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Abstract

We determine the Bianchi identities for the d-torsions and d-curvatures of a
distinguished liniar connection in the geometry of the second order.
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1 Introduction

The Lagrange geometry of the second order has been studied by R.Miron and Gh.Atanasiu
[1], [4] and more general in [5-9]. The Lagrange geometry of the order one corresponds
to the geometry of the tangent bundle (cf. with R.Miron and M.Anastasiei, [3]).

Here, we determine the Bianchi identities for the d-torsions and d-curvatures of a
distinguished liniar connection in the geometry of the second order.

The fundamental notions and notations concerning these geometries are given in
[4-9] and in the recent R.Miron’s book [2].

At the bigining we give, shortly, the notations we use.
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2 The 2-osculator bundle. Nonlinear connections.
Adapted basis. N-linear connections

A transformation of coordinates (xi, y(1)i, y(2)i) → (x̃i, ỹ(1)i, ỹ(2)i) on Osc2M is given
by 

x̃i = x̃i(x1, ..., xn), rank‖ ∂x̃i

∂xj
‖ = n

ỹ(1)i =
∂x̃i

∂xj
y(1)j

2ỹ(2)i =
∂ỹ(1)i

∂xj
y(1)j + 2

∂ỹ(1)i

∂y(1)j
y(2)j .

(1)

The point u ∈ Osc2M of coordinats (xi, y(1)i, y(2)i) will be noted, also, with
u = (x, y(1), y(2)).

A nonlinear connection N on E = Osc2M is characterized by the functions

N i
j

(α)
(x, y(1), y(2)) (α = 1, 2) called the coefficients of N which to a transformation

of coordinates on E has as effect the rules:
Ñ i

m
(1)

∂x̃m

∂xj
= Ñm

j
(1)

∂x̃i

∂xm
− ∂ỹ(1)i

∂x̃j

Ñ i
m

(2)

∂x̃m

∂xj
= Ñm

j
(2)

∂x̃i

∂xm
+ Ñm

j
(1)

∂ỹ(1)i

∂xj
− ∂ỹ(2)i

∂x̃j
.

(2)

We obtain the direct decomposition:

TuE = N0(u) ⊕ N1(u) ⊕ V2(u)⊕, ∀u ∈ E (N0 = N) (3)

with the local adapted basis:

{
δ

δxi
,

δ

δy(1)i
,

∂

∂y(2)i

}
, (i = 1, ..., n) (4)

given by:



δ

δxi
=

∂

∂xi
− N j

i
(1)

∂

∂y(1)j
− N j

i
(2)

∂

∂y(2)j

δ

δy(1)i
=

∂

∂y(1)i
− N j

i
(1)

∂

∂y(2)j

(5)
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The fields of geometrical objects wich are important on E are introduced with
respect to the direct decomposition (3).

If we consider the projectors h, v1, v2, determined by (3) and denote vαX =
XVα , (α = 1, 2) we can uniquely write:

X = XH + XV1 + XV2 , ∀X ∈ X (E). (6)

Thus we have:

XH = X(0)i δ

δxi
, XV1 = X(1)i δ

δy(1)i
, XV2 = X(2)i δ

δy(1)i
.

The coordinates X(α)i , (α = 0, 1, 2) change under (1) as follows:

X̃(α)i =
∂x̃i

∂xj
X(α)j , (α = 0, 1, 2).

Each of them is called a distinguished vector field, shortly a d-vector field.
Let us consider the dual basis of (4):

{dxi , δy(1)i , δy(2)i} , (i = 1, ..., n). (7)

Then for a field of 1-form ω on E we put:

ω = ωH + ωV1 + ωV2 , (8)

where

ωH = ω
(0)
i dxi , ωV1 = ω

(1)
i δy(1)i , ωV2 = ω

(2)
i δy(2)i

and with respect to (1) we have:

ω
(α)
i =

∂x̃j

∂xi
ω̃

(α)
j , (α = 0, 1, 2).

Each of ω
(α)
i is called a d-1-form on E.

