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Abstract
The aim of the present paper is to give the characteristic elements of a 10-
dimensional Nilpotent Lie algebra with maximal abelian ideal of dimensional
nine.
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1 Introduction.

The determination of characteristic elements of a given nilpotent Lie algebra is an
open problem. In this paper we estimate the characteristic elements of the nilpotent
Lie algebras of dimension ten whose the maximal abelian ideal is of dimension nine.

The whole paper contains four paragraphs. The first paragraph contains the
introduction and the second the preliminaries. In the third paragraph are described
the nilpotent Lie algebras of dimension ten whose the dimension of maximal abelian
ideal is nine .The characteristic elements of these nilpotent Lie algebras are estimated
in the forth paragraph.

2 Preliminaries

We denote a base of a nilpotent Lie algebra g of dimension n by {Xi,...X,,}.For this
Lie algebra g we have the relation:

(X, X1 =) Xy ij=1,..n (1)
k=1
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where cfj are the structure constants of the Lie algebra g.

The invariants of g are the functions F(X) which satisfy the relations
(X, F(X)] =0, i=1,2,..n (2)

It has been discussed [4] to derive, which we adopt of replacing the X’ s by c-
number differential operators:

X; —x= Zxkcfjaxi (3)

which have the same commutation rule and act on a space of continuously differen-
tiable functions of n real variables. The commutation relations (2) are replaced by
the set of partial differential equations:

i F(z) =0 (4)

which can be usually solved by the standard methods.Therefore, the solutions of (2)
are obtained from those of (4) by the replacements x; — X; provided that the factors
X; in F(X) can be ordered so that (4) implies (2).

If the solution is a rational function, then we symmetrize the dominator and nu-
merator separately and after that we replace x; by X; and obtain rational invariants.

It is possible the invariants to be no polynomials neither rational functions but to
have a general form. This depends on the solutions of the first order partial differential
equation (4).

The first order partial differential equation (4), by means (3) takes the form

n
cszka—f =0

O

Gok=1
which leads to the following system of ordinary differential equations.

dxy B dxo o dxy, _dt (5)
Yicichdre  Ylichre Xilichak s

where

n n
t=x1+ ...+ x,, s = E E ijxk-

j=1i=1

The system of differential equations (5) can be replaced by a set of equivalent

differential equations
dt  d(Byx1+ ...+ B,75)

- b
Z?:l i ﬂkc?jxk
where (3, 3, are arbitrary constants. When we change the constants, we obtain
the different differential equations of this system. Therefore we can choose n linearly
independent combinations of x1, ...z, in a convenient manner such that the matrix

((i)3)
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of coefficients has a standard form, in particular the Jordan canonical form.

We conclude this section by referring to some simple properties of the invariants,
pointed out by Aballanos and Alonso [3].

The invariants found in the subsequent sections of this paper, of course, have these
properties:

a)The number of independent invariants is n-r, where n is the dimension of the
algebra and r is the rank of the commutator table, considered as a matrix, for the
purpose of computing this rank, the generators X; are regarded as independent c-
number variables.

b) Since an antisymmetric matrix has even rank the number of independent in-
variants is equal to the dimension of the algebra, modulo 2.

¢) The invariants of nilpotent algebras may be chosen as homogeneous polynomials,
i.e., Casimir operators.

This method gives the invariants of the algebra g. We have used here the base
{X1,...X,,} instead of {ey, ..., } . This method has been used to construct the partial
differential equations which form a system.

Definition Let Der(g) be the Lie algebra of derivations of g. The torus on g is
a commutative subalgebra of Der(g) consisting of semi-simple endomorphismus. A
torus T is called mazximal, if it is not contained strictly in any other torus.

A torus T on g defines a representation in g, that is
p:Txg—g,  ¢:(tz)—te

The elements of T' can be diagonalized simultaneously.

