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Abstract -

This paper concerns with theoretical, numerical, and graphical aspects for
realizing an ATLAS of geometric magnetic dynamics around piecewise rectilinear
electric nets, being dedicated both to theorists and practitioners in Electrody-
namics. Section 1 proves the link between least squares problem for ODEs and
the geometric dynamics induced by a flow in a suitable geometrical framework.
Section 2 show the connection between least squares problem for PDEs and
the dynamics induced by an integrable distribution in a suitable framework.
Section 3 describes the mathematical objects involved dynamics around spatial
nets. Section 4 exhibits 100 computer-generated plots for geometric magnetic
dynamics, using a specialized MAPLE software designed by our research team.
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1 Least Squares Problem for ODEs
and Geometric Dynamics

(T.h) and (M. g) will denote Riemann manifolds of dimension 1 and n, and all the
functions are of class C*®. Local coordinates on T, and M will be written t = (!),
z=1{r'). i=1.2,...,n. The components of the metrics h and g, and the associated
Christoffel symbols will be denoted respectively by hi1, gij, Hi, G’; -

We use the product bundle (T x M, x,T) whose skorthand is 7 and the first order
jet manifold (bundle) J7 [2).
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Definition 1.1 A first-order ordinary differential equation (ODE) on m is a closed
embedded submanifold £ of J*w. A solution of the ODE ¥ 1s a local seciion z €
Tw(r), where W is an open interval of T, which satisfies jiz € L for everyt € W.

Of course this definition looks nothing like the usual definition of an ordinary
differential equation, but we can see the relationship between the two definitions by
using coordinates. .

Let Y = (Y*) be a distinguished vector field on jet bundle of order one J'# and
(1) = j—:(t) Then the first-order ODE can be written

LY (L2 8)=00 (1)

Consequently, the use of a submanifold I like ODE is a way of separating the de-
scription of the equation from a description of its solutions.

If we add to (1) the constraint z(a) = z, we obtain a Cauchy problem; if we
add the constraints z(a) = z,, z(b) = z;, we obtain a boundary value problems.
Generally, such problems can have or not solutions.

We modify the preceding boundary value problem. Using the Sasaki-like metric

[9), [10] o o
S = hydt @ dt + g;;dz' @ dz’ + hng,-jéz‘l ® bz,

with respect to the adapted basis
(a8, do', 62i = daf — H}ohdt + Giyaldat)
on Jlm, we attach to this problem the Lagrangian density of energy

L(=(t)) = %h“(t)g.-,»(x(t))yi(t,m(t),_zl(t))y-"(t,m(t),zl(t))

and the total energy

b
E(z;[a, b]) = / L(z)(t)/ A @)dt.

Let us find a function z (curve) which satisfies the given boundary conditions
and requiring that E(z;[a,b]) be as close as possible to zero throughout [a,b}. for
all compactly supported variations. Consequently the initial boundary problem is
changed into a least squares problem of variational calculus:

(P;) minimize E(z;[a,b]) subject to z € {C*®[a, b])/z(a) = z,,z(b) = z}.

A solution z* of the minimization problem (P;) must be a critical point of the energy
functional E, i.e., an extremal of the Lagrangian

L = L(z)(t)V/hn (D),
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satisfying the boundary conditions z(a) = z,, z(b) = z;3. The extremals satisfy the
Euler-Lagrange equations

or

oL _d oL ., 0L
dz*  dt 6z} Uozh —
Particularly, if : ‘ _
Y'= 2z} - X1, 2),
dz* :
then the differential system (1) is written T:;- = X'(t,z(t)),i=1,....n and the least
squares Lagrangian density of energy is reduced to '

o Aides dz’ dz i
e "gv(?f"x)(w X)

2

1 dr dz’ dzt
—h*t

2

5 2
“ dt dt 9ij th+f,

where ;
F= ahnggj‘Xin

is a potential energy produced by the distinguished vector field X = (X?). The helicity
of the distinguished vector field X' is the external distinguished tensor field

Fi' = V; X' - g gy Vi XE,

where V is the connection induced by the Riemannian metric g. Also we shall use
the connection D produced by the Riemannian metric A.

In this case the preceeding least squares problem reduces to ODEs of geometric
dynamics induced by the distinguished vector field X and the metrics A, g [4]-[10].
Also the extremals are called (harmonic or) potential maps.