Now , we can define a distinguished tensor field on E of type (r,s) (shortly a
d-tensor field) as an element T ∈ T r

s (E) with the property:

T ( X
1

, ..., X
s

,
1
ω, ...,

r
ω) = T ( XH

1
, ..., XV2

s
,

1

ωH , ...,
r

ωV2), (9)

∀ X
1

, ..., X
s

∈ X (E) , ∀ 1
ω, ...,

r
ω∈

∗
X (E).
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Then in adapted basis (4), (7) we obtain:

T = T i1...ir
j1...js

(x, y(1), y(2))
δ

δxi1
⊗ .. ⊗ ∂

∂y(2)ir
⊗ dxj1 ⊗ .. ⊗ δy(2)js

and with respect to (1) we get:

T̃ i1...ir
j1...js

=
∂x̃i1

∂xm1
...

∂x̃ir

∂xmr

∂xq1

∂x̃j1
...

∂xqs

∂x̃js
Tm1...mr

q1...qs
.

Consequently we can give a d-tensor field T, of type (r,s) by its local components
T i1...ir

j1...js
(x, y(1), y(2)).

Let us consider the F (E)-linear map J : X (E) → X (E) given on the natural basis
of X (E) by:

J

(
∂

∂xi

)
=

∂

∂y(1)i
, J

(
∂

∂y(1)i

)
=

∂

∂y(2)i
, J

(
∂

∂y(2)i

)
= 0 , (10)

(i = 1, .., n).

We define an N-linear connection on E as a connection D on E wich preserves by
parallelism the horizontal distribution N and wich is compatible with the structure J
(i.e. DXJ = 0,∀X ∈ X (E)).

In the adapted basis (4) it is sufficient to give

D δ

δxj

δ

δy(α)i
= Lm

ij

δ

δy(α)m
, D δ

δy(β)j

δ

δy(α)i
= Cm

ij
(β)

δ

δy(β)m
, (11)

(α = 0, 1, 2, β = 1, 2, y(0)i = xi)

in order to obtain all the coefficients DΓ(N) = (Li
jm, Ci

jm
(1)

, Ci
jm

(2)
) of a

N-linear connection D.
The h-covariant derivative noted with | and the vα-covariant derivative noted with

(α)

| (α = 1, 2) in the algebra of the d-tensors act, for exemple, for a d-tensor field
Ki

j(x, y(1), y(2)) of the type (1,1) as:


Ki

j|m =
δKi

j

δxm
+ Li

rmKr
j − Ls

jmKi
s

Ki
j

(α)

| m =
δKi

j

δy(α)m
+ Ci

rm
(α)

Kr
j − Cs

jm
(α)

Ki
s , (α = 1, 2).

(12)
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3 d-torsions of N-linear connections

Let E = Osc2M be a 2-osculator bundle endowed with a nonlinear connection N.
Since an N-linear connection D is a particular connection on E, its torsion is given
by:

T (X,Y ) = DXY − DY X − [X,Y ] , X, Y ∈ X (E). (13)

By using the projectors h, v1 and v2 associated to N the following decomposition
of T is derived:

T (X,Y ) = T (XH , Y H) + T (XH , Y V1) + T (XH , Y V2) +
T (XV1 , Y H) + T (XV1 , Y V1) + T (XV1 , Y V2) + (14)
T (XV2 , Y H) + T (XV2 , Y V1) + T (XV2 , Y V2).

Every vector field from the right side of (14) has an horizontal and v1-vertical and
v2-vertical components.

In order to get the local form of the d-tensor fields which determine the d-tensors
of torsion of D, called simple the d-torsions of D, it is necessary to study the Lie
brackets of the vector fields of the adapted basis (4).

Theorem 3.1 The Lie brackets of the vector fields { δ

δxi
,

δ

δy(1)i
,

∂

∂y(2)i
} are given by

[
δ

δxj
,

δ

δxk
] = Ri

jk
(01)

δ

δy(1)i
+ Ri

jk
(02)

∂

∂y(2)i
,

[
δ

δxj
,

δ

δy(1)k
] = Bi

jk
(11)

δ

δy(1)i
+ Bi

jk
(12)

∂

∂y(2)i
,

[
δ

δxj
,

∂

∂y(2)k
] = Bi

jk
(21)

δ

δy(1)i
+ Bi

jk
(22)