From the above we conclude that g can be decomposed as follows

g= & ¢’
BeET*

where T* is the dual of T and ¢ is defined by

¢’ = {x € g/t() = B, VteT)

The subspace g° of g is called root space associated to 3.
Let T be a maximal torus on g.The root system of g associated to T', denoted by
R(T), is defined by

R(T)={seT"/¢" #{0}}

Let R(T) be the root system of a nilpotent Lie algebra g associated to its torus
T. We assume that R(T') has m roots :

ﬂ17627 "'7ﬁyaﬂy+1’ aﬂm
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from which only the g4, ..., 3, are independent and therefore the others can be ex-
pressed as linear combination of them with integer coefficients. In this case g can be
decomposed as follows

g= 951 D ... @gﬁu D gﬁu+1 D ... @gﬂm

This decomposition of g is called weight system of g.

Let {x1,...,zn},be a base of g. The subset {z1,...,xzx} k < n of this base, whose
elements do not appear in the second members of (1) is called minimal system of
generators.

One can easily prove the following proposition:

Proposition Let g be a nilpotent Lie algebra. The following two statements are
eqivalent:

I) The set {x1,...,z;}is a minimal system of generators of g.

II) The set {x1 + C?g,...,x; + C?g} is a base of the vector space g/C%g , where
C?g =1g,4].

Let T be a maximal torus on g. Let {1,...,2,} be a minimal system of gener-
ators. Let {t1,....t,} be root vectors of T such that ¢;(z;) = x;, then {¢1,...,¢,} or
equivalently {x1,...,x,} is called T — msg system.

Proposition: Let g be a nilpotent Lie algebra. For any torus T on g there exists
a T —msg system.

Proof: We take the root vectors T' such that they form a basis for T-supplement
of C?g.

Let g be a nilpotent Lie algebra. The type of g is defined by dim(g/C?g).

Let g be a nilpotent Lie algebra of type 1. We can associate to g a square matrix
A = (A;5) i,j = 1,2,...,1,which is called Generalized Cartan Matrix denoted briefly
G.C.M.. This matrix is defined as follows. Let T be a maximal torus on g and
{y1,---,Yn} a T-msg system. Since ady; is a nilpotent, then there exists a unique
negative integer A;; € Z such that

(ady;)"Moy; #{0},  (ady;) Motly; = {0}, i#j

If we set A;; =2, i=1,...,] then we obtain the G.C.M. A = (A4;;).
A universal property of G.C.M. can be expressed by the theorem:

Theorem: Let g be a nilpotent Lie algebra of type r over the field K;, where K=R
or K=C . The G.C.M. A = (A;;) associated to g is independent on the T —msg system
and the choice of the torus T on g.

The Dynkin diagram of a nilpotent Lie algebra can be presentes as follows. We
write the roots of g as points of a plane (figure 1). Then we connect the roots by
segments of straight lines and put some directions. The number of segments of the
straight lines between the roots ; and f3; is equal to A;;A;; and required direction
is from 3; to B; if [A;|>|Aj il
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All the above characteristic elements will be given for the 10-dimensional nilpotent
Lie algebras, over a field of characteristic zero , whose maximal abelian ideal is of
dimension nine.

3 Nilpotent Lie algebras of dimension ten whose
maximal abelian ideal is of dimension nine

The nilpotent Lie algebras of dimension ten whose maximal abelian ideal is of dimen-
sion nine are the following:

gio0,1 -

g10,2 -

g10,3 -

g10,4 -

g10,5 -

g10,6 -

g10,7 -

g10,8 -

le1,e2] = e3,[e1,e3] = eq, [e1,e5] = es, [e1, e7] = es, [e1, e9] = €10,

le1,e2] = e3,[e1,e3] = eq,[e1,e4] = e5,[e1,e6) = e7,[e1, e7] = ez,
[61769] = €10
le1,e2] = e3,[e1,e3] = e4,[e1, eq] = es5,[e1, e5] = €6, [e1, €7] = es,
[61,69] = €10
le1,e2] = e3,[e1,e3] = e4,[e1, e5) = es, [e1, €6] = €7, [e1, €8] = eg,
[61,69] = €10
le1,e2] = e3,[e1,e3] = eq,[e1, eq] = e5,[e1, e5] = es, [e1, €7] = es,
le1, e8] = eg, [e1,e9] = €10
le1,e2] = e3,[e1,e3] = e4,[e1, eq] = es5,[e1, e5] = €6, [e1, €6] = €7,
le1,es] = eg, [e1,e9] = €10
le1,e2] = e3,[e1,e3] = e4,[e1, eq] = es5,[e1, e5] = €6, [e1, €6] = €7,
le1,e7] = es, [e1,e9] = €10
le1,e2] = e3,[e1,e3] = e4,[e1,es] = e5,[e1,e5] = es, [e1, €6) = €7,
le1,e7] = eg, [e1,es] = €9, [e1, e9] = €10
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4 Characteristic Elements

