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Abstract

In the first section we consider a weak pseudo-Riemannian metric on a 4-
dimensional manifold M and its associated Berwald-type nonlinear connection
N on TM, and settle the basic facts related to the study of (h,v)—metrics.
In the second section we apply a Finslerian perturbation to the weak metric,
which yields a pseudo-Riemann - Finslerian (h,v)—metric structure on TM; we
determine the explicit Einstein equations for this model. In the third section it
is shown that the Sasaki N-lift of the conformal deformation of the weak metric
provides also a canonic (h,v)— almost Hermitian metric structure on T'M, for
which the h— and v—Einstein equations are also infered. In the last section are
determined the equations of the stationary curves and of their deviations for
these models, with emphasis on the special cases of h— and v—paths.
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1 Introduction

The concept of gravitational waves in a Finsler space was introduced in a recent
work of P.C.Stavrinos [18]. On the other hand, in last years was developed the
theory of vector bundles endowed with (h,v)—metrics, providing relevant models for
General Relativity [12], [13]. In this paper we study the geometrical structure of
two (h,v)—metrics produced by deformations of a weak pseudo-Riemannian metric
7i;j defined on a real 4-dimensional differentiable manifold M. The weakness of the
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gravitational field is expressed by the decomposition of the metric 7;; into the flat
Minkowski metric and a small perturbation [18]

7ij(x) = g + € (x), (1)

where n;; = diag(—1,1,1,1), and 55;) represents a symmetric tensor field with

|5E]1)(x)| << 1. The indices are raised in a linearized approach via n;j, e.g., €™ =
n”nSjEij7 where we denoted briefly €;; = 51(;). This point of view permits us to develop
the linearized version of a given generalized model of General Relativity, in which the
symmetric tensor field propagates in a weak pseudo-Riemannian gravitational field.

The pseudo-Riemannian metric 7;; implicitly endowes the tangent bundle (T'M,
7w, M) with the non-linear connection

N (z,y) =5y, (2)

where 'y; . are the Christoffel symbols of the metric, and where we denoted by (z, y*)

the local coordinates in a chart U c TM. Throughout the paper, the Latin indices
i,9,k,...,a,b,c,... will run in the range 1,4, while the Greek ones a, 3,7, ..., in the

range 1, 8. The nonlinear connection N produces on X (U) the local adapted basis

{6; = 0; — N} 0, 8(1}1'7(1:17_4 = {ayg}g:ﬁv (3)
with 9; = % and (% = %7 as well as the dual local basis
{d" = da', 6% = 6y® = dy* + N;‘dxj}m:ﬁ = {dyﬁ}ﬂzfs. (4)

We shall consider hereafter the linear approach, in which the Christoffel symbols
of the weak metric 7;; will take the linearized form [18]

i L i i
ik = 5” (a{jESk} — O0s€ji) = Yiks (5)

where we denoted 7(;;37 = 7; + 7. Then the nonlinear connection will be also
approximated by the weak nonlinear connection

ey’ ~ Ni-. (6)

In this framework, the Finslerian and the conformal generalized Lagrange defor-
mations of the weak metric ~;; provide specific (h,v)—metrics on TM.
Generally, if the tangent bundle (T'M, 7, M) is endowed with a (h,v)—metric [12],

G = gij(z,y)da’ @ de? + hap(, )6y @ 6y", (7)
then one can consider the canonic N —connection D, of coefficients

{L;'kv ~Zk7 C’;aa Cl?c} = {ng}
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which preserves the h—v splitting produced by IV, is metrical, h— and v— symmetrical,
and depends on N and G only. Its coefficients are [12]

[ 1 is

ik = 59 (5{jgsk} - 5sgjk)
- . 1 )

gk = abN;? + ihac((skhbc - hc{dab}N,‘j)
~i 1 ih &
Cia = 59" 0agjn

1 ) )

Cp. = §had(a{bhdc} — Oghye)

Then the torsion tensor field T € T (T M) of the linear N —connection D has the
coefficients given by the relation

T(aaa 65) = %Haéfiv %Ka = F[Oéﬁm] + B[OZ?&]? (8)
where we denoted Tjo3 = Tap — Tga and the non-holonomy coefficients BJﬂ are

provided by the relations [0a,dg] = B, 30+
The h,v—splitting of T provides the torsion N—tensor fields [12]

Ve = d'T(0k,6;) = Lijyy,  Si =0T (0, 05) = Clps
L= 0T (8,0k) = OuNj, P, =d'T(0a,0;) = Cj,,

Pg = §“T(6),0y) = OpN{ — LY.