∂

∂y(2)i
,

[
δ

δy(1)j
,

δ

δy(1)k
] = Ri

jk
(12)

∂

∂y(2)i
,

[
δ

δy(1)j
,

∂

∂y(2)k
] = Bi

jk
(21)

∂

∂y(2)i
,
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where:

Ri
jk

(01)

=

δN i
j

(1)

δxk
−

δN i
k

(1)

δxj
, Ri

jk
(02)

=

δN i
j

(2)

δxk
−

δN i
k

(2)

δxj
+N i

mRm
jk

(1) (01)

,

Bi
jk

(11)

=

δN i
j

(1)

δy(1)k
, Bi

jk
(12)

=

δN i
j

(2)

δy(1)k
−

δN i
k

(1)

δxj
+ N i

m
(1)

Bm
jk

(11)

,

Bi
jk

(21)

=

∂N i
j

(1)

∂y(2)k
, Bi

jk
(22)

=

∂N i
j

(2)

∂y(2)k
+ N i

m
(1)

Bm
jk

(21)

,

Ri
jk

(12)

=

δN i
j

(1)

δy(1)k
−

δN i
k

(1)

δy(1)j
.

Now, taking into account the skew-symmetry of the mapping T, the equations
hT (XVα , XVβ ) = 0 (α, β = 1, 2), and (13), (14), we deduce:

Theorem 3.2 The torsion of an N-linear connection D is completely determined by
the following components, which are d-tensor fields of the type (1,2):

T (XH , Y H) = hT (XH , Y H) + v1T (XH , Y H) + v2T (XH , Y H),
T (XH , Y Vβ ) = hT (XH , Y Vβ ) + v1T (XH , Y Vβ ) + v2T (XH , Y Vβ ),

T (XVα , XVβ ) = v1T (XVα , Y Vβ ) + v2T (XVα , Y Vβ ),
(α, β = 1, 2).

By the Theorem 3.1 and the Theorem 3.2 easily follows:

Theorem 3.3 The d-torsions of an N-linear connection with the coefficients DΓ(N) =



Bianchi identities in the geometry of second order 17

(Li
jk, Ci

jk
(1)

, Ci
jk

(2)

) in the adapted basis (4) have the following expressions:



hT (
δ

δxk
,

δ

δxj
) = T i

jk
(0)

δ

δxi
, vβT (

δ

δxk
,

δ

δxj
) = Ri

jk
(0β)

δ

δy(β)i
,

hT (
δ

δy(α)k
,

δ

δxj
) = Ci

jk
(α)

δ

δxi
, vβT (

δ

δy(α)k
,

δ

δxj
) = P i

jk
(αβ)

δ

δy(β)i
,

vβT (
δ

δy(1)k
,

δ

δy(1)j
) = Qi

jk
(1β)

δ

δy(β)i
, vβT (

∂

∂y(2)k
,

δ

δy(1)j
) = Qi

jk
(2β)

δ

δy(β)i
,

v1T (
∂

∂y(2)k
,

∂

∂y(2)j
) = 0, v2T (

∂

∂y(2)k
,

∂

∂y(2)j
) = Si

jk
(2)

∂

∂y(2)i
,

(α, β = 1, 2) (
δ

δy(2)i
=

∂

∂y(2)i
),

(15)

where:

T i
jk

(0)

= Li
jk − Li

kj , P i
jk

(11)

= Bi
jk

(11)

− Li
kj , P i

jk
(12)

= Bi
jk,

(12)

P i
jk

(21)

= Bi
jk

(21)

, P i
jk

(22)

= Bi
jk

(22)

− Li
kj , Qi

jk
(12)

= Ri
jk

(12)

,

Qi
jk

(11)

= Ci
jk

(1)

− Ci
kj

(1)

= Si
jk

(1)

, Qi
jk

(21)

= Ci
jk

(2)

,

Qi
jk

(22)

= Bi
jk

(21)

− Ci
kj

(1)

, Si
jk

(2)

= Ci
jk

(2)

− Ci
kj .

(2)

4 d-curvatures of N-linear connections

In the following we shall deal with the curvature of an N-linear connection D. This
is expressed by:

R(X,Y )Z = DXDY Z − DY DXZ − D[X,Y ]Z, ∀X,Y, Z ∈ X (E).