We calculate the invariants of these Lie algebras.Firstly , we consider the Lie algebras
g10,7 and g10,8-
We consider the system of partial differential equations.

gio,7 -
e 8—F+e 8F+e 8F+e 8F+e 8F+e a—F+e 8—F*0
382 483 584 685 786 8867 108697
oF oF oF OF
—eg— = 0,—e4—— =0,— 0,—eg— =
3 862 T 863 o 864 e 865
oF oF oF
- 75766 = 07_688767 0»—610869 =0
g10,8 -
eé)FJr 6‘FJr 6‘FJr c‘)FJr c‘)FJr 8F+ é)FJr oF 0
— eg— +elo— =
362 483 584 685 786 887 9868 10869
oF oF oF oF
- = 0,—e40— =0,— =0, =0
% Dey 862 T 863 " Be, 864 6 Des 865
OF oF oF oF
— R — = 0 — _— = — —_— = — _— =
er 866 y —€8 867 07 €9 868 07 €10 669 0

The solutions of the above linear systems of partial differential equations give the

invariants, which are :

. 2 2 3 2
gi0,7 : e€s,€10,€10€7 — €ges, 2egeg — e, 36568 — 3egeger + e, 2eqeg — 2ezer + 2eq4e6 — [
deged — 2ekel — deseqes 4 degetes — e,

56368 — 5646768 — 5656668 + 5686567 + 567e§e§ — 566686§ + e?.

dgi0,8 - €10, 261068 — 65, 3676?0 - 36869610 + 68, 262610 — 26369 + 26468 — 26567 + 6%,
deged, — 23 e — degerely + degezely — €5,
Sesely — Begegety — beresely + berelges + begezel, — Herpeses + ey,
36esely — 36esege]y + 18eseaes, — Gerelpes + 6eges — 9elelel, + berpeses — €5,
210ezef, — 2106469610 + 210esegely — 210egerely + 210ege] ez — 210erezel, +
210egesed, — 210ezede?, + 8degeres — 12¢].

From the above we have the theorem.
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Theorem. The invariants of the Lie algebras gi04,t = 1,2,...8 are the following.

. 2
gi0,1 : €4,€6,€8,C10,2C264 — €3, €366 — €4€5, C5€8 — €7€6, CTC10 — C8EY.
. 2 2
dio,2 - €s5,€8,€10, 2ezes — €3, 2egeg — €7,€4€10 — €5€9, €7€10 — €3€9.
. 2
g10,3 : €g,€8,€10,266€4 — €5, E5€10 — €6€9, €568 — €7€6, €7€10 — €8EY,
2 3
3eseg — 3esepes + €5.
. 9 2 2 2 ) 2 o o
gi10,4 : €4,€7,€10,4€2€4 — €3, 24€8€10 — €9, LE5€7 — €g, €3€7 — €4€6, €3€10 — €4€9.
. 2 2 2 3
gi0,5 : €6,€10,2€6€4 — €5,€5€10 — €6€9, 2€10€8 — €5, 3€7€]y — 3€g€g9e1o + €y,

3636% — 3egeges + eg’, 2eqe5 — 2e3e5 + ei.
. 2 2 2 3
Jg10,6 : €r,€10, 257 — €5, €6€10 — €7€9, 2€10€8 — €y, 3€4€7 — 3e5€6€7 + €5,
2 2
4eges — 2e2e2 — degege? + desezer — eg,

Seges — begeses — Hezeges 4 beteger + Hegedes — Seseger + eh.

