KNIZHNIK-ZAMOLODCHIKOV CONNECTITONS,
SPIN CALOGERO-SUTHERLAND OPERATORS,
AND GENERALIZED MATSUO-CHEREDNIK
MAPS
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Abstract
We consider the generalized spin maps of Matsuo and Cherednik which are
the linear isomorphisms from the space of solutions of the Knizhnik-Zamolodchikov
equations to the space of eigenfunctions of scalar Calogero-Sutherland operators.
It is shown that in the spin case the Matsuo-Cherednik maps are monomor-
phisms.
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Let fi1,..., fn be orthonormal basis in an Euclidean space IR™ equipped with the
n
standard scalar product (z,y) = Y z;yi, x,y € IR". Denote the derivative in the

i=1
n

direction f;, by 0;, i = 1,...,n and the derivative in the direction & = > a;f; by
i=1
Je. Let A = > 92 be the Laplace operator. Consider the irreducible and reduced
i=1
root system R C IR™ and the positive root system R, C R; the Weyl group of
the root system will be denoted by W (R) and its generators will be denoted by s,
a € Ry. Let Hy, = {z|(o,2) =0}, « € Rand H = |J H, be the system of reflection
aER
hyperplanes of W(R). Their complexifications will be denoted by the same letters.
Denote
o
Ha;m:{zecnl(a?z): Tmm}7 mEZ, MEC,
I
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Knizhnik—Zamolodchikov connections 41

H= U He .

aERL ,mEZ

Let K[W(R)] be a group algebra of Weyl group W (R) for the field K = IR, C.
Consider the space of infinitely derivable functions Fx on K™\ H or on C"\ H with
values in K[W(R)].

We will consider the action on Fg of Knizhnik—Zamolodchikov (KZ) operators in
Cherednik-Matsuo form (see [1], [2]):

Velk 1) = 5—<Zuk (0,8) (o ))aa+aasa))—egu> (1)

a€ER
for £ € K and spin Calogero—Sutherland (CS) operators

Los(kpn) = =D+ Y i, )kg (f2(nla,2)) = 1) + ko f' (e, 2)a0),  (2)

a€ERy

where p is an arbitrary parameter, p € K, k, is a W(R)-invariant function on the
root system R, f(z) = cothz, f/ is its derivative, o, is the operator of multiplication
by reflection s, € K[W(R)] and the operators e, and e¢(A) on K[W (R)] are defined
by the equations

-1
6a(w):{ w, wT o € Ry,

—w, wla € R_,
en(N)(w) = (wA,n) -w, weW.
Let *V¢(k, i) be formal adjoint operator for the operator V¢(k, 1) defined by

“Velk,u) = ~0 — 5 (Z (o, €) (£t )+ aaea)> — ce(M).

aER

Lemma 1 The following equation holds:

Proof is done by direct calculation using the trigonometric analog of the Dunkl
identities (see for example [3, Theorem 1]).
Theorem 1 Let ®(z) € Fx be the solution of the KZ equation
Vf(k‘aﬂ)‘b(z) :0,€E Kn7 (4)

where Ve (k, ) is defined by (1). Then ®(z) is the eigenfunction of the spin CS
operator Log(k, ) with the eigenvalue —(\, \)

Leos(k, p)®(2) = —(A, A)2(2). )
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The proof is an obvious corollary from the Lemma 1.

In [2, 4] the linear maps from the space of solutions of the KZ equation (4) to the
space of eigenfunctions of scalar CS operators (more exactly, to the space of eigen-
states of quantum problem with Hamiltonian conjugate to the operator Log(k, p) for
0o = 1) were defined. In the case of spin operator Lcog(k, ) the analog of these
linear maps are the identity maps. Further these maps will be called the Matsuo-
Cherednik maps also. In [2, 4] it was shown also that the Matsuo—Cherednik maps
are monomorphisms. More exactly, they are isomorphisms on the space of eigenstates
of quantum problem with the corresponding scalar Hamiltonian Log. In spin case
this map evidently is a monomorphism also. In [4, 5] it was noted that the Matsuo—
Cherednik maps are connected with one-dimensional complex irreducible representa-
tions of Weyl group: trivial and determinantal ones. The spin case considered above
corresponds to the left regular representation W(R). It will be shown that the as-
sertion on monomorphism is true for the spin CR operators corresponding to the
arbitrary irreducible representation of Weyl group W (R).

Consider the group algebra C[IWW(R)] and the decomposition of the identity of this
algebra into the sum of orthogonal indecomposable idempotents

1=61 402+ -+ 0n, (5)

where
0;0; =0 for i # j and 51‘2 = 0;.