Since D preserves by parallelism the horizontal distribution and DX(JY ) = J(DXY ),
∀X,Y ∈ X (E) we have:

vβ(DXY H) = 0, h(DXY Vα) = 0, vβ(DXY Vα) = 0 (β 6= α; α, β = 1, 2),
DX(JY H) = J(DXY H), DX(JY Vβ ) = J(DXY Vβ ) (β = 1, 2).
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Consequently, we can formulate:

Theorem 4.1 a) The essential components of the curvature tensor field R are R(X,Y )ZH

for any vector field X,Y, Z ∈ X (E).
b) R(X,Y )ZH is a horizontal vector field.
c) the essential d-tensors of curvatures (or simple d-curvatures) of an N-linear

connection D are:

R(XH , Y H)ZH , R(XVβ , Y H)ZH , R(XVβ , Y Vα)ZH , (α, β = 1, 2;β ≤ α).

By the Theorem 4.1 and the equation R(X,Y ) = −R(Y,X) , ∀X,Y ∈ X (E)
we get:

Theorem 4.2 The d-curvatures of an N-linear connection D, with the coefficients

DΓ(N) = (Li
jk, Ci

jk
(1)

, Ci
jk

(2)

) in the adapted basis (4) have the following expres-

sions: 

R(
δ

δxk
,

δ

δxj
)

δ

δxh
= R i

h jk

δ

δxi
,

R(
δ

δy(1)α
,

δ

δxj
)

δ

δxh
= P i

h jk
(α)

δ

δxi
,

R(
∂

∂y(2)k
,

δ

δy(1)j
)

δ

δxh
= S i

h jk
(12)

δ

δxi
,

R(
δ

δy(α)k
,

δ

δy(α)j
)

δ

δxi
= S i

h jk
(αα)

δ

δxi
,

(16)

(α = 1, 2), where:

R i
h jk =

δLi
hj

δxk
− δLi

hk

δxj
+ Lm

hjL
i
mk − Lm

hkLi
mj+

2∑
Ci

hmRm
jk,

β=1 (β) (0β)

P i
h jk =

δLi
hj

δy(α)k
−

δ Ci
hk

(α)

δxj
+ Lm

hjC
i
mk − Cm

hkLi
mj+

2∑
Ci

hmBm
jk,

(α) (α) (α) β=1(β) (αβ)
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S i
h jk =

∂ Ci
hj

(1)

∂y(2)k
−

δ Ci
hk

(2)

δy(1)j
+ Cm

hjC
i
mk − Cm

hkCi
mj + Ci

hmBm
jk,

(12) (1) (2) (2) (1) (2) (21)

S i
h jk =

δ Ci
hj

(α)

δy(α)k
−

δ Ci
hk

(α)

δy(α)j
+ Cm

hjC
i
mk − Cm

hkCi
mj + Ci

hmRm
jk,

(αα) (α) (α) (α) (α) (2) (α2)

(
δ

δy(2)
=

∂

∂y(2)
and Rm

jk
(22)

= 0).

5 The Bianchi identities

The d-torsions and d-curvatures of an N-linear connection D are not independent.
As it is well known the torsion T and curvature R of every linear connection D on E
satisfy the following Bianchi identities:

∑
[(DXT )(Y,Z) − R(X,Y )Z + T (T (X,Y ), Z)] = 0, (17)

∑
[(DXR)(U, Y, Z) + R(T (X,Y ), Z)U ] = 0, (18)

where
∑

means cyclic sum over X,Y,Z.
If D is an N-linear connection on E = Osc2M , then by the Theorem 4.1 and

vβ(DXR)(hU, Y, Z) = 0 , h(DXR)(vβU, Y, Z) = 0,

vβ(DXR)(vαU, Y, Z) = 0 , α, β = 1, 2 , α 6= β

the identities (17) and (18) become:



∑
[h(DXT )(Y,Z) − hR(X,Y )Z + hT (hT (X,Y ), Z)+

2∑
α=1

hT (vαT (X,Y ), Z)] = 0,∑
[vβ(DXT )(Y,Z) − vβR(X,Y )Z + vβT (hT (X,Y ), Z)+

2∑
α=1

vβT (vαT (X,Y ), Z)] = 0.