Also, the curvature tensor field R € T (T M) of the N—connection D has the
coefficients given by

R(0as0p)0y = R'y)\ﬁaa)\’ R5o = 5[9Fgﬂ + thrgel + FgaﬁB%’ )

and the h, v—splitting of R provides the curvature N—tensor fields

N : “ilk

Ry = 6°R(01,01)0p = 5[1L‘b’k] + Ly Loy + Coc Ry

ijzkc =d'R 8_cv 5k)‘5.j = 8.CL~;'k - (6]90;(: + I:;Ikcjhc - {’;chizm - %CkC;b) + ng'bplgc
Pfe = 0"R(0c, 1) 0y = OcLpy, — (0xC,. + L, Cf.. — Ly C. — LY C,) + Cy Py
Sjibc = di'R(ac, h)d; = 8[60;17] + C;l[bC};c]

Sy'eq = 5GR(3da 35)8b = 8[dcgc] + sz[ccgd]'

R0 = AR 5400, = 0y Ly + DLy + Ol
(

These are the basic geometrical objects which will allow us to infer the Einstein
equations of the linearized deformed models defined in the following sections.

2 The Finslerian deformed weak model

We shall present two deformations of the weak metric «;; and study the associated
(h,v)—metric structures provided on the tangent space.
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The first deformation is produced by a weak Finslerian perturbation of the pseudo-
Riemannian gravitational field -;;, which leads to the generalized Finslerian metric
(18]

fij (@ y) = vi(2) + Py (a,y), (10)

where £(?);;(z,y) is the Finslerian perturbation, |¢(?);;(z,y)| << 1. We remark that,
in view of (1), the tensor

ei(2,y) = e (@) + P2, y) (11)

provides a weak Finslerian perturbation of the Minkowski metric n;;, and that €*;;
identically vanishes iff 7;; is flat. This point of view permits us to consider the
(h,v)—metric v—Finslerian or v—Lagrangian approaches.

From a physical point of view, a weak Finslerian gravitational field appears as a
Finslerian perturbation of a pseudo-Riemannian gravitational field (or external field)
of the conventional General Relativity. The perturbation can be considered in the
geometrical framework developed by R.G.Beil on the Kaluza-Klein theory or in the
ansatz of the Randers-type Yang-Mills theory [7], [8]. Namely, the Finslerian per-
turbation of the pseudo-Riemannian metric can be provided by the electromagnetic
field, or by a gauge or spinor extension of the pseudo-Riemannian gravitational field.
In each of this models, the original pseudo-Riemannian model appears as a limit case.
Therefore, the correspondence principle between Finslerian and pseudo-Riemannian
structure depends basically on the type of the generalized Finsler or Lagrange space
associated to the deformed metric.

We should note that the metric f;;(z,y) is a Finsler metric itself, and provides on
TM a particular case of generalized Lagrange structure GL™ = (MM, f;;) in the sense
of R.Miron [12]. The almost Hermitian model of GL", given by the N—lift of f;; to
TM and by the canonic adapted complex structure on T'M defined locally by

J(6;) ==, J(&) =6 i=1,4,

M _

i = const. and £®

vields an almost Kahler structure. In case that e ij(z,y) =
e(Z)ij(y), then this is a Kahler space.
On the other side, the two components n + ¢ and €@ of the weak Finslerian

metric (10) provide on T'M the (h,v)—metric
G = (nyj + el (2))da’ ® da? + P 4y (2, )0y" @ dy°. (12)

We shall call the structure (T'M, Q) the Finslerian deformed weak model (FDWM).
We note, that in the case when £(?) depends on y only, we obtain a pseudo-Riemann
- locally Minkowski (h,v)—metric, and the gravitational field of this space is called
weak Riemannian-locally Minkowski gravitational field. For obtaining the Einstein
equations of the deformed model, we set first the following

Lemma 1. a) The coefficients of the canonic linear N —connection of FDWM
in linearized approach are

i

S R S
G = Lk =5 = Yk
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~ . 1
C;a = 0; Cvl()lc = 55(2)adcdbm

where Cupe = 0,e@ . is the Cartan tensor field associated to 2.
b) The N—fields of torsion of the FDWM are

T =0, C,,=0, P% =0, R%=r"y" S=0. (13)
¢) The N—fields of curvature of the FDWM are
Rjikl = rjiklv Rbakl = s Pjikc =0,
B = —(0Ch. +€4.Ch. — E?bkcr(ilc})
Sjibc = 0, gbacd = Cl;g[d g]s7

where 1y, is the linearized weak curvature,

. . 1 .
szkl = a[l&-;‘k] = §nzs(8[2lj58k] + 8[2k85jl]). (14)
By straightforward computation, one gets