Theorem 1.1 The least squares problem for the boundary value problem

%- = X¥(t.2(t)). z(a) = zq, z(b) = z}

reduces to the boundary valus problem

& drt
h“
dt di

dz’

—-h“(g”gh(v \z)\ ___};-JI dt

+ DX! ), z(a) = 24, 2(b) = z, (2)

where ; ) :
id:‘_dr _ d:r'+ ; dz! dz*
dt dt ~ dt? 1 di Mt dt
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Theorem 1.2 (Lorentz-Udrigte World-Force Law ). Every solution of DEs system
(2) is a horizontal potential map on the Riemann-Lagrange manifold

j ; i 55 E ;  df
(TxM, h+s, NG =Gt —F MQh=-Hhy), v=%

Remark. The geometric dynamics defined by a vector field X on M can be de-
composed into the phase portrait (corresponding to the constant value H = 0) and
transversal curves (corresponding to constant values M # 0), where

1 dz'dz?
Megtiga

is the Hamiltonian induced by L.

2 Least Squares Problem for PDEs
and Geometric Dynamics

Ingredients: all the functions and manifolds are of class C*; (T, k), Riemann manifcld
of dimension p; (M, g), Riemann manifold of dimension n; t = (1*), e = 1.....p.
local coordinates on T'; z = (z'), i = 1,...,n, local coordinates on M: A,s. local
components of the Riemannian metric h; g;;, local components of the Riemannian
metric g; D, connection induced by k; V, connection induced by g: HZ,. Christoffel
symbols produced by hqg; ij, Christoffel symbols produced by g;;: =. the produc:
bundle (T' x M, w,T); J'=, the first order jet bundle [2].

Definition 2.1 A first-order partial differential equation (PDE) on = is a closed
embedded submanifold ¥ of J'w. A solution of the PDE T is a local section z €
Tw(m), where W is an open subset of T, which satisfies jiz € T for everyt € 1},

Now we use the coordinates. Let Y = (Yi), @ =1,...,p;i = 1,....n be a distin-

guished tensor field (which can be identified with a set of distinguished vector fields)

on jet bundle of order one J!7 and z,(t) = ;—i Then the first-order PDE can b=

: Yz a2 0. {3)

Adding to (3) initial conditions or boundary conditions we obtain Cauchy prob-
lems, boundary problems or mixed problems, which can have or not solutions. Hers

we use a boundary value problem modified into a least squares problem. For that w=
use the Sasakian metric '

written

S — haﬁdt& ® dtﬂ -+ g,—_,-dx‘ ® de + ho‘ﬁg,-jé:c; 3 61";

with respect to the adapted basis

(ate, dzi, &, =doi, - HI,atdt? + Giyzldz*)

af™y
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on J'w, and we build the Lagrangian density of energy

L(z(t)) = 35 (00is(2()Yi(t, 2(0), 2, (D)} (8, 2(8), 25(0).

These produce the total energy

E(z; W) = '/W L(z)(t)dva,

where dvy = v/det hdt! A - - - A dtP denotes the volume element induced by the Rie-
mannian metric h, and W is a relatively compact domain in T.

Let us find a function z (parametrized sheet) which satisfies be boundary condition
zlsw = Xx and requiring that E(z; W) be as close as possible to zero throught W,
for all compactly supported variations. Consequently the initial boundary problem is
changed into a least squares problem of variational calculus:

(P2) minimize E(z; W) subject to z € {C®W/z|sw = x).

A solution z* of the minimization problem (P;) must be a critical point of the energy
functional E, i.e., an extremal of the Lagrangian

L = L(z)(t)\/det h(t)

satisfying the boundary condition z|gw = y.
The extremals satisfy the Euler-Lagrange equations

oL 8 or
Ty e R
o 8L & oL oL
- . B S
9z* ~ 518 zE 195zt

Particularly, if ) ' )
Yo=2, - X,(t,2),
then the PDEs system (2) is written

oz’ ; ‘
"a't_q=xz‘:(ts-r)|ﬂ':],...,p;'l:],_“,n_
The complete integrability conditions
0X; oxi i 3X; 3)(; ;
515+ 92 X3 = Gra T G X

ensure the existence of solutions.
The least squares Lagrangian density of energy is reduced to

1 a i i j ]
L = -2-h fgij(zi - Xa)(z — X})
1 a ) i vi
§h 59:’;'3‘&1‘:’9 — 9ijZo X5 + f,
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where i '
f= '2-’1“‘691':' XaXp

is the potential energy produced by the distinguished tensor X = (X?).
The helicity of the distinguished tensor field X is the distinguished tensor field
Fi'a = VX4 = anj9" Vi Xa.

