SOME REMARKS ON 3-DIMENSIONAL
CONTRACT RIEMANNTAN MANIFOLDS

Ph.J.Xenos and Gouli-Andreou

Abstract

In this paper we prove that a conformally flat 3-7-manifold is either flat or
a Sasakian manifold.
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1 Introduction.

D.E.Blair in [3] proved that there are no flat Riemannian metrics associated to contact
structure on a contact manifold of dimension > 3.

In [7] M.Okumura proved that every Sasakian conformally flat manifold of di-
mension >3 has a constant curvature 1. In [9] S.Tanno proved that a 3-dimensional
conformally flat K-contact Riemannian manifold has a constant curvature 1. In [4] D.
E. Blair and T.Koufogiorgos proved that a conformally flat contact metric manifold
M* 1 with Qe = ¢Qhas a constant curvature 1 if n > 1, and has a constant cur-
vature 0 or 1 if n = 1. In [1] K.Bang proved that in dimension greater than 3, there
are no conformally flat contact metric manifolds with R(X,£)¢{ = 0. In [8] Z.Olszak
proved that on a conformally flat contact metric manifold of dimension 2n +1 > 5,
the scalar curvature S satisfies S < 2n(2n + 1).

In the present paper we prove that a conformally flat 3-7-manifold is either flat
or a Sasakian manifold. This is an extension of Bang’s result proved in [1]. Further
results will be given in [6].

2 Preliminaries

By a contact manifold we mean a C* manifold M?"*!, endowed with a global 1-from
n such that nA (dn)™ # 0 everywhere on M2 1. Then, it has an underlying contact
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metric structure (7, g, p, §), where g is a Riemannian metric (called associated metric),
¢ a global tensor of type (1,1) and £ a global vector field (called characteristic vector
field). These structure tensors satisfy:

e =—-IT+n®& n=g&-), nE =1,

dn(Y,Z) = g(Y,0Z), g(¢Y,0Z) = g(Y, Z) — n(Y)n(Z).

The associated metrics can be constructed by the polarization of dn evaluated on
a local orthonormal basis of an arbitrary metric on the contact distribution B defined
by kern.

Denoting by L and R the Lie differentiation and the curvature tensor respectively,
we can define the tensors 7, h and [ by:

1
T=Leg, h= ngcp, l=R(-&)E.

Denoting by V the Riemannian connection of g, we have the following formulas
(see [2]):
pE=hE=1=0, nop=noh=20,

dn(&,7) =0, Trh =Trhe =0,

he = —¢h, Vz€=—pZ — phZ,

Veh = —pl —@h?,  olo —1=2(¢* + h?)

Vep =0, Trl=g(Q¢, &) =2 —Trh?.

A contact metric structure is K-contact if £ is a Killing field, case fulfilled if and
only if h = 0. If the structure is normal, then it is Sasakian. A Sasakian structure is
K-contact only for dimension 3.

The sectional curvature K (X, &) (= g(R(X,¢£)¢, X)) of a plane section spanned
by & and a vector X orthogonal to &, is called &-sectional curvature. The sectional
curvature K (X, ¢pX) (= g(R(X,9X)pX, X)) of a plane section spanned by vectors
X and pX with X orthogonal to &, is called ¢-sectional curvature.

On a 3-dimensional Riemannian manifold M, we denote by @ the Ricci operator,

by S = TrQ the scalar curvature and by P the tensor field —Q + %I . The curvature
tensor R(Y, Z)W is given by:

R(Y,Z)W = g(Z,W)QY — g(Y,W)QZ + g(QZ, W)Y — g(QY,W)Z~—

S
A Riemannian manifold is said to be conformally flat if it is conformally equivalent
to a Euclidean space. A 3-dimensional Riemannian manifold M is conformally flat if

and only if:
(VyP)Z = (VzP)Y, MY, Z € X(M). (2.2)

A 3-dimensional contact metric manifold satisfying Ve = 0 is called a 3-7-
manifold (see e.g. [5]). In [5] we prove some results which we use in this paper.
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Proposition 2.1 Let M? be a non-Sasakian S-T-manifold. If X is a unit-eigenvector
of h corresponding to the eigenvalue A and orthogonal to &, then:

VeX = Ve(pX) =0,

Vxé=—-(A+1)pX, Vox€ = (1-N)X,

VxX = g5[pX - A+ n(QX)]pX,

VoxpX = 95 [X - A+ n(QpX)]X,

U (9X) = 256X - A+ n(QX)]X + (A + 1),

Vox X = =55 [X - A+ 0(QpX)]pX + (A - 1)¢.

Corollary 2.1 On a 3-t-manifold holds € - Trl = 0.

Proposition 2.2 Let M? be a 3-dimensional contact metric manifold. If for every
Z of the contact distribution B, holds QZ € B, then the conditions Qp = ¢Q and
Vet = 0 are equivalent.

If A(# 0) is the eigenvalue of h with unit-eigenvector X orthogonal to £, then:
Tri=2(1-)\*)<2. (2.3)
For every vector field Z on a 3-7-manifold M3 we have:
QZ = aZ +bn(2)§ +n(Z2)QS + n(QZ)E, (2.4)
1 1
where o = §(S—Trl) and b= —é(S—f—Trl).
3 Conformally flat 3-7-manifold

In [6] we proved the following result.

Proposition 3.1 A conformally flat 3-T-manifold with Trl =constant is either flat
or Sasakian with constant curvature .

The proof of the above proposition uses the relations (2.1), (2.2), (2.3) and (2.4)
and the Propositions 2.1, 2.2 and Corollary 2.1.
Using the Propositions 3.1 and 2.2, [4] we obtain the main result:

Theorem 3.1 A conformally flat 3-T-manifold is either flat or Sasakian manifold.
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