(19)
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
∑

[h(DXR)(U, Y, Z) + hR(hT (X,Y ), Z)U +
2∑

α=1
hR(vαT (X,Y ), Z)U ] = 0,∑

[vβ(DXR)(U, Y, Z) + vβR(hT (X,Y ), Z)U +
2∑

α=1
vβR(vαT (X,Y ), Z)U ] = 0,

(β = 1, 2).

(20)

In order to get the form of these identities in the adapted basis (4), we shall insert
in (19) and (20) the vector fields X,Y,Z as in the following table:

X
δ

δx

δ

δx

δ

δx

δ

δx

δ

δx

δ

δx

δ

δy(1)

δ

δy(1)

δ

δy(1)

∂

∂y(2)

Y
δ

δx

δ

δx

δ

δy(1)

δ

δy(1)

δ

δx

∂

∂y(2)

δ

δy(1)

δ

δy(1)

∂

∂y(2)

∂

∂y(2)

Z
δ

δx

δ

δy(1)

δ

δy(1)

∂

∂y(2)

∂

∂y(2)

∂

∂y(2)

δ

δy(1)

∂

∂y(2)

∂

∂y(2)

∂

∂y(2)

and U will be taken succesively equal to
δ

δx
,

δ

δy(1)
and

∂

∂y(2)
.

Theorem 5.1 The local form of the Bianchi identities in the adapted basis (4) are:

◦∑
[ T i

jk|l + Tm
jkT i

lm+
2∑

Rm
jkCi

lm − R i
j kl

(0) (0) (0) α=1(0α) (α)

] = 0,

◦∑
[ Ri

jk|l + Tm
jkRi

lm+
2∑

Rm
jkP i

lm
(0β) (0) (0β) α=1(0α) (αβ)

] = 0 , (β = 1, 2) ;

(21)



T i
jk

(1)

| l −Ci
jl|k + Ci

kl|j − Tm
jkCi

ml − Cm
jlT

i
km + Cm

klT
i
jm−

(0) (1) (1) (0) (1) (1) (0) (1) (0)

−
2∑

[Pm
jlC

i
km − Pm

klC
i
jm] − P i

j kl + P i
k jl = 0,

α=1(1α) (α) (1α) (α) (1) (1)

Ri
jk

(1)

| l −P i
jl|k + P i

kl|j − Tm
jkP i

ml − Cm
jlR

i
km + Cm

klR
i
jm+

(0β) (1β) (1β) (0) (1β) (1) (0β) (1) (0β)

+
2∑

[Rm
jkQi

lm − Pm
jlP

i
km + Pm

klP
i
jm] − A i

l jk = 0, (β = 1, 2),
α=1(0α) (αβ) (1α) (αβ) (1α) (αβ) (β)

(22)

where A i
l jk = R i

l jk
(1)

and A i
l jk = 0;

(2)
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

Ci
lj

(1)

| k −Ci
lk

(1)

| j −Cm
ljC

i
mk + Cm

lkCi
mj+

(1) (1) (1) (1) (1) (1)

+
2∑

Qm
jkCi

lm − S i
l jk = 0,

α=1(1α) (α) (11)

P i
lj

(1)

| k −P i
lk

(1)

| j +Qi
jk|l − Cm

ljP
i
mk + Cm

lkP i
mj+

(1β) (1β) (1β) (1) (1β) (1) (1β)

+
2∑

[Qm
jkP i

lm + Pm
ljQ

i
km − Pm

lkQi
jm] − P i

j kl + P i
j kl = 0,

α=1(1α) (αβ) (1α) (αβ) (1α) (αβ) (1β) (1β)

(β = 1, 2),

(23)

where P i
j kl = P i

j kl
(11) (1)

and P i
j kl = 0;

(12)



Ci
lj

(2)

| k −Ci
lk

(1)

| j −Cm
ljC

i
mk + Cm

lkCi
mj+

(1) (2) (1) (2) (2) (1)

+
2∑

Qm
jkCi

lm − S i
h jk = 0,

α=1(2α) (α) (12)