In this case the preceeding least squares problem reduces to PDEs of geometric
dynamics induced by the distinguished tensor field X and the metrics A, g {9}, [10].
Also the extremals are called harmonic or potential maps. i

Theorem 2.1 The least squares problem for a boundary value problem associated to
the PDEs sysiem '

oz’ :

— : b4

5o = Xalti2)
reduces to boundary value problem associated to the PDEs system

5 . . e y
heP 5zl = h*P (g™ g (VnX2) X} + Fy'azh + DsX). (4)
where 5 .y
i It i ¢
38 = Gragip ~ Hap™r + Ciavots.

Theorem 2.2 (Lorentz-Udrigte World-Force Law). Every solution of PDEs sysiem
(4) is a horizontal potential map on the Riemann-Lagrange manifold

(Tx M, htg, NC)j=Giuzh—Fiay M()s=-Hl).

3 Magnetic Dynamics

One of the main ideas of Sabba Stefinescu [3], [7], [12] was to study the magnetic
field generated by picewise rectilinear electric circuits (of continuous current). That
is why we concentrate to the geometric magnetic dynamics.

A piecewise rectilinear electric circuit v, is expressed in the form

m
TYa = U YaB:
p=1

where 74p is a straight line (when 8 = 1), a semiline or a segment in space. disposed
under the condition of circuit closedness (either at finite distance. or at infinity). A
union of p piecewise rectilinear electric circuits

P P m
P=U7&=UUTaﬁ

a=1 a=1f=1
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is called a configuration (network) in space. _

For modelling real phenomena, we agree that a configuration in space has to satisfy
the following conditions:

1) Each segment 7ap has its edges in contact with the extremities of other segments
or semilines 7)5. Each semiline y,5 has its finite edge in contact with the edge of a
segment or semiline v,;.

2) At each knot (contact point), the second Kirchhoff law shall be satisfied, i.e., the
algebraic sum of the intensities of currents vanishes. If this condition is not satisfied,
then the associated magnetic field does not admit a scalar potential.

The magnetic field produced around the circuit v, is given by the Biot-Savart-
Laplace formula

— Jo X PZ '
Hq(z) = / ap;pz drp, Yz = (21,22,23) € R®\ 7a,
Ta

where p € 7, is the arbitrary point on the electric circuit vo, and 74 is the conduction
current density (theoretically like versor) on 7,.

The magnetic field is irrotational (rot H, = 0) and solenoidal (div H, = 0). Also
the set {H,, a=1,...,p} determines a Lie algebra of solenoidal vector fields.

The (total) magnetic field produced around the configuration T is

H(z) = t-ﬁa(:), z € R®\T.

a=1

The total magnetic field is also irrotational and solenoidal.

Regarding the magnetic geometric dynamics we have two possibilities:

1) uni-parameter (time) dynamics determined by the total magnetic field H and
the canonical Riemannian metric §;; of R® (see §1, and [11], [7], [12)).

2) multi-parameter (multi-time) dynamics determined by the vector fields H,,
a=1,...,p, the metric é,5 on the space of parameters and the metric 8i; of R3 (see
§2, and {9}, [10], [13)). :

In the sequel, we look for the geometric magnetic dynamics produced by (T,1),

(R3\T, ;) and the total magnetic field H = (H1, Ha, H3). This dynamics is described
by the DEs system

d’z; of .
—a-{a—z-aﬂ—:-;, t = 1,2,3; :=(211123z3)l (5)

where f = %(Hf + H2 + HY).
The DEs system (3) describes the extremals of the Lagrangian

3 ; 2 3
1 d:.‘,' d::,-
L=3 ('d?) ) Hig S

i=1
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as potential maps of the Riemann manifold (T'x M, 1+g). The associated Hamiltonian

18
3

1 dz; :
=33 (%) -

i=1

4 Atlas of Magnetic Dynamics

The behaviour of concrete dynamical systems cannot be investigated without modern
computer simulation. This involves numerical algorithms, graphical methods, and
specialized software able to capture the mathematical information contained in the
analytical formulas. However, the computer-ploted results must be analyzed by a
specialist in the field, to decide upon their practical or theoretical significance.

For numerical modelling of magnetic dynamics, we use the general explanations
given in [1], [11], and a specialized MAPLE software realized in our Laboratory of
Mathematical Visualization and Computer Graphics. This important computer pro-
gram, available on PCs, can be used very efectively for plotting and computing ex-
tremals.