Every left ideal Ej5, = C[W (R)] - J; is the space of the complex irreducible repre-
sentation of the group W(R) and every irreducible representation of the group W (R)
is contained among Ej,, ¢ = 1,2,..., N, with multiplicity equal to the dimension of
this representation. The decomposition (5) implies the decomposition of the group
algebra into the direct sum

CIW(R)] = Es, @+ & Esy, (6)

that is the decomposition of the left regular representation of W (R) into the sum of
irreducible representations of this group. The representation will be called further
simply d;.
According with the decomposition of (6) the space of functions F¢ splits into the
direct sum
Fc 2.7:51 @"'@.7:51\,,

where Fj, is the space of differentiable functions on C*\ H or C* \ H with values in
Es, and for F' € Fc the component Fj, is obtained from F' by multiplication to d;.

Definition 1 The linear map
mg, : fc — -7:57:

which associates Fs, = F - §,;, with ' € Fc is called the Matsuo-Cherednik map
corresponding to the irreducible representation &;.
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Lemma 2 FEwvery space F;5, is invariant with respect to the action of the spin operator
Les(k, ).

Proof. 1t is evident, because the action of the Laplace operator, the multiplication
by the scalar function and the left multiplication by the s,, a € R, applied to the
function F' € Fj, give an element of the ideal Es,. Hence, Log(k, 1) conserves Fs,. O

Definition 2 The restriction of the operator Los(k, ) to the space Fs, is called
the spin CS operator corresponding to the representation §; and will be denoted by

L%S (ka /,L) .
The following theorem follows immediately from Lemmas 1 and 2.

Theorem 2 Let & € F¢ be the solution of the KZ equation (4). Then ms,(®),
1=1,...,N, is the eigenfunction of the spin operator L‘scis(k, w) with the eigenvalue
—(A ).

Now we state the main theorem.

Theorem 3 Let A € C™ be a vector such that for all w € W(R) the vector w\ — X
does not belong to the root lattice and consider

2(\.«)
(o, @)

then the map ms, is a monomorphism for any irreducible representation 0;.

ko # £ ,a € Ry,

In order to prove the Theorem, some necessary notions, references and lemmas
are given below.

The proof contains the following steps (as in the case of one-dimensional repre-
sentation in [2]):

(1) the construction of the base ®*(z), w € W(R), of the solutions of the KZ
equation (4);

(2) the proof for the assertion: every basic element goes to the non zero eigenfunc-
tion ms, (@ (2))=®§ (2) of the spin CS operator corresponding to the representation
s

(3) the proof of the linear independence of the functions ®§ (z).

The solutions that we will construct differ by their asymptotic behavior for (i, 2) —

00,1 =1,...,n, where q; is a simple root. Introduce the variables y; = e(®**) where a;
are simple roots of R, ¢ = 1,...,n. Let o be a dual basis in C”, that is (o], a;) = ;5.
Then we have
o 1 5
Ay yi

If we write the equation (4) in the neighborhood of y; = 0, then we obtain

0d [ Ads
e < L regular part) P,
Yi

Yi
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1=1,...,n, where

A= kal0,§)oalea — 1) +ec(N).

acR

Using the integrability of KZ equations it follows that Ag commutes for different
EeCn.

Consider the basis of the group algebra C[W (R)] consisting of the elements [w], w €
W(R). Order its elements by the length (that is by the minimal number of generators
of the Weyl group in their representations).

We need the following technical Lemma.

Lemma 3 For any positive root a the operator so(eq — 1) on C[W(R)] applied to
the basic element [w] gives an element which is proportional to a basic element with
lower length. In this basis so(eq — 1) has a lower triangular form.

Proof. Since for positive root o, w™'a € R_ if and only if the lengths of elements
satisfy the inequality I(sqw) < l(w) (see [6]) we obtain:

el = 0, if I(saw) > l(w),
alEa — 1)[w] { |

—2sqw, if Il(sqw) < l(w).
O

In the sequel we suppose that A € C™ is such that wA — A does not belong to the
root lattice for any w € W(R). Such values of A are called regular.

The following assertion regarding the existence of solutions of KZ equations holds.

Lemma 4 Let A € C™ be regular. Then for every w € W(R) there exists the solution
of the KZ equation (4) of the form

W (z) = evh) (w > \Ift:’ew’z)) , (7)

u>0

where the summation goes through the positive elements of the root lattice, and Uy
forw € W(R) are eigenfunctions of the operators

QT = (wh, )T

Proof. The diagonal elements of the matrix operator Ag are the numbers (wA, §).
By the assumption any pair of eigenvalues (w, ) and (w'), &) for w # w’ does not
differ by an integer. The existence of the desired solution follows from the local theory
of linear Fuchsian systems (see [7, 8]). O

Lemma 5 For Wy = 3 .y Cw.u [w'] considered in Lemma 4, if l(w') > l(w) for
w' # w, then we have ¢y = 0 and

vy = Z Co o [W].
w €W, l(w")<i(w)
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The proof is evident.

Now we will show that for indecomposable idempotent §; every solution ®*(z)
transforms to the function @y (z) # 0. For this purpose we analyze the term W' in
(6). The coefficients ¢, depend from the parameters ko and A of the equation KZ
(4).

The following Lemma, which is completely analogous to Lemma 4.3.1 of [2], gives
the values of the first coefficient and recurrent formula for the others.