P i
lj

(2)

| k −P i
lk

(1)

| j +Ci
jk|l − Cm

ljP
i
mk + Cm

lkP i
mj − Pm

ljC
i
mk−

(11) (21) (2) (1) (21) (2) (11) (11) (2)

−Pm
lkSi

jm − Pm
lkCi

jm+
2∑

Qm
jkP i

lm − P i
j kl = 0,

(21) (1) (22) (2) α=1(2α) (α1) (2)

P i
lj

(2)

| k −P i
lk

(1)

| j +Qi
jk|l − Cm

ljP
i
mk + Cm

lkP i
mj − Pm

ljQ
i
mk−

(12) (22) (22) (1) (22) (2) (12) (11) (22)

−Pm
lkQi

jm − Pm
ljS

i
mk − Pm

lkQi
jm+

2∑
Qm

jkP i
lm + P i

k jl = 0;
(21) (12) (12) (2) (22) (22) α=1(2α) (α2) (1)

(24)
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

T i
jk

(2)

| l −Ci
jl|k + Ci

kl|j − Tm
jkCi

ml − Cm
jlT

i
km + Cm

klT
i
jm−

(0) (2) (2) (0) (2) (2) (0) (2) (0)

−
2∑

[Pm
jlC

i
km − Pm

klC
i
jm] − P i

j kl + P i
k jl = 0,

α=1(2α) (α) (2α) (α) (2) (2)

Ri
jk

(2)

| l −P i
jl|k + P i

kl|j − Tm
jkP i

ml − Cm
jlR

i
km + Cm

klR
i
jm−

(0β) (2β) (2β) (0) (2β) (2) (0β) (2) (0β)

−Rm
jkQi

ml −
2∑

α=1
[Pm

jlP
i
km − Pm

klP
i
jm] − A i

j kl = 0, (β = 1, 2),
(01) (2β) (2α) (αβ) (2α) (αβ) (β)

(25)

where A i
j kl = 0

(1)

and A i
j kl = Rm

jkSi
ml + R i

l jk;
(2) (02) (2)



Ci
lj

(2)

| k −Ci
lk

(2)

| j −Cm
ljC

i
mk + Cm

lkCi
mj + Sm

jkCi
lm − S i

l jk = 0,
(2) (2) (2) (2) (2) (2) (2) (2) (22)

P i
lj

(2)

| k −P i
lk

(2)

| j −Cm
ljP

i
mk + Cm

lkP i
mj−

(2β) (2β) (2) (2β) (2) (2β)

−Pm
ljQ

i
mk + Pm

lkQi
mj + Sm

jkP i
lm + A i

j kl = 0, (β = 1, 2),
(2β) (2β) (2β) (2β) (2) (2β) (β)

(26)

where A i
j kl = 0

(1)

and

A i
j kl = Si

jk|l − Pm
ljS

i
mk + Pm

lkSi
mj − P i

j kl + P i
k jl = 0;

(2) (2) (22) (2) (22) (2) (2) (2)

◦∑
[Qi

jk

(1)

| h +
2∑

Qm
jkQi

lm − A i
j kl] = 0, (β = 1, 2),

(1β) α=1(1α)(αβ) (β)

(27)
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where A i
j kl = S i

j kl
(1) (11)

and A i
j kl = 0;

(2)

Qi
jk

(2)

| l −Qi
jl

(1)

| k +Qi
kl

(1)

| j −Sm
jkQi

ml−
(1β) (2β) (2β) (1) (2β)

(28)

−
2∑

[Qm
jlQ

i
km − Qm

klQ
i
jm] − A i

j kl = 0, (β = 1, 2),
α=1(2α) (αβ) (2α) (αβ) (β)

where A i
j kl = S i

j kl − S i
k jl

(1) (12) (12)

and A i
j kl = Qm

jkSi
ml + S i

l jk;
(2) (12) (2) (11)

Si
jk

(1)

| l +Qi
lj

(2)

| k −Qi
lk

(2)

| j −Cm
ljQ

i
mk + Cm

lkQi
mj+

(2β) (2β) (2β) (2) (2β) (2) (2β)