Each case is individualized by the following data: the electric configuration, the
magnetic field, the parameter values, the boundary condition, the number n of iter-
ations, and the iteration step /. For each set of data, the exhibited output includes
numerical computed images of trajectories in geometric magnetic dynamics, graph of
the Hamiltonian (energy), and (z, z), (v,¥), (2, z) Poincaré projections of the corre-
sponding curves in the phase space R®. The components of the magnetic field around
spatial configurations are found in the papers [12]. Originally they are written in
the Cartesian Frame used in Geodynamics. To avoid possible misunderstandings,
the present modelling and simulation is made after rotation z — —z, z — —z, who
introduce the usual Cartesian Frame. )

The sequence of the following figures belongs to an ATLAS OF MAGNETIC Dy-

NAMICS that is working now in our Laboratory. These figures are associated to the
next illustrative examples:

4.1 Two parallei wires, currents of the same sense

Magnetic field components (Geodynamics Frame):

=y —Y
H, =
i (a:+a)""-}—;,r2_i-(:r:—c::,)2—}-3,r2
z+a z—-a
Hy =

H; =90.

Parameter value: a = 1.
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4.2 Two parallel wires, currents of opposite sense
Magnetic field components (Geodynamics Frame):

H. = -y y

TGErar+y oty
H. = r+a _ T—a
V7 (z+a)2+y?  (z—a)?+ 2
H, =10

Parameter value: a = 1.

4.3 Two right angle circuits, currents of opposite sense

Magnetic field components (Geodynamics Frame):

H =y y

==1‘1(1‘1—Z—b)+1‘2(r2+2—b)’

H = z4+a z+b _ z—a . z—-b
PTrn(n-z-b) n(n+zta) rfra+z-b)  r(ra-z+a)’
H. = ¥ y

- rl(r1+r+a) - ro(ra —z +a)’

where r{ = (z 4+ a)® + y* + (z + b)?, and % = (z — a)? + y® + (z — b)%. The domain
of definition of this field is given by A = R®\ {e; U f; Uea U f}, where the set

Hi:z<—-a, y=0, z=-b e:z=-a, y=0, z>-b
faiz2a, y=0, z=b e:z=a, y=0, z<-b

Obviously, H is an irrotational and solenoidal (and thus harmonic) vector field. We
assume that a and b does not vanish simultaneously.
Parameter values: a =1 and b = 2.

4.4 Two right angle circuits, currents of the same sense
Magnetic field components (Geodynamics Frame):

. - (-
ri(ri—z—=56) rira+z-19)
H = z+a _ z+b % z—a B z—b
YT or(ri -z —b) rifri+z+a)  ryra+z-b) ry(ry —z+a)’
Yy y

= . )

f']_(l‘l +1‘+G) rg(rg —-13+G)
where we put r{ = (z +a)? + 4 + (2 + b)?, and r2 = (z — a)? + 3> + (z — b). The
domain of definition of this field is the same set A as above. Obvoiusly, H is an
irrotational and solenoidal (and thus, harmonic) vector field.
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We assume that a and b does not vanish simultaneously.
Parameter values: a =1 and b = 2.

4.5 Analysis of the figures

We accept the existence of particles sensitive to the magnetic field:

TWO PARALLEL WIRES, CURRENTS OF THE SAME SENSE.

Caskg 1: two branches, almost same energy; after jumps, the energy is stabilized;
almost identical or parallel Poincaré projections.

CASE 2: two branches, almost same energy; the energy has jumps; almost identical
or parallel Poincaré projections. '

CASE 3: cusp shape; the energy is increasing; almost continuous Poincaré projec-
tions.

CASE 4: two branches, almost same energy; the energy has ajump; almost identical
or parallel Poincaré projections.

CASE 5: idem.

TwoO PARALLEL WIRES, CURRENTS OF OPPOSITE SENSE.

CASE 1: two branches, almost same energy; after jumps, the energy is stabilized
like a constant; almost identical or parallel Poincaré projections.

CASE 2: idem.

CASE 3: cusp shape, almost same energy; after jumps, the energy is stabilized;
parallel Poincaré projections. '

CASE 4: two branches, almost same energy; after jumps, the energy is stabilized
like a constant; almost identical or parallel Poincaré projections.

CASE 5: idem.

TWO RIGHT ANGLE CIRCUITS, CURRENTS OF OPPOSITE SENSE.

CASE 1: one curve; consatnt energy; almost smooth Poincaré projections.
CASE 2: idem.