Theorem 1. a) The Ricci N—tensor fields of the linearized FDWM are

R;; = Rikjk = rikjk = %(Dgia‘ + 51‘2;‘5 - a?jsgf})
Py = Pfi,=0

Py = pbdkd = —(61Cpq — ggkcélla)

Sap = Sia = Cs[dcg]e

where € = nijsij, and "07 denotes the d’Alambertian
D = —0 + 0%y + 03, + 053 = —0j; + 07, + 0y, + 02
b) The Ricci scalars of curvature of the linearized FDWM are

R=r=0c-0}¢e7,  §=C,Che?

Corrolary 1. The FEinstein equations of the linearized FDWM are

1
*(D€ij + anE - a%]gé‘f}) — Ny (R + S) = K'/Tij

1
Rij; — 5 (R + S)ny;

2
1 1
Sap = 5(R+ S)nay = CeuCile — 55<2’>ab(R +8) = kT
I5j = 0= rxT},
Py = —(0,C5, — 5,Cd0) = KTk,

where Tj;, Tap, Tip, Tor are the energy-momentum N —tensor fields, and K is a con-
stant.
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3 The conformally deformed weak model

We consider a conformal-type deformation of the weak pseudo-Riemannian metric
Vij, given by

fij(@,y) = 620(1’?’)%3‘(35)’ (15)
where 0 : R — T'M is a function of class C* on T'M except the null section, and ~;;

is the weak metric (1). Then f;; provides a generalized Lagrange metric TM, and its
Sasaki N —lift defines a canonic (h,v)—metric on T'M,

G = fij(z,y)dz’ @ da? + fap(2,y)0y" @ 6y°.

We shall call the metric structure (T'M,G), the conformally deformed weak model
(CDWM). It should be noticed that this model is used as mathematical model in
General Relativity and obeys the Ehlers-Pirani-Shild conditions [1], [14], [15]. For
studying the geometry of the CDWM, we shall use the geometrical concepts of the
linearized theory of gravitation of the of General Relativity [16], and empower the
linear approximations (5) and (6). Then, by straightforward computation, we obtain
the following result

Lemma 2. The canonic connection of the linearized CDWM has the coefficients

~ 1
bk = Eort 55(2)ac(5k5(2)bc - 5(2)6{615?}1«)
i 1 Q-
Cja == 56]0'(1
Cllalc = 5?170.—0} — ’ybc’naddd

where we denoted oy, = 00,0, = 0,0 and A;k = ééak + 6};0]- — ’yjknisas.

Theorem 2. a) The N—fields of torsion of the linearized CDWM are

i ~i L. a
T ik = 0, C ja = iéja—a, Sbc = 0,
. - 1
Py = 0Ny — Ly, = —§na°(5k%c - %{d"fg}k)
Rajk = Tcajkyc~ (16)
b) The h — hhh and v — vov N—fields of curvature of the linearized CDWM are
jikl = Tjikl + 5fk0jl] - nis')/j[kasl] + 5§da7“cakzyc
Sy'ea = OOba) — N Vp[cTsd),

where 1y, are given in (14), and
_ 5 t 1 17
ost = O00s— Lyoy+ o050, — Vs 0i0;

. 1
. . d - L. ed - -
Gabp = Op0q—CH0q+ a0 — §’yabn 0.04.
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¢) The hh— and the vv—Ricci N—tensor fields, and the scalar field curvatures of
the linearized CDWM are

k kl - a ,c
Rij = 1, = %ign" ow — 200 + Garc iy
. d -
Sap = 204 _'}/abnC Ocd
and respectively,
R= 6_2‘7(n”rikjk —6n%0y;), S = —6e 2 nG,,.

Corrolary 2. The h— and v—FEinstein equations of the linearized CDWM are

2Ri; — (R+ S)vi; = 2(r, — 205 + 6ar i) —
—(n!™r )k — 60"y, — 8nCd('de)'yij
2kT5;4
280 — (R+S)vap = —46ap — —(nijrikjk —6n 0y — 8n°Geq)Vab
= 2KT g,

where Ti; and Ty are the hh— and vv— energy-momentum N —tensor fields, and K
15 a constant.

