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Abstract

Time-invariant and diagonal operators associated to a system of imprim-
itivity are represented as multiplicators on the frequency domain and (under
appropriate hypothesis) as convolution operators on the time-domain.
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1 Convolution Operators

In this section we study a class of convolution operators defined by an operator-valued
measure on an abelian locally compact group.

1.Definition Throughout this paper (G,+) is a locally compact abelian group and
(T',+) the dual group of G. (L*(G),| - ||,) and (L?(G), || - ||,) are the usual spaces of
integrable (respectively square-integrable) complex valued functions with respect to
the Haar measure on G. The Banach algebra (with convolution and total variation)
of all bounded, Borelian, regular, complex- valued measures on G will be denoted by
(M(G), || - |I)- Let (K, < -,- >) be a Hilbert space and let L(K) be the Banach algebra
of all bounded linear operators on K. We denote by M (G, L(K)) the (noncommuta-
tive) Banach algebra of all bounded, Borelian, regular, £(K)-valued measures on G.
If p and v are in M (G, L(K)), we denote by || p || the total variation of u and by
i * v the convolution of u and v. For every u € M(G, L(K), we define the Fourier
transform i : I' — L(K), by : f(o)h = [ ho(—t)du(t), for every h € K and o € I'.

G

Obviously, the integral is convergent and we have:
2. Proposition (a) For every p € M (G, L(K)), i is a uniformly continuous bounded
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Time-invariant and diagonal operators 61

function on T.

(b) For every p,v € M(G,L(K)), we have: p*v =[i-D.

(c) If 6 is the Dirac measure concentrated at t € G, then 6,(c) = o(—t) - I, where I
is the identity operator.

(d) For every p € M(G, L(K)) and h,k € K, let pp x(A) =< p(A)h, k >, for every

Borelian set A in G. Then pp € M(G) and < [i(o)h, k >= f (—t)dpn i (¢).
G
Proof. (a) For every p € M(G,L(K)), h € K and o € I', we have:

h||</||h0 VA p @) <IFRAl- el
hence || i(o) ||<|| w ||. Let o,7 € T, then we have:

| (o) = () [|= sup{|| [1i(o) — u(T)I(h) [ sh € K, [ b= 1} <

<sup{||/ >1du<>||;heK,||h||=1}s/ 1—(o—7)(=t) ||| || (1).

The measure || p || is regular, hence for every ¢ > 0 there is a compact @ C G
such that | p || (G—Q) <e. Let W(Q,e) ={oc €T; | o(t)—1|< ¢g,Vt € Q}; if
o—1 € W(Q,¢e), we have:

| Ao ||</\1 (0—7) >|d||uu<t>+/ 1—(o—r)(—t) | d | u]l (t) <

<elpll@+2[pl(G-Q)—0ife —0.
(b) Let p, v e M(G,L(K)),vy €T and h € K, we have:

(jx ) (7)h = / hy(—)d(a % v)(t) = / ( / hey(—t — 8)du(s))dp(t) =

- / ((—1) / hy(—s)du(s))du(t) = B(x) - ().

The assertions (c) and (d) are obvious. O

3. Observation The Hilbert spaces of K-valued square integrable functions with
respect to the Haar measure on G and on I respectively are denoted by (L*(G, K), ||
|I,) and (L?(T, K),|| - ||,) respectively. Let us observe that for every x € L?(G, K)
and h € K, the function zj, : G — C defined by z,,(t) =< x(t), h > is in L*(G). Let
Zp, be its Fourier transform and let Z : I' — K be defined by < Z(o), h >= (o), for
every o € I'. Moreover, the Fourier transform F : L?(G,K) — L*(I',K), F(z) = &
is a Hilbert space isomorphism ([2],[12]).

4. Lemma Let p € M(G, L(K)) and x € L*(G, K).

(a) The function (uxx)(t) = [z(t—s)du(s) isin L*(G, K) and || pxx ||2<|| p ||| z ||2-

G
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(b) For every o € T', we have (/,L/*\ac)(a) = p(o)z (o).
Proof. (a) If dt is the Haar measure on G, we have:

| e 3= /G I () (t) | dt = /G H /G w(t — s)du(s) ||? dt <
// |t — ) |12 ded || | (s /IlezdlluII?()—llwll Il

(b) Let L'(G, K) be the space of K-valued integrable functions with respect to the
Haar measure on G and let z € L'(G, K) (| L*(G, K). Then, Z(c) = [o(—t)z(t)dt
G

and for every p € M(G,L(K)),p*x € LY(G,K)L*(G,K). For every h € K, we
have:

—

<(uxx)(o),h >=< /G(u*x)(t)a(—t)dt,h>:< /C:[a(—t)/ax(t—s)du(s)]dt,h >=

—< /G[/Ga(—t)m(t—s)dt]du(s),h Se< /G[/Gx(u)a(—u)a(—s)du]du(s),h>:
—< /G o(—8)3(o)du(s), h >=< ji(0)F(o),h > .