Lemma 6 1. If a is a simple root of the reduced irreducible root system we have

ka
(A )’

Csa,l(Av ka) -

2c
(@)

2. If a is a simple root and l(sqw) > l(w) then we have

Csaw,w’()H ka) = Cw,saw’()H ka) + Cw,w’ ()\7 k(x)csa,l()H ka)-

where oV =

Now we prove the principal assertion on behavior of principal term of asymptotics
of Uy for y = (y1,-.-,yn) = (0,...,0) in (7).

Lemma 7 Let w be an element of W and w = s;,,...,8; its representation of
minimal length where s;, = sa, 15 a basis of simple roots of R. Denote as wy =

Sipys tSi- Then WY used in (7) becomes:

‘I’B"Zﬁ(ﬂ”“)“ik)Z 0 (ast=)

=
jm1 N(Awg g, BER,Nw-1R_

Proof. We will prove (8) by induction on length of w € W. For w = 1 (7) is
fulfilled (the multiplication is done through empty set of indices) and ¥§ = 1. Let
further « is a simple root and suppose that i(c,w) > [(w) = [ where w = s;, - -+ 5,
is a minimal length representation. Using the properties of the coefficients c,, . we

obtain:
\I,?‘Jaw = Zw’ew Csaw,w’()\, k)[w’]
= Zw’ew Cw,saw/(/\, k‘)[w’]
+ Zw’eW Cw,w’ (A, k)Csa,l(W)\, k)[w'].

If sqw changes into w’ and using the equation s = 1 we obtain:
o™ = Dwrew Cow (A F)sa[w]

+ S rew cuwr O D ke
= (Sa + m)@g’

Using the induction assumptions we obtain:

k ! k
Yo — (g, 4+ —2 _ %im ).
0 ( - <A,w—1a>> 11 ((A,w—laim> e m)
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Denote s, by s;,,,. We have

I+1 k:
Yo' = H <()\7’LU_L1mOéim) +Sim> '

m=1

The proof of the second equality is based on the following assertion: if « is positive
(in particular, simple) root then from I(s,w) > I(w) it follows that w™la € Ry. O

Corollary 1 For any indecomposable idempotent § and for any o € R4, such that

ka
(A, @)

# 41, 9)

we have
vy #0 and Vos=Wg-5#0.

Proof. Let us assume the contrary and suppose that Uy = 0 . Then there exists
such minimal length index [ in the decomposition of ¥§ that we have

(()\liﬁﬂ) * SB) 11 ((Akf;) + S'X) =0. (10)

a€RyNw~tR_atopa<f

Here o < (3 is natural ordering of the elements a € Ry N w~!R_ having origin

in the representation of the elements w in the form w = s;, ---s;,. It signifies that

(f‘;) is the eigenvalue of o, = s, (in regular representation). But since sg =2 1 its

eigenvalues can be 1 only. However, in virtue of (9) it is impossible. Consequently,
the assumption that ¥y = 0 is not true and we have W§ # 0.

Similarly it is proved that W§'s = Wy -6 # 0 (6 is equal to one of 6;, i = 1,..., N).
O

Proof of Theorem 3. From the assertion that ¥g; # 0 for all w € W and for
sufficiently small y;, that is for («;,2) — —oo we have for nonzero principal term of
asymptotics

WY (2) = e (WY s+ Y Wy selos)),
n>0

Represent the element wA € C™ in the form

WA = zn:p;“()\) Q.
i=1

Consider the vector of coefficients

pi’(A) = (PP (A), .. (N).
By the hypothesis of the Theorem 3 we have

" (N) —p* (N)AZ",
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for all w # w’, w,w’ € W. Tt follows that there exists a number ¢ such that p’(\) —
p¥ (X\) ¢ Z (in particular p¥(\) # p® (X)).

Then in the local coordinates y1, ..., ¥y, the solution is presented in the form
&y (y) = [T ot <‘1’6“,5 +> v Ty “") ,
i=1 >0 i=1

where p; (1) > 0.

n w
The linear independence of the set of monomials [] y** "
i=1
the conditions of the theorem. This fact implies the linear independence of the prin-

~ Ul w
cipal terms of the asymptotics of ®¥(y) that is of [] v}" ) Vs for w e W. The
i=1

, w € W, follows from

last implies the linear independence of the functions of ®¥(y) and consequently of
the functions ®§(y), w € W. The elements of the basis of the solution of the KZ
equation tend to the non zero and linear independent eigenfunctions of the spin CS
operator. This proves the monomorphism of generalized Matsuo-Cherednik map for
any representation § and in particular for irreducible representation.

In conclusion we state the hypothesis concerning the generalizations of the shift
Opdam operators.
Hypothesis. There exists some map D which closes the diagram for any irreducible
representations d; and §;

KZ

delta; / N\ delta;  Eseita,

D
Eselta, dashrightarrow FEseita,
Such a D is called the generalized shift operator.
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