4 The paths of the deformed weak models

Let ¢ : I =[a,b] CR — T'M be a smooth curve, such that its image lies in a chart
UcTM, ‘
c(t) = («*(1),y" (1) = (y* (1), vt € I,
and let D be a linear N —connection on T'M.
Definitions. a) The fields defined on ¢ by

Y = yes,, pa 02

o 5 w
_bv_ . o _ o« VAR o T8
F=—F=F%, F="—0+T5VV" a =15,

will be called covariant velocity field of the curve ¢, and respectively the covariant
force on ¢, the last providing the motion of the test-body along c.

b) We shall say that c is a stationary curve with respect to D iff F = 0 along the
curve.

¢) The curve c is called

e h—curve, if m,(V) = 0;

e v—curve, if (V) =0,
where by 7, and mw, we denoted respectively the h— and v—projectors of the canonic
splitting induced by N. If a h — /u—curve satisfies also the extra condition F = 0,



34 V. Balan and P. C. Stavrinos

then it is called h — /v—path, respectively.

Remarks. a) Since in the linearized approach, the non-linear connection N is
provided by the pseudo-Riemannian metric v;; on M by means of relation (6), any
stationary h-curve (i.e., any h—path) of the two models projects onto a geodesic of
M.

b) The v—paths of the FDWM coincide with the v—paths of the Finsler space
(M, F(z,y)), with F2 = ¢® (x, y)y*y°.

¢) The paths of CDWM coincide with the paths of the Generalized Lagrange space
(M, €200y (z)).

d) Any h—path ¢ : I C R — TM, c(t) = (2'(t),y*(t)) is a solution of the
Volterra-Hamilton-type second-order differential system

dy® dz?

L + N (2(t),y(t)—- =0

dt dt (18)
2t ny (1) (t))da:j dxF —0

dt? N A AP TETEER

It should be noticed, that in the FDWM, the system (18) rewrites

ii: _ *5§k($(t)) ()R (), ddxtz _ )
dzt

" ealt) - A ()0,
e) Any v—path ¢ : I CIR — TM, c(t) = (x},y%(t)) is a solution of the second-
order differential system

d2 ya
dt?

dyb dy°
—_— = 0. 1
dt dt 0 (19)

+ Cl?c(an y(t))

f) The system (18) has the unknowns x* = z%(t),y" = y'(t), 2" = 2%(t),i = 1, 4.
If we impose initial conditions z(0) = z§, ¢'(0) = yi, 2°(0) = 2}, we obtain a
Cauchy problem which is perfectly tractable numerically, e.g., using the Runge-Kutta
algorithm [3]. A similar approach can be applied to the system (19).

2 ~
Let now c¢: [y x I, CR — U C T'M be a family of stationary curves, having t as
arc-length parameter, and v the deviation parameter [17], [9],

c(t,u) = (z(t,u), y2(t,u) = (y*(t,u)) € U, Y(t,u) € I, x I,

where U C T'M is an open chart-domain. Then let Z = Z%6, be the deviation vector
field, given by _ A ‘
Z' = 0yx', Z%=0,y"+ N0z,

and let V = V*J,, be the velocity vector field, where

Vi=0u', V= 0w+ Niow'.
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For any vector field W = W*%§,,, defined on the family I'm(c), we can consider the
partial covariant derivatives

FWE = O + TG WAVT, 5V = 9, W + TG W27,

The equations of deviations of the family with respect to the connection D characterize
the tidal force Z, and have the form [2], [4], [6]

022 4 6,T = p* + 6, F°,

where we denoted 7% = Tﬁ(iYVB Z7 and p® = Rﬁawvﬁ Z7V2. Actually, these equa-
tions split

P2 4 6,T" = p' + 0, F"
022+ 5, T = p* + §,F,

and it should be noticed that the equations of deviations of stationary curves are
considerably simplified for paths, e.g., if ¢ is an A-path, then these become:

6229+ 65,7%=0, a=T1,4.

The equations of deviations of paths for the two models presented above are particular
cases of the ones considered in [5], [2], [4], [6], which are extensions of the Finslerian
case settled in [17]. In particular, the study of deviation of geodesics for the Finslerian
case, which includes the Finsler metric n + ¢ + e of the linearized FDWM, was
performed in [18], [19].

Conclusions. The weak pseudo-Riemannian gravitational model was extended
by considering two deformations of the weak pseudo-Riemannian metric v;; of the
4-dimensional base space M. These gave rise to (h,v)—metrics on TM. Thus the
two considered deformed models fit in the general theory of (h,v)—metric structures
on vector bundles developed in [12], [13], [14], [4], [5]. In this framework, the explicit
Einstein equations and the equations of stationary curves and of their deviations were
determined for the canonic linear N —connection, with the Berwald-type nonlinear
connection N considered in linearized approach.
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