Hence for every z € LY(G,K)(L*(G,K), we have (u/*\x)(a) = 1(o)z(o). Let
r € [*(G,K) and let z,, € LY(G, K)( L*(G, K), such that z, — z in L?(G, K).
It results that z, — 7 in L*(T ,K). Let xy, C an, such that Zp, (0) — Z(0) in

H, for every 0 € T. We have (u* (o) = t(o)zk, (o) and for n — oo we get
(5 2)(0) = i(0)F(0). O

5. Definition For every u € M(G,L(K)) we define the convolution operator on
L?(G,K) by

U,z = p* z. The restriction of the map M(G, L(K)) > p — U, € L(L*(G,K)) to
the group G is the regular representation:(Us z)(t) = z(t — s), for every z € L*(G, K)
and t,s € G. We shall denote U;, = U®.

6. Definition Let m be the Haar measure on the group I', let Bor(I") be the fam-
ily of Borelian sets of I" and let ¢ : I' — L(K),be a measurable function. Let :
I ¢ loo= inf {sup{|| ¢(v) ;v € T — A}; A € Bor(I'), m(A) = 0}be the essential
supremum of ¢. We denote by L*°(I", L(K)) the (noncommutative) Banach algebra
of essential bounded functions. The unit element of L>°(T', £(K)) is the constant
function 1(vy) = I, for every v € T, (here I is the identity operator on K). A func-
tion ¢ € L°(T,L(K)) is invertible (in this algebra) if there is ¢ € L>®(T, L(K))
such that ¢ = 1p¢ = 1, (all the equalities and inequalities are true a.e. on I').
For every ¢ > 0 and T € L(K), let B(T,e) = {S € L(K);|| S—T ||< €}. The
essential range of a function ¢ € L(T', L(K)) is defined by : essran(¢) = {T €
L(K);m(¢~1(B(T,e))) > 0,Ve > 0}. The set essran(¢) is a closed and bounded set
in L(K) and sup{|| T ||; T € essran(¢)} <|| ¢ ||oo-

7. Proposition (a) Let K = C™ and let ¢ € L™(T, L(K)).

). Then essran(¢) is a
compact set (in L(K)) and|| ¢ ||co=sup{|| T ||, T € essran(¢) }.
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(b) If K is an arbitrary Hilbert space, then for every p € M(G,L(K)), we have
essran(f) = clos (A(T)) and | i o= sup{]l A7) 7 € T} = sup{|| T |:T €
essran(ii)}. Here clos denotes the closure.

Proof. (a) Let ¢ € L>°(T", L(K)) and let us suppose that there is no T' € essran(¢),
such that || T ||=|| ¢ |leo; it results that there is ex > 0, such that m({y € T}
¢(y) =T |[<er}) =0.

Let A = {T € LIC™");|| T ||I=l| ¢ lloo}- A is a compact set, hence there are
T,T5,...,T, in L(C™) and positive numbers 1,2, . . . ,&,, such that

n n

U B(Ti,e) 2 A and m(| ¢~ (B(T3,&:))) =0.

i=1 i=1

It results that there is € > 0, such that m({y € T; || ¢(7) [| > || ¢ ||co —€} = 0, contra-
diction.

(b) The assertion (b) is evident because [ is a continuous function. O

8. Example If the Hilbert space K has not finite dimension, then the essential
range need not to be a compact set. Let ' = Z (hence G is the unit circle, de-
noted by S1), let K = 12(Z), let W : 1?(Z) — 12(Z),(W=x)(n) = x(n — 1) and let
¢: Z — LI%Z)),¢(n) = W, Tt results that || ¢ ||oo= 1 and essran(¢) is not a
compact set.

