BIANCHI IDENTITIES IN THE GEOMETRY OF
THE SECOND ORDER
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Abstract

We determine the Bianchi identities for the d-torsions and d-curvatures of a
distinguished liniar connection in the geometry of the second order.
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1 Introduction

The Lagrange geometry of the second order has been studied by R.Miron and Gh.Atanasiu
(1], [4] and more general in [5-9]. The Lagrange geometry of the order one corresponds
to the geometry of the tangent bundle (cf. with R.Miron and M.Anastasiei, [3]).

Here, we determine the Bianchi identities for the d-torsions and d-curvatures of a
distinguished liniar connection in the geometry of the second order.

The fundamental notions and notations concerning these geometries are given in
[4-9] and in the recent R.Miron’s book [2].

At the bigining we give, shortly, the notations we use.
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2 The 2-osculator bundle. Nonlinear connections.
Adapted basis. N-linear connections

A transformation of coordinates (¢, y(M?, y?) — (2%, 5V, 5) on Osc2M is given
by

7t = xi(at, .. "), rcmngIjH =n
7

A 0’ ;
S — 9P ()]
J ey (1)
o 9y (Vi ) oy .

@i _ 997 (1)j (2)j
27 oz ¥ T 2g,miY

The point u € Osc?M of coordinats (z¢,y(M? y(2)?) will be noted, also, with
u = (z,y",y3)).
A nonlinear connection N on E = Osc>M is characterized by the functions

N (z,yM,y@) (= 1,2) called the coefficients of N which to a transformation

(@)
of coordinates on E has as effect the rules:

o ~m ~ ~i ~(1)s
N oz N 0% B 8yw
(1) oxJ 1) ozx™ oxI
i (1)i (2)i @
. Fm N ) N ~(1)d ~(2)i
nio 9T N o N Oy = _ 957"
2) o’ 2) ox™ 1) oxJ o’
We obtain the direct decomposition:
TuE:No(u)@Nl(u)@Vg(u)EB, Yu € E(N() :N) (3)
with the local adapted basis:
) ) 0 .
{M’éy(l)”ay@)’} , (i=1,..,n) (4)
given by:
0 0 - 0 ; 0
- = - — N, — — N -
oxt ozt (1) v ay(l)] () g 8y(2).7 (5)

_ J

9
0 g i @
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The fields of geometrical objects wich are important on E are introduced with

respect to the direct decomposition (3).

If we counsider the projectors h, vy, ve, determined by (3) and denote v, X =

XVa  (a=1,2) we can uniquely write:

X=x"4+ X"+ x%  VXcX(E).

Thus we have:

XH _ X(O)zéi , XV1 _ X(l)i
2t

0 0
gy 7 Syi’

The coordinates X(®)? | (a =0,1,2) change under (1) as follows:

XV2 _ X(Z)l

9T @i | (a=0,1,2).

x ()i _
oxJ

Each of them is called a distinguished vector field, shortly a d-vector field.

Let us consider the dual basis of (4):

{dz' , 6y, 6yP7} | (i=1,..,n).
Then for a field of 1-form w on E we put:

w=wl 4+ +u",

where

LUH — wi(o)da:i , wvl — C‘)Z(l)(sy(l)z , ng _ w§2)5y(2)1
and with respect to (1) we have:

o1
wz(a) = %wga) ) (O[ = 07 ]-7 2)

Each of wl(a) is called a d-1-form on E.

(6)

Now , we can define a distinguished tensor field on E of type (r,s) (shortly a

d-tensor field) as an element T' € T7 (E) with the property:

. 1 T
T(X oy X 0, )=T( XH ., XV2 [ WH . w"),
1 s 1 s
V X oy X €X(E), YV o,.,0ex (B)
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Then in adapted basis (4), (7) we obtain:

o 5 9 . .
ity 1) (2 J1 (2)Js
T=T; " (z,y"y )—M1 ®..® g0 ®da’' @ .. ® dy

and with respect to (1) we get:

o™ OF'r Jxh Ozl

Nil"'l:’" — mi...My
J1---Js Oxrmt ‘"8xmr O "'ajjs q1-.-9s

Consequently we can give a d-tensor field T, of type (r,s) by its local components
T3 (y ™M, y).
J1::Js N2 ? . . :
Let us consider the F'(F)-linear map J : X(E) — X(F) given on the natural basis

of X(FE) by:

0 0 0 0 0

(i=1,.,n).