CASE 3: idem.
CASE 4: idem.
CASE 5: idem.

TwO RIGHT ANGLE CIRCUITS, CURREN;I‘S OF THE SAME SENSE.

CASE 1: one curve; consatnt energy; almost smooth Poincaré projections.
CASE 2: idem.
CASE 3: idem.
CASE 4: idem.
CASE 5: idem.
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4.6 Illustrative Examples

Two parallel wires, currents of the same sense

Case 1. n =200, h = 0.05;

Boundary Conditions: z(1) = —0.001; z(2) = 0.011; y(1) = —0.001; y(2) = —0.002;
z(1) =1; z(2) = 0.001.

]yl Ak}l

0.9

0.81
IJ.?-:
L
059

0.4;

20 40 © 8 100 120 120 180 180 20
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ket 1 D72, (x{k+1]-x[kD/h

©00000 0 0 o0 00

-104

12!

100 0 50 -40 22 0

(yikylkt1D2,({kH }-yikDh

(dk}+z{lct1]V2,(zfk+1]}-AdkD/

.
-

-100



Least squares problem and magnetic dynamics 191

CAsE 2. n = 200, h = 0.05;
Boundary Conditions: z(1) = —0.0051; z(2) = 0.005; y(1) = 0; y(2) = 0; z(1) =
0.0005; z(2) = —0.005.

KL yIkI] Ak k=L o+

(kEd[k]),k=2..0

08¢
0.6
k
0.41
02%

DT—-J

20 40 B0 80 100 120 140 160 180 20
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(lkrxk+1])/2,(fk+1]-x[k D/h

143
1% §
107

L™

Q‘M..M. -

20 40 60 80 100 120

(ikFylk+t1]D72, (k1 }ylk Db

(k}rz{k+1])72, (fk+1]-2{k]/b
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Case 3. n =200, h = 0.05;
-Boundery Conditions: z(1) = 0; z(2) = 0; y(1) = 0.05; y(2) = —0.05; 2(1) = 0.05;
z(2) = -0.05.

k. y{k]} Ak} ]t

20 40 6 8 100 120 140 180 180 20
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(ke D2, Gk L1k

100 0 0 0 20 )

(ylkHylk+1D22,({k+1]-y[kD/h

@kl z[k+1D72, (k1 ]-z[kD/b
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CAsSE 4. n =200, h = 0.03;
Boundary Conditions: z(1) = —1.3; z(2) = 1.5; y(1) = 0; y(2) = 0; z(1) = 0; 2(2) = 0.

AkLy{k]}fkL k=1 ot

(kEd[kD.k=2..n
455
.}
‘51/———‘__—__
45
a5}

4 D 4 & © 100 120 140 160 180 20
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(el 1 D72, G+ kD
6012

60.08]
60,06}
60.04}

60.021

600 100 200 300 400 500

OlkFylk+1D22,({k+1])-y(kD/h

(dk]+2[k+1]72,(z{k+1]}-z(k]/h
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CASE 5. n= 200, h = 0.05; ,
Boundary Conditions: z(1) = 0; 2(2) = 0; y(1) = ~1.5; y(2) = 1.5; 2(1) = 0; 2(2) = 0.

xkLylk]} k] k=1..o+1

(k.Ed[k],k=2..n
a5}
s
455‘: //
asf
4.45}

44 0D & @ 80 10 120 140 180 1@ 20
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GlkHxlie 1 D/2, (k1] x{k D

30 5 10 15 20 % 30

(IkHylkt1]/2,(y{k+1]-y(kD/h
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Two parallel wires, currents of opposite sense

- CaseE 1. n =300, h = 0.05;

Boundary Conditions: z(1) = 0.2; z(2) = 1.2; y(1) = 0.1; y(2) = 0.1; z(1) = 0.5;
z(2) = 0.

klylk]} Ak} k=1, .ot1

1.1

0.9

0.8

0.71

0.6¢
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(dkPie+1 /2, (cfke+1 - +fk D

Q7T ——— —

P33 )

p-3

2]

23

pz3

21

2 100 200 300 40
OlkHylk+t1D2,({k+1}-yik /b

@k} 2kt 12, @l kD
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CASE 2. n =200, h = 0.05;
Boundary Conditions: z(1) = —1.1; z(2) = 1.2; y(1) = 0.17 y(2) = 0.1; z(1) = 0.5;
2(2) = 0.

x[k],y{k]], k], k=1..o+1

295
2.9]
285
28
275

271

20 40 60 80 100 120 140 160 180 200
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(dkxk+1D/2,(x{k+1]-x[kD/h

=
46.5:
45,41
46‘ 100 200 300 400
(y[k]+y{k+li)f2.@[k+1]-ylkth

@kl /2, (k1 ]-kD
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CAseE 3. n =200, h = 0.05;
Boundary Conditions: z(1) = 0; z(2) = 0; y(1) = —0.1; y(2) = 0.1; z(1) = 0; z(2) = 0.