9. Proposition (a) For every ¢ € L°(T', L(K)) and T € L*(T', K), the function :

F>y—é(y)z(y) e K

is in L?(T', K) and the multiplication operator My : L*(T, K) — L*(T', K) defined by
(M) () = ¢(7)Z(7) is a continuous linear operator; moreover, || My ||=| ¢ ||co-
(b) Let ¢ : T' — L(K) be a measurable function and let (MyZ)(y) = ¢(v)Z(7);

if Mpz € L2(T, K), for every & € L*(I', K), then ¢ € L>=(I", L(K)) and therefore M
1S a continuous operator.

Proof. (a) Let ¢ € L=(T, £L(K)) and T € L*(T', K), we have (a.e. on I') :

oMz Il o) - 1 Z() 111 oo - 1 Z(3) 1] -

It results : ! L eMZ(y) 2 dy < (1 ¢ 1511 Z 13, hence || My <[] ¢ loo-

(b) Let us first suppose that M,z € L*(T, K), for every 7 € L*(T, K) and that My is
a continuous operator (we shall prove later that the continuity is not necessary). We
now prove that || () ||<|| My ||(a.e. onT'). Let A € Bor(I'), such that m(A) < oo
and || ¢(y) [|[>|| My ||, for every v € A. If m(A) = 0, then || ¢ [|<|| My ||, hence
¢ € L (T, L(K)) and the proof is over. Let us now suppose that m(A4) ~0. For every
v € A, let hy, € K, such that || h, ||=1 and || ¢(7)hy |[|[>] Mg |. Let f: T — K,
defined by f(v) =0, if v ¢ A and f(y) = h,, if v € A. The properties of f are :
feL*T,K)and || f ||32= m(A), hence we have:

nmwﬁ=ﬁuawwwﬁm:
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=/A 6Ny 12 dy >l My |7 m(A) =[| My 171 113,

which represents a contradiction.

We now renounce at the hypothesis of continuity of My and we prove that it is a
closed operator (hence, by the closed graph theorem it is continuous). Let (Z,,, Jn) €
graph(My), hence 7, (y) = ¢(7)Zn(7), (a.€). Let us suppose that z,, — Z and y,, — §
in L?(T', K). We can choose #, and #j,, such that Z,(y) — Z(y) and 7,(y) —
y(y)for almost all v € T'. Tt results that ¢(7)Z,(y) — ¢(7)Z(7), (a.e.), hence y(v) =
d(7)Z(7), (a.e.), which completes the proof. O

10. Proposition Let ¢ € L>®(I', L(K)); then My is an invertible operator if and
only if ¢ is an invertible function.

Proof. If ¢ is an invertible function, then there is ¢ € L*°(T, L(K)), such that
¢ = ¢ = 1, hence M, is the inverse of M.

Conversely, let us suppose that M, is an invertible operator and let M(;l be its
inverse. We first prove that ¢(v) is an invertible operator for almost all v € I". Let
us suppose that there is B € Bor(T"), such that m(B) < co,m(B) > 0 and ¢(v) is
not an injective operator (for all v € B ); it results that for every v € B, there is
h, € K, such that || hy ||= 1 and ¢(y)hy = 0. Let f: T — K, f(y) =0, if v £B
and f(y) = h., if ¥ € B. The properties of f are : f € L*(I',K),|| f ||2/~0 and
(Mg f)(v) = ¢(v)f(y) = 0, which is a contradiction with the injectivity of M,. Let
us now suppose that there is B € Bor(I'), such that m(B) > 0,m(B) < oo and ¢(y)
is not a surjective operator (for all v € T' ). It results that for every v € B, there is
h, € K, such that || hy ||=1 and h, ¢ ran(¢(y)). Let g : I' — K defined by g(v) =0,
if v ¢ B and g(y) = h., if v € B; it results that g € L*(I", K). We now prove that
g ¢ ran(My). If we suppose that there is k € L*(T, K), such that Mgk = g, then we
get:

s ={ o7 §15 D

hence h, € ran(¢()), which is a contradiction.
Let ¥(y) = (¢(y))~!; we have (M(;lﬁc\)(’y) = 1(7)Z(), hence, by Proposition 9(b) it
results that ¢ € L>°(T", L(K)). The set {T € L(K) ; T is not invertible} is a closed
set in £L(K), hence ¢~ *({T € L(K);T is not invertible}) is a measurable set, which
concludes the proof. O
11. Theorem For every u € M(G, L(K)), we have:
(a) FU,F~' = M.
(0) 1 U NI=1l 22 lloo= sup{[| T || T € essran(1)} = sup{|| ii(y) [[;v € T} =[| M | -
(¢) spec(U,) = spec(M;;) = spec(ft) (here spec denotes the spectrum,).
(d) If i(T) is a compact subset in L(K), (for example, if K = C™ or i has compact
support), then spec(U,) = spec(Mﬁ) = U spec(T).