We define an N-linear connection on E as a connection D on E wich preserves by
parallelism the horizontal distribution N and wich is compatible with the structure J
(ie. DxJ =0,VX € X(F)).

In the adapted basis (4) it is sufficient to give

5 s 5 s
ij 5y(a)m ’ D - C (11)

b ,5y(6ﬁ)j 52/(0‘)1 ) K 5y(ﬂ)m ’

77 oy(@)i

in order to obtain all the coefficients DT'(N) = (L'}, Cp , O ) of a
M (©)
N-linear connection D.
The h-covariant derivative noted with | and the v,-covariant derivative noted with
()
| (o = 1,2) in the algebra of the d-tensors act, for exemple, for a d-tensor field
K;»(;v,y(l),y@)) of the type (1,1) as:

% 6KJZ % T s i
Kj\m = Sxm + L rij - L jmKs

(@) SK' . , (12)
K! | = 4 O, KI— C%, Kl (a=12).

A ()
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3 d-torsions of N-linear connections

Let E = Osc®?M be a 2-osculator bundle endowed with a nonlinear connection N.
Since an N-linear connection D is a particular connection on E, its torsion is given

by:

T(X,Y)=DxY —DyX —[X,Y] , X,Ye€X(E). (13)

By using the projectors h, v; and vy associated to N the following decomposition
of T is derived:

T(X,Y) = T(X?vH)+ (X7 vV) + (X7 v"2) +
T(XV YT+ T(X, YY) + T(XV, Y ™) + (14)
(X2, vH) + (X2, YY) + T(X"V2,V"2).

Every vector field from the right side of (14) has an horizontal and v;-vertical and
vg-vertical components.

In order to get the local form of the d-tensor fields which determine the d-tensors
of torsion of D, called simple the d-torsions of D, it is necessary to study the Lie
brackets of the vector fields of the adapted basis (4).

0 0 0

Theorem 3.1 The Lie brackets of the vector fields {@, 5ot Gy
Y Y

} are given by

(] = R o+ R s
[%’&/%’“] - (ﬁjjk %Jr <12§jk %7
[%’@%k] - <ﬁ;jk 31/?2)“

) 1o} . 1o}

= BZ

[W’ W] (21)jlc dy@i’
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where:
R AR
R, = — _ R, = — __ 4Nt R™
(01" oz 6a7 7 (o)" oz o7 ) "o
ONT, SN N,
B (1) B (2) (1) N B
L = —, v, = — — 4+ ' e,
an’” SyMk " gy oy(Dk dai 1) 1"
ON?. ON'®.
. "’ . @’ -
i - B, =——__ 4 N m ’
(21)jk ay(Q)k (22)jk 89(2)k (1) " (21)]/1C
SNT GNi,
; (1) (1)
(ﬁ)jk T ayF gy

Now, taking into account the skew-symmetry of the mapping T, the equations
RT(XVe, XV8) =0 (a,B8=1,2), and (13), (14), we deduce:

Theorem 3.2 The torsion of an N-linear connection D is completely determined by
the following components, which are d-tensor fields of the type (1,2):

(X7 yHy = hT(XHYH) + o T(XT YH) 4o, T(XH V),
T(XH YyVe)y = hT(XHYVe) 40 T(XH,YVP) 40 T(XH,VV5),
T(XVe, XV5) = nT(XV, YVe) 4+ 0, T(X Vo, YVe),

(o, =1,2).

By the Theorem 3.1 and the Theorem 3.2 easily follows:

Theorem 3.3 The d-torsions of an N-linear connection with the coefficients DT'(N) =
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W (s =) = e T (e ) = I o
hT(cﬁ%’%): <gijk %MT(&/EL"‘W%F <£)jk %’
UﬁT((syéLl)k’%): (g)jk 5y?ﬁ)i’wT(8y?2)k’5y((51)j): (%jk %7 (15)
TGt ) = 0T G ) = S g
@=12) (5 = o)
where:

gjk = L=l (fj;jk - ﬁijk el (gjk - gfk’

<fi§jk - flijk ’ (gjjk B (ijﬂf ~ L %jk - <§§jk ’

(%jk - (Cnijk - g)ikj - <iijk ’ gf’“ - g;jk 7

Q= By = Oy, Syo= Oy = Oy

(22) 21y’ o @ @) @)

4 d-curvatures of N-linear connections

In the following we shall deal with the curvature of an N-linear connection D. This
is expressed by:
R(X,Y)Z = DxDyZ — DyDxZ — Dix y|Z, vX,Y,Z € X(E).