(k] ylk]] 2k =1+

8858 o

20 40 8 8 100 120 140 180 180 20
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(z[k]) + z[k + 1])/2, (z[k + 1] - z[k])/h

Error, (in plot) Invalid domain specification for plotting points

(ylkFylk+1]D/2,(k+1]-y[kD/h

(dk}zk+1]2,(k+1 |-k ]D/h
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CaskE 4. n = 200, h = 0.05;
Boundary Conditions: z(1) = —1.5; z(2) = 1.5; y(1) = -0.1; y(2) = 0.1; 2(1) = 0.5;
z2(2) = -0.1. ' -

xk],ylk]}, k) k=1..0+1

o

104

-

481

475

4.7%

465

464

]

20 40 60 80 100 120 140 160 180 200
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CasE 3. n =200, A = 0.05;

Boundary Conditions: r{1) = —0.1; 2(2) = 1.1; y(1) = —0.1; y(2) = —0.2;.2(1) = 0;
z(2)=0.1. .

xk],yk]}, 4k le=1..0¢1

a

R

h

M
I

h

2
i

2B 40 6 8 100 120 140 180 180 20
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GelkFxlk+1])/2, (x[k+1]-xkD/b
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Two right angle circuits, currents of opposite sense
Case 1. n = 200, A = 0.0001;
Boundary Conditions: z(1) ==0.01; z(2) = 0.01; y(1) = 0; y(2) = 0; 2(1) = —0.01;
z(2) = 0.02.
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'CasE 2. n =200, h = 0.0001;
Boundary Conditions: z(1) = —0.001; z(2) = 0.001; y(1) = 0; ¥(2) = —0.001; z(1) = 0;
z2(2)=0. -

xk],yik]],z[k],k=1..n+1

(Ed[k]),k=2..n

20 40 8 68 100 120 140 160 180 200



212 C. Udrigte and M. Postolache

(cfkxfke+ 1172, (dk+1 -k D/
15j'
107
5
U_..

0 002 004 006 008 01 D012 0.4

(sTkPylkt1 D72, (ke FykD/h

kb 2kt 1D/, (fk+ 1}k Db




Least squares problem and magnelic dynamics 213

CaseE 3. n = 200, h = 0.0001;
. Boundary Conditions: z(1) = 0; z(2) = 0.002; y(1) = 0.002; y(2) = 0.002; z(1) =
0.0001; z(2) = 0.0001.
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CASE 4. n =200, h = 0.0001;
Boundary Conditions: z(1) = 0; z(2) = 0.002; y(1) = 0.002; y(2) = 0.002; 2(1) = 0;
2(2) = 0.0018.
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CAsE 5. n =200, A = 0.00001;
Boundary Conditions: z(1) = 0; z(2) = 0; y(1) = —0.001; y(2)_= 0.002; z(1) = 0.002;
z(2) = -0.001.
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Two right angle circuits, currents of the same sense
Case 1. n =200, h = 0.0001;
Boundary Conditions: z(1) = 0.; z(2) = 0.; y(1) = 0; y(2) = 0.002; z(1) = —0.001;
z(2) = 0.001.
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CASE 2. n = 200, A = 0.0001;
Boundary Conditions: z(1) = 0.001; z(2) = —0.001; y(1) = 0; y(2) = 0.005; 2(1) =
—0.001; z(2) = 0.001.
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Case 3. n = 200, A = 0.0001;
Boundary Conditions: z(1) = 0.001; z(2) = —0.001; y(1) = 0; ¥(2)0.005; z(1) = 0.001;
z(2) = —0.001.
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CAsE 4. n = 200, h = 0.0001;
Boundary Conditions: z(1) = —0.005; z(2) = 0.005; y(1) = 0; y(2) = 0; z(1) = 0.005;
z(2) = 0.005.
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CAsE 5. n = 200, h = 0.0001;
Boundary Conditions: z(1) = 0.001; z(2) = 0.002; y(1) = 0; y(2) = 0; 2(1) = 0.005:

z(2) = 0.005.
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