Teclos(n(I))
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Proof. The assertions (a), (b) and (c¢) were proved in Lemma 4 and Propositions
7,9,10.

(d) Let us first suppose that every operator in clos(i(I')) is an invertible operator.
Let $:(7) = (3(x)) ", for every v € T. Let f : A(T) — (T, F(T) = T, then $(T") C
f(clos(f(T")); it results that clos(¢(T")) is a compact set, hence ¢ € L>°(T", L(K))and
therefore M; is an invertible operator.

Conversely, if M]Z is an invertible operator, then fis an invertible function in the
algebra L (T, L(K)), hence every operator in f(T") is invertible. Let T' € clos(fa(T"))
and let S, € [i(T") be a sequence of operators, such that S,, — T. The sequence S, is
bounded (because i is invertible), hence there is a convergent subsequence S, C Sy,
and let S € L(K)be its limit. From the equalities T, Sk, = Sk, Tk, = I it results
that S = T~!, hence T is an invertible operator and the proof is over.

0O

2 The representation of time-invariant
and diagonal operators

In this section we obtain a characterization of time-invariant operators (as convolution
operators) and of diagonal operators associated to a system of imprimitivity.

12. Definition Let H be a Hilbert space and let £L(H) be the Banach algebra of all
bounded linear operators on H. Let P : Bor(G) — L(H) be a spectral measure and
let V : G — L(H) be a continuous unitary representation. The 4-uple (H,G, P, V)
is termed system of imprimitivity if V,P(A) = P(A + t)V;, for every t € G and
A € Bor(G). For every given system of imprimitivity, Stone’s Theorem allows one to
construct a second spectral measure P : Bor(I') — £(H) and a continuous unitary
representation V : I' — L£(H), such that

V= [(-naP)ana ¥, = [ 5-niro.

for every t € G and v € I'. We term (H,F,ﬁ, 17) the dual system of (H,G, P, V).
Moreover, we have ([5],[6]): ‘/}‘77 = 7(15)177% and ‘Z,ﬁ(B) = P(B - 7)‘77, for every
t € G,y €T and B € Bor(I'), ([6]).

We give the usual example of system of imprimitivity. Let (K, <, >) be a Hilbert
space and let L?(G, K) and L*(T, K) be the usual Hilbert spaces of K-valued square
integrable functions on G and T, respectively. For every A € Bor(G), let x4 be the
characteristic function of A and let E be the usual spectral measure on L?(G, K),
ie. E(A)x = xaz, for every x € L?*(G,K). Analogously, if B € Bor(T), let
F(B): = xp#, for every & € L*(I', K). We denote by U and W the left regular
representations on G and T, respectively: (Upz)(s) = xz(s —1t), for all t,s € G, z €
L*(G,K) and (W,2)(0) = &#(oc —7), for all v, 0 € ', & € L*(I', K). It results that
(L*(G,K),G,E,U) and (L*(T',K),T, F,W) are systems of imprimitivity. The dual
system of (L*(G, K),G,E,U) is (LQ(GJ(),I‘,EA?, (7), where Uy = [ 7(—t)dE('y) and
Tj',y = [ (—t)dE(t), for all t € G and v € I". The dual system of (L*(I', K),T', F, W)
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is (L3(T', K),G, F,W), where W, = [o(= t)dF(t) and W, = fF'y (7), for ev-
ery t € G and v € I'. The relations between E, F,U, W, E, F, U, W and F are given
in the following lemma ([9]).
13. Lemma With the above notations, we have:
(a) (FUF12)(y) = v(=t)2(7), for everyt € G, v €T and & € L*(T', K).
(b) FE(A)F~ % = Ya x &, for every A € Bor(G) and & € L*(I,K); here Xa
is the Fourier transform of xa and the convolution is defined by (Xa * Z)(y) =
Jr Xaly — 0)2(6)df.
(c) (ﬁvm)(t) = y(—t)x(t), for every y €T, x € L*>(G,K) and t € G.
(d) E(B)x = (F~xp) xx, for every B € Bor(T) and x € L*(G, K).
(e)W, = fﬁwf_l,for every v € I.
(f)F(B) = FE(B)F~, for every B € Bor(T).
(9)FUF' = W.,.
(h) FE(A)F~' = F(A).
14. Theorem Let (H,G,P,V) be a system of imprimitivity and let (H,T, P, 17) be
the dual system. Then there is a Hilbert space K and Q : H — L?(G,K), Q:H—
L?(T, K), such that:
(a) Q and Q are Hilbert space isomorphisms.
(b) QP(A)Q~! = E(A) and QV,Q~! = U, for every A € Bor(G) and t € G.
(¢) QP(B)QY™' = E(B) and QV, Q' = U,, for every B € Bor(T") and v € T.
(d)OP(B)QY = F(B) and QV,Q~' = W,, for every B € Bor(T") and ~ € T.
(e) QP(A)Q! = F(A) and QV,Q~! = W,, for every A € Bor(G) and t € G.
Proof. We apply Mackey’s Theorem ([6]) for V and V; it results that there is an at
most countable index set J, a family of Hilbert spaces { K, } e and unitary operators
S, : K, — L*(G), such that @ K, = H and