Since D preserves by parallelism the horizontal distribution and Dx (JY) = J(DxY),
VX,Y € X(FE) we have:

vs(DxY™) = 0,h(DxY") =0,v5(DxY"*) =0 (8+#a;a,0=1,2),
Dx(JY?) = J(DxYH),Dx(JYY?) = J(DxY"?) (3=1,2).
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Consequently, we can formulate:

Theorem 4.1 a) The essential components of the curvature tensor field R are R(X,Y)Z"
for any vector field X,Y,Z € X(E).

b) R(X,Y)Z" is a horizontal vector field.

c¢) the essential d-tensors of curvatures (or simple d-curvatures) of an N-linear
connection D are:

R(XH7YH)ZH7R(XVﬁaYH)ZHvR(XVﬁ7YVQ)ZHa (avﬂ = 172,5 < a)'

By the Theorem 4.1 and the equation R(X,Y) = —R(Y,X) , VX, Y € X(E)
we get:

Theorem 4.2 The d-curvatures of an N-linear connection D, with the coefficients

DU(N) = (L' j, C' . C'y ) in the adapted basis (4) have the following expres-
) (2
s10MS:
(BB b
Sk’ oxi’ gxh T Ik g
58 .6 .S
R(i{sy(l)a ) @)697 = (a)h ik S
o 5 6 .0 (16)
Gy 5y 5ah = i G
0 ) 0 ; 0
— Y, T )T = S L —_—
(511(“)’“ $ oy 5 (ac) " 8

(o =1,2), where:

OL'y; 0Ly,

2
+ L7 L e — L7 L it Z C'hm R

Ry, = -~
J k J
oz o 6=1 (8) (08)
1) Cihk
, SLY, . () . . 2
1 _ J m 1 m 2 ) m
Pk = Sy@k T oa + L7 C e — CThi L' i+ Z C' 1B

(@) (@) (@) B=1(8)  (ap)
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0 Clhy 6 Cly
) 1) (2) ) . )
Sh ik — ay(g)k - 5y(1)j +ChjC mk hkc mj +Chm ko
(12) m @ @0 @ e

5 C; 0 Chy
() (a)

Stk = gg@n -~ gy T ChiCmk = Okl & O B
(aa) (@ (@ (@ (@ @ (e
) 0 "
((5y(2) - ay(2) and (22) gk 0).

5 The Bianchi identities

The d-torsions and d-curvatures of an N-linear connection D are not independent.
As it is well known the torsion T and curvature R of every linear connection D on E
satisfy the following Bianchi identities:

Y ((DxT)(Y,2) = R(X,Y)Z + T(T(X,Y), Z)] = 0, (17)

Y [(DxR)(U,Y, Z) + R(T(X,Y), Z)U] = 0, (18)

where Y means cyclic sum over X,Y,Z.
If D is an N-linear connection on E = Osc>M, then by the Theorem 4.1 and

Uﬁ(DXR)(hU,KZ):O ) h(DXR)(v5U7Y7Z):O7
v(DxR)(vaU,Y, Z) =0 , «a,f=1,2 , a#p

the identities (17) and (18) become:

S IWDxT)(Y, Z) — hR(X,Y)Z + hT(WT(X,Y), Z)+
S W0 T(X,Y), 2)] =0,
Slua(DxT)(Y, Z) — vsR(X, Y)Z + vaT(hT(X, Y), Z)+ (19)

3T (v, T(X,Y), Z)] = 0.