+Sm
jkQi

lm + Qm
ljS

i
km − Qm

lkSi
jm − A i

j kl = 0, (β = 1, 2),
(2) (2β) (22) (2β) (22) (2β) (β)

(29)

where Si
jk = 0

(21)

, Si
jk = Si

jk
(22) (2)

, A i
j kl = S i

l jk
(1) (22)

and A i
j kl = S i

j kl − S i
k jl;

(2) (12) (12)

◦∑
[Si

jk

(2)

| l +Sm
jkSi

lm − S i
j kl] = 0;

(2) (2) (2) (22)

(30)

◦∑
[R i

h jk|l + Tm
jkR i

h ml+
2∑

Rm
jkP i

h ml] = 0;
(0) α=1(0α) (α)

(31)

R i
h jk

(1)

| l −P i
h jl|k + P i

h kl|j + Tm
jkP i

h ml − Cm
jlR

i
h mk + Cm

klR
i

h mj+
(1) (1) (0) (1) (1) (1)

+
2∑

[Rm
jkS i

h ml − Pm
jlP

i
h mk + Pm

klP
i

h mj ] = 0;
α=1(0α) (1α) (1α) (α) (1α) (α)

(32)
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P i
h lj

(1)

| k −P i
h lk

(1)

| j +S i
h jk|l + Cm

ljP
i

h mk − Cm
lkP i

h mj+
(1) (1) (11) (1) (1) (1) (1)

+
2∑

[Pm
ljS

i
h mk − Pm

lkS i
h mj + Qm

jkP i
h ml] = 0;

α=1(1α) (1α) (1α) (1α) (1α) (α)

(33)

P i
h lj

(2)

| k −P i
h lk

(1)

| j +S i
h jk|l + Cm

ljP
i

h mk − Cm
lkP i

h mj+
(1) (2) (12) (1) (2) (2) (1)

+
2∑

[Pm
ljS

i
h mk − Pm

lkS i
h mj + Qm

jkP i
h ml] = 0;

α=1(1α) (α2) (2α) (1α) (2α) (α)

(34)

R i
h jk

(2)

| l −P i
h jl|k + P i

h kl|j + Tm
jkP i

h ml − Cm
jlR

i
h mk + Cm

klR
i

h mj+
(2) (2) (0) (2) (2) (2)

+
2∑

[Rm
jkS i

h ml − Pm
jlP

i
h mk + Pm

klP
i

h mj ] = 0;
α=1(0α) (α2) (2α) (α) (2α) (α)

(35)

P i
h lj

(2)

| k −P i
h lk

(2)

| j +S i
h jk|l + Cm

ljP
i

h mk − Cm
lkP i

h mj+
(2) (2) (22) (2) (2) (2) (2)

+
2∑

α=1
[Pm

ljS
i

h mk − Pm
lkS i

h mj + Sm
jkP i

h ml] = 0,

(2α) (α2) (2α) (α2) (2α) (α)

(36)

where Si
jk = 0;

(21)

◦∑
[S i

h jk

(1)

| l +
2∑

Qm
jkS i

h ml] = 0;
(11) α=1(1α)(1α)

(37)
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S i
h jk

(2)

| l −S i
h jl

(1)

| k +S i
h kl

(1)

| j +
(11) (12) (12)

+
2∑

[Qm
jkS i

h ml − Qm
jlS

i
h mk + Qm

klS
i

h mj ] = 0;
α=1(1α) (α2) (2α) (1α) (2α) (1α)

(38)

S i
h lj

(2)

| k −S i
h lk

(2)

| j +S i
h jk

(1)

| l +
(12) (12) (22)

+
2∑

[Qm
ljS

i
h mk − Qm

lkS i
h mj + Sm

jkS i
h ml] = 0,

α=1(2α) (α2) (2α) (α2) (2α) (1α)

(39)

where Sm
jk = 0;

(21)

and Sm
jk = Sm

jk;
(22) (2)

◦∑
[S i

h jk

(2)

| l +Sm
jkS i

h ml] = 0.
(22) (2) (22)

(40)

Remark.
◦∑

means cyclic sum over (l,k,j) in (21), (27), (30) and over (j,k,l) in
(31), (37)and (40).
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