neJ
(i) K, is an invariant subspace for V' and V for every n € J.
(i) (SpViS 1f)(s) = f(s —t), for every n € J,t,s € G,y €' and f € L*(G).
(iii) (S, V- LS = (—t)f(t)7 for every n € J,t € G,y €T and f € L*(G).

Let V: H — @ L*(G = @ S, and let K be a Hilbert space of appropriate di-
neJ neJ
mension, such that there is an unitary operator @ : @ L*(G) — L*(G. K).
neJ

We define Q : H — L*(G,K) by Q = ® o U. The above properties (i), (ii) imply the
second part of (b) and (i), (iii) imply the second part of (c). We now prove the first
part of (b). For every v € T, we have:

~

-1 _ _ -1 _ v — _
Qv,Q " = Q[/G ~(=t)dP(t)]Q U /Gv( t)dE(t).

Stone’s Theorem and the second part of (b) prove the first part of (c). Let Q = Fo(Q.
Then (d) and (e) are consequences of Lemma 13 and relations (b) and (c). O
15. Definition Let (H, G, P, V )be a system of imprimitivity. An operator T €



Time-invariant and diagonal operators 67

L(H) is called time-invariant if TV' = V'T, for every t € G, ([4],[5],[10],[12]).

The convolution operator U, is a time-invariant one.

An operator T is called diagonal if TP(A) = P(A)T, for every A € Bor(G).
16. Theorem Let (H,G,P,V) be a system of imprimitivity, let (H,F,I?’, ‘A/) be its
dual and let T € L(H).
(a) If T is a diagonal operator, then there is a Hilbert space K and ¢ € L (G, L(K)),
such that T is unitarily-equivalent with the multiplication operator My (on the space
L?(G,K) ); moreover, if there is n € M(T,L(K)), such that i = ¢, then T is
unitarily-equivalent with the convolution operator W, (on the space L*(I'K) ).
(b) If T is a time-invariant operator, (i.e. TV' = VT ), then there is a Hilbert space
K and ¢ € L>® (T, L(K)), such that T is unitarily-equivalent with the multiplication
operator My (on the space L*(T', K) ); moreover, if there is p € M(G,L(K)), such
that [t = ¢, then T is unitarily-equivalent with the convolution operator U, (on the
space L?(G, K)).
Proof. (a) Let T € L(H),such that TP(A) = P(A)T,for every A € Bor(G). By
applying Theorem 14 it results that there is a Hilbert space K and there are unitary
operators Q : H — L*(G,K) and Q : H — L*(T, K),such that Q = 30 (; moreover,
we have ((b) and (f) from Theorem 14):
(i) QP(A) Q™! = E(A), for every A € Bor(G).
(ii) Q P(B) Q! = F(B), for every B € Bor(T).
From (i) it results that the operator Q7T Q™! commutes with the canonical spectral
measure E on L?(G, K):

QTQ'EA) =QTPAQ ' =QPATQ ' =EA)QTQ "

By applying Theorem 4.6, p. 230 from ([7]) to the operator QT Q7! it results that
there is ¢ € L>(G, L(K)),such that QT Q™! = M. If there is u € M(T, L(K)),
such that @ = ¢, then Theorem 13(a) gives M, = SW, St (here W, denotes the
convolution operator on L?(T", K)), which ends the proof of (a)..

(b) Analogously, the operator QT Q! commutes with the canonical spectral measure
F on L*(I',K). O
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