Q

NolSIN

a=1
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SNIh(DxR)(U,Y,Z)+ hR(MT(X,Y), Z)U + Xi: hR(v,T(X,Y),Z)U] =0,
S[s(Dx R)(U, Y, Z) + vs R (X, Y), 2)U + 3 vsRuaT(X,Y), Z)U] =0, 20
a=1

(ﬁ = 172)'

In order to get the form of these identities in the adapted basis (4), we shall insert

in (19) and (20) the vector fields X,Y,Z as in the following table:
X ) ) ) 0 ) 0 ) 0 0 [7]
ox | oz ox oz ox oz | sy | sy | 5y | oy®@
) 0 ) 0 ) a 0 0 7] [7]
Y% 52 a0 | 60| 52 |50 | 50 | 50 | 5@ | 3,0
7 Kl ) ) J d J ) 0 d [3}
ox 5y(1) 5y(1) 8y(2) ay@) 8y(2) 5y(1) ay(2) 8y(2) 8y(2)

0
and U will be taken succesively equal to —

T

0 q 0
Sz’ Sy an oy’

heorem 5.1 The local form of the Bianchi identities in the adapted basis (4) are:

. _ 2 _ _ B
S LT+ T T+ Y R Ch Ry 10,
(0) (0) (0)  a=1(0a) (a)

(21)
°© . . 2 . .
YR + TR+ R P, 1=0 ,(0=1,2)
(08) 0) (08) a=1(0a) (ap)
T | =Ce + Cgy = T5C i = O3 T + O T —
(0) (1) (1) o) (@ 1) (0) (1) (0)
2 . . . .
=2 [PCy,, — PRCl ] = Py + Py =0,
a=1(la) (@) (a) @ @ @)
(22)

o ) ) ) ) .
R 1y =P+ Py = T3Pl — O Ry + CTR R+
(08) (18) (18) 0) (18) (1) (08) (1) (08)

2 . . . .
+ 2[R Q = PPy + PPl — Ay = 0,(8 =1, 2),
a=1(0a) (o) (103 (af) (1a) (afB) (8)

where Al ij = Rl ,ij and Al ljk = 07

) (2)
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where

eY) e ) )
C'y I =Cl | =CC e + OO+
(1) (1) (1 (@) 1 @

2 . .
+ 2 Q" C% — S = 0,

a=1(la) («) (11)

o @) ) . .
Py | =Py | +Q = O Py + O Pyt
1B) (18) (1B) (1) (18) (1) (18

2 . . . . .
+ 2 Q" Py + PQ i, — PQ 50 = Pyl + Py =0,
a=1(la) (aB) (1a) (ap) (la) (ap) (18) 1p)

(ﬁ = 17 2)a
Pjikl:P'ikl and Pjiklzo;
a " ) (13)
7 (2) 7 (1) m [ m 7
Chy I —Ch | —CTHC e + CC it
(1) (2) (1) (2 2 @

2 . .
+ 2 QM C% — ik =0,
o<=1(204')7 (e) (12)

(2 (€]

Piy [ =Pl | +C% = O Pl + CTePhyy = PHCY

(11) (21) (2) 1 (2) (1 (11) (2)

. . 2 . .
—PTS i — PRC it 20 QM Py — Py =0,
(21) (1) (22) (2) a=1(2a) (al) (2)

(2) 1)

Pilj | =Pl | j +Qijk|l - CTjPimk + O P — P%Qimk_

(12) (22) (22) 1 (22) (2 (12) (1) (22)

. . . 2 . .
—PQ = PLS y — PRQ 20 QU P, + Pty = 0;
(1) (12)° (12) (2 (22) (22) a=1(24) (@2) (1)

21

(23)

(24)
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(@ ) ) . ) )
T | =Ce + Clhgy = T5C% i = O3 T + O T —
(0) (2) (2) 0) (2 2 (0) (2) (0)
2 . . . .
=2 [PC ., — PCl] — Py + Py =0,
a=1(2a) (@) (2a) (@) @ @
(25)
Ry |y =P+ Py — T3P — O R + T R —
(08) (28) (28) (0) (28) (2) (08) (2) (08)
. 2 . . .
_Rn}szml - z_:l[lelekm - PWZlPljm} - Ajzkl =0, (5 = 1,2)7
(01) (28) - (20) (aB) (20) (@B) (B
where Ay =0 and Ajfy =R7.S + Ry
(1) @ 0@
) @ . , . ,
Cy 1w =Ch | O30 e + O Cly + 5. C = S = 0,
(2) (2) 2 (2 (2) (2) 2 (@ (22)
Py =Py | —C P + O P —
(28) (28) (2) (28) (2) (28)
—PQ  + PRQ L + ST Py, + At =0,(8=1,2),
(28) (28) (26) (28) (2) (28) )
where A, =0 and
)
Al = Sijk” = PRS  + PS s = Pl + Py =05
(2) (2) (22) (2) (22) (2) (2) (2)
- w2 , . o7
Z [Qljk | h + Z kaQllm - Ajlkl] = Ov (ﬂ = 172)7 ( )