) 2 2 3
Jio,7 ¢ es,e€10,2€10e7 — €ges, 2egeg — €7, 3e5eg — 3egeger + e, 2eaes — 2eger + 2eqeq — €

46468 — 26668 4656768 + 4666768 e$
Sezes — 5646768 — Besegen + bedese + beredel — begegel + €.
gJi0,8 : €10, 2eq1p0e8 — 69, 367610 — 3egegerp + 69, 2e0e19 — 2e3eg + 2e4e5 — 2e5e7 + 6%,
4666?0 - 26%0652; — 469676% + 46863610 — eg,
Sesely — Begegety — Hereses + berelges + begeael, — Herpeses + ep,

4
36esely — 36esegety + 18eseaes, — Gerelges + 6eses — 9eleled, + berpeses —

2
59

6
€9,

210e3e$, — 210e4e9e], + 210esegel, — 210egerely + 210ege] es — 2106768610 +

210egesed, — 210ezede?, + 8degeres — 12¢].

Now we shall determine all the other characteristic elements associated to the
above eight nilpotent Lie algebras gi0,1,..-g10,s-

We shall estimate these elements only for the Lie algebra gip,1. With the same
method we can estimate all these for the other Lie algebras

Let T be the maximal torus on g1¢,1such that {es, ...e,, } are root vectors. If t € T,
then we have

t(ei) = Bi(t)e: (6)

From the fact that ¢t € T C Derg and if we apply ¢ to the Lie bracket [e,es] = e3
of the Lie algebra gi0,1 we obtain

t(es) = [t(er), e2] + [er, t(e2)]
which by means of (6) implies:
Bs(t)es = [B1(t)er, e2] + [er, Ba(t)ea] = (B1(2) + Ba(t))[er, e2] = (B1(2) + Ba(t))es

which finally gives:
Bs = By + By (7)
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From the other Lie brackets of the Lie algebra g19,1 we have the relations :

B1+ B3 =By, B1+ Bs = B¢, B1+ 67 =0Bs, B1+ 08y =700 (8)

The solutions of (7) and (8) give

ﬂ3 =B+ B8y, By=5 +ﬂ37 56 = [ +ﬂ5a 68 :ﬁ1+ﬁ7a 510 = B +59
Then the nilpotent Lie algebra g19,; can be written

go1 = gﬁl o gﬁz @ gﬂﬁrﬁz o) 92,81+,82 @ 93/31+/32 o) g4ﬁl+ﬁ2 D g5ﬁ1+ﬁ2 D

By @ ghrtPs @ g20+0s
which also can be written
g10,1 = Ce1 ® Cey @ Ces @ Cey @ Ces @ Ceg @ Cer @ Ceg @ Ceg @ Ceyg
from which we obtain
[9,9] = Ces @ Cey & &Ces P Cesg @ Ceqp

Hence T — msg = {e1, e2,e5,€7,e9} = {x1,22 73 4,25}
Therefore, the Generalized Cartan Matrix :

aip @12 i3 a4 Q15
a1 G2 Q23 Q24 QG25
A= | a3 a3z a3 a3z ass 9)
a41 Q42 Q43 Q44 Q45
as1 G52 A53 Q54 G55

of g10,1 can be computed as follows:
—a;; = min{n € N/(adz;)"'z; = 0,2;,2; € T — msg}

If we take under the consideration the T — msg which is {x1 z2 x5 x4 x5} and the
Lie brackets of the Lie algebra g10,1 then the Generalized Cartan Matrix A takes the

form:
2 -2 -1 -1 -1

-1 2 0 0 0
A= -1 0 2 0 0
-1 0 0 2 0
-1 0 0 0 2

From the above we conclude that the Dynkin diagram of gio,1 has the form
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5
.

N/

The root system can be expressed as follows:

VW

2

e

From the above we conclude the following theorem.

Theorem. Let g be a Nilpotent Lie algebra of dimension ten over C whose maz-
imal abelian ideal g, is of dimension nine. The table below gives the characteristic
elements of such Lie algebras.
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g T-msg weight system
g=9" @ g% @ g" T g g7 TP g g7
€1, €2, @gﬂﬁ”ﬂs P gﬁ7 ® gