1 is
ij(1177y) = 59 (a{jgsk} - 3sgjk)

are the Finslerian Christoffel symbols of the metric (2).
Nevertheless, for computing the coefficients, we use the relations [9], [12]

i i i il
e = = OaNiy — flacjkaNza
. . g
Clr = 9" Cjsk, Cior = 3 8@/]’:
Theorem 3.1 The Cartan vertical covariant connection coefficients Cy;, have the
expressions

Cij = g Saby + oy Sagy,+
ijk ijk (5)
+ Bobibjbr + 1 é;yibjbk + B2 ‘%yiyjbk + B3YiY; Yk
ij ij
where
afBb® — 3avya® — 4a3~? 6va(2va + af)
Qg = 3 , b= i
4y2a3 — 3Lclyfya2b — afb?
ap = T . Bo= —ovvdyia® + 3ayab + afb3a’h?,
6a3y(2va + ab) 3afb
b = —IERE =
Corollary 3.1 The Cartan vertical connection coefficients C’j’:k of the space F™ are
Ch = ﬂ(%(ﬁjbk} + QI(Sijyk})"" A
+ )\Obllajk + AlyZij + /loblbjbk + ,ulbzb{jyk}—i— (6)
+  ub'yjyr + 1y bibr + v2y b yry + VY'Y Yk,
where

)\QZ[LOL()+§U0+77FU17 )\1:/1@1 +7:Tuo+,5u1, B

o = 1o + A\vg + Twe, w1 = A1 + vy + 7w, pe = fifs + Avg + Twe,
vy = P + Tug + pwo, V2 = fifr + Tvr + pwi, vz = [Pz + Tuz + pwa,
ug = a1b + agb, ur = a1a% + agb,

vo = 200 + Bob + Bib,  wo = Bob + Bra?,

vi =01+ Pib+Bab,  wi =g+ b+ Baa?,

v = B2b + B3, wy = Bab + P3a®.
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Also, the Finslerian Christoffel symbols of I-st kind are provided by
o 1 ~
Viik = Vjir + <7Tbiajk + iAbib{jk} + Pajkyi) /2 + tik, (7)

where bj, = Okbj, yi = aijy’, ’;jik = (agji,k} —ajk,i)/2 are the Riemannian Christoffel
symbols of I-st kind of a;;(x), and

tiik = (t{rijy — tijr)/2, trij = 1 kaij + A kbiby + m kbriysy + pryiy;-
Then the Finslerian Christoffel symbols of II-nd kind are
Vi = 9" Vjsk- (8)

Using the relations (4),(5), these provide the Cartan non-linear connection (N}) and
the horizontal connection coefficients (F;k) The h- and v-covariant derivations are
given, as usually, by

X%‘k = 6{“Xi,+ FSZ',?XS,

X' o= 0, X"+ CL, X5,

The curvature tensor fields are given by

R}y =0aFj + Fjo.Fiy + géaRzz»
Pl = F];k;c = Clow T Cin P 9)
Sbacd =F Cg(cclfd)’

where we denoted 7(;;) = 75 — 75, and

R}, =0 NA,
i e o (10)
Pkc:Nk;C_Fck’
are the v-hh and mized torsions of the Cartan connection, respectively.
We remark that for n = 5, o = (2',22, 2%, 2%, 2% = 2°) and as5 = 1, a5; =

as; = 0, Vi = 1,4, the d-tensor field R{, (the curvature of the non-linear connection)
represents - in Kaluza-Klein approach, the electromagnetic field tensor, and the non-
linear connection plays the role of electromagnetic potential ([8]).

4 Stationary curves in F"

The (horizontal) Finslerian geodesics ¢ : I C R — M,c(s) = x(s), where s is the
arc-length parameter, are regarded as the extremals of the Lagrangian

Ly = 1/gi;(z, V)ViVi, with V' =i,
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where we denoted by dot the derivative with respect to s. Their equations have the
general form ([9],[12],[14]):

i 4 i (@, y)id i = 0. (11)
For our space F™, these equations become
GesE® + Yjed? 2" = 0,

or, after contraction with p~'a®, in the general case A # 0,

s Lo ws L2 i i AL i i
'+ ;a Lpsii® + u <7jk + 1 +mblag, + §b bijry + py'ajr + Ajk) ik =0,

where . R
{ Vi k= a"Visk, b1 = gij — Haij (12)
Ay =397 (Agisky = Mjrs), Mg = 5%, + Nij.
Remark. For « = § =0 and 7 = 1 we obtain the equations of [19].
Also, the vertical Finslerian geodesics
c: I CR— Ty, M,c(s) = (x0,y(s)), o € M,
are regarded as the extremals of the Lagrangian
L, = \/ gab(‘r07 f))f)a]}bj
where V@ = %5 = g 4 N%3J = 5%, since & = .
They satisfy the equations ([1], [17]):
i* 4 C2 (o, y(1) 9 = 0. (13)

The types of geodesics described above can be regarded as particular cases of
stationary curves
c: I CR— (z(s),y(s)) € TM,

which minimize the general length-Lagrangian

L = \JguVPV3 + guVeVh, V=i, V' = 4 N,

With respect to a metrical h- and v-symmetrical N-connection V on T'M, these curves
satisfy the system

{ Fi= IV = gi(PVVP — Cija V'V + Rjar VOVF), a4

Fo= T = g9(Chip VIV — PoepVVF).
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Remarks. 1. For a symmetrical connection V, the first equation writes also

Pz i Lipk L o i
W"'ijvv —l-CjaVV :0, (15)

providing thus the case presented in [17].