(15) a=1(1ay(af) (8
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'LUh@’f’e Ajzkl - S‘Zkl and A 'zkl -

W "y @)
B N
ij|l_le|k+le|j_Sijml_
(15) 25) 25) M "28)
2 .
[Q"Q" ., — QL@ ] — A = 0,(8=1,2),
a=1(20) (aB)  (20) (af) A

where Ay = S{ = S and  Ajy, = Qw;kggiml MRES

(1) (12 (12) (2) (12) ~ (2) (11)
Y ) (@ ) )
St 1 +Q% [ —Q' e | —CQ% + CT Q%+
(26) (28) (28) (2) (28) (2) (28)

+SQ 1 + QS — QTS — Ay = 0,(8 = 1,2),
(2) (25) (22) (2p) (22) (2p) (3

where  S'; =0 , S, =S, . Alu=S"% and Al =S54~
(21) @’ @ @ @) @f 12?

o ) ) )
Z [Szjk | l +Sn}ksllm - szkl] =0;
(2 2 (22)

o

>R k|l +(1;3th miT Z R" Py ] = 05

a=1(0a) (a)
(1) m 7 m 7
Ry |1 — hgl\k+Phkl\ + TP g — O Ry + O R
(1) (1) 0) (1) (1) (1

SRS it — PPy i + PPyt il = 0
a= 1(O(x§ (1) (1(x{( (1a) (o)

23

(32)



24 Gh. Atanasiu and N. Voicu

o 1) )
Pl |k =Py | +5,! g O P ke — O Pyl
(1) (1) (11) (1) (1) 1 @
> : 33
+ 20 PTS e — lkSh mj kPh mi] = 0; (33)
a=1(1la) (la) (1la) (1ev) 1(1{
@) (1)
Py T =P | +5,! k|l+cl]Ph mk = O Pyl it
(1) (2) (12) 1) (2@ 2 (@
. : 34
+ 20 P TS e — PTkSh m kPh mi] = 0; (34)
a=1(1la) (a2) (2a) (1ev) 2(1{
(2) ) )
Ry i =P gl\k+Ph g T 1) 2P — O Ry o + CTa Ry it
(2) (2) (0) (2) (2) (2)
3 35
hml — PP i + PP 0] = 0 (35)
o= 1<0a>7 @ ed @ (@) ()
) (2) )
Py L =P | +5,! g O P ke = Ol Pyl
(2) (2) (22) (2) (2) (2) (2
2 . . .
+ z_:l[PTjShzmk — PSS Pyt ] = 0, (36)
" (20) (a2) (20) (a2) (20) (a)
where Sijk =0;
(21)
Z[hgk|l+zQ 1S i) = 0; (37)

(11) a= 1(1&%(1@)
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@ R e)) o
Splae =S |k S |5+
(1) (12) (12)

2 _ . .
+ 220 QS it — @3Sy ke + Q1Sy mjl = 0
a=1(la) (a2) (2a) (1) 2a) (1)

; (2) ; (2) ; (1)
Spl e =Shtwe 1+ 11+
(12) (22)

+ 2 QS0 vk — Q1SK mj + S5 i) = 0,
a=1(2a) (a2) (2a) (a2) (2a) (1)

where S, =0; and ST’J?k:S"]%k;
(21 22 @

o (2)

SIS gk | ASTS ) = 0.
(22) (2) (22)

25

(38)

(40)

Remark. > means cyclic sum over (Lk,j) in (21), (27), (30) and over (j,k,1) in

(31), (37)and (40).
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