2. If V is the N-Cartan linear connection on TM and V* =0, a = 1,n (i.e., cis an
a

)
h-curve), then it satisfies the equations Y _ 0, equivalent to (13) and (14). Thus,

the h-curves of the Cartan connection are the Finslerian geodesics of F™.

3. If V is the N-Cartan linear connection on TM and V' =0, i = 1,n (ie., cis a
v-curve), then (13) and (14) are equivalent, so that the vertical geodesics ([16], [18])
coincide with the vertical stationary curves.

5 Deviations of stationary curves in F"
Generally, let us consider a family of curves
c:IxJCR*=TM, c(s,u) = ((z(s,u),y(s,u)),

where s is the arc-length parameter and u varies the curves in the family. Let also
the h- and v-covariant velocity vector-fields, respectively be given by
_ ot -,

T 9s’ ~ 9s 0s 7 9s’

. a a J
Vi _ Y e O

and the h- and v-covariant deviation vector-fields

o 02t oy®  oy° Oz’
Zt = Z0= " = N —.
ou’ ou ou T ou

Also, for any vector field W = W'§; + W*,, we introduce the covariant operators

W= AW+ LWV + OV,
V= 0V LRV 1 LV
5! = W' + L, Wi Zk 1 C1, ViZe,
§W® = OV + LE WP 2R + Cp Vb Ze.
The equations of deviations of the stationary curves (14) have the form ([5],[6],[13]):
62Z° + 4 [PS(VPEF - 20V = )
Ry VIV 4 P VI (ZRV° = VEZ) + 0,
85[C, (W 2% — ZIV*) + R4 VI ZM] =
Pbakcva (Zkvv _ szc) + SbaCdvbzcvd + 5ufa-

532(1 (16)

=+

As important particular cases, we get the equations of deviations of (horizontal)
Finslerian geodesics ‘ o
522" = R} VI ZRV! (17)
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and also, the equations of deviations for vertical geodesics

_ 1 .,
A mp— A VLY A VEE Y ] 18
s + L2(ZL'7 y) bed ( )
- oy* oy - a a
We remark that in this case V* = Y _ % and Zo= %" — 9" gncex = 0.

Os - Os ’ Ou Ou ?

6 The C-reducible case

Definition 6.1 The space F™ is called to be C-reducible ([9]) iff the Cartan covariant
vertical tensor field Cjj, satisfies the relation

1
Ciji = ﬁii(kmtk), (19)

where k;; is the angular metric
kij = gij — lil;, li=gisy®/ L (20)

and t; = b; — bsl°l;, 1" =y /L.
We determine first the angular metric of the space F™.
Theorem 6.1 The angular metric k;; has the coefficients

kij = pai; +vbib; + nygibsy + 255, (21)
where

Yo =X — (A\b+ma?)?/L2,

M =7 — (b +7b+ pa®)(Ab + ma®) /L2,
o = p— (p+ 7b+ pa®)? /L.

Hint. The result comes out computing first the covector fields
li = gisy® /L = (uy; + Abb; + wby; + ma®b; + pa’y;)/L.

Corollary 6.1 The Finsler space F™ is C-reducible iff the following equations (in
the unknowns a, 3,7, a;;,b;) are satisfied

Qo = 2Mwaa oy = 2lu§a7
Bo = 2yowa, Br = 2(70€ + 2nw)a,
B2 = 2(72w + 2716)a, B3 = 27:€a,

where we denoted

[L? — b(Ab + ma?)]

w = 2 75:7

b(p + b + pa?)
L2 ’

and vo,v1,7v2 are the coefficients of the angular metric k;; (21).
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Proof. Firstly we obtain t; = b;w + ;€. Then, using (16), (19), (21), and identifying
the coefficients of the homogeneous y-polynomials, the result comes out.

Corollary 6.2 If the space F™ is C-reducible, then the equations of vertical geodesics
write

Ut aeri + g [ 0 tpy + b (Whep +v0biet sy +ygetsy) +
+y°(Ekes + Mbietsy + v2ygetsy) 1997 =0,

where ¢y is the degenerate tensor-field in (12).

1 .
Proof. Straightforward, after multiplying relation (13) with —a“¥gy,, using (21) and
1

the relation in proof of preceding Lemma.

7 Conclusions

The general Randers-Kropina Finsler metric is presented, and the coefficients of the
Cartan connection are determined. It is shown that the general character of the metric
permits to obtain, as particular cases, fundamental metrics with relevant applications
to physics. The classical equations of Finslerian horizontal and vertical geodesics
and of their deviations are inferred, and shown to be particular cases of equations
of stationary curves. Also, the C-reducible case is characterized and the associated
equations of vertical geodesics are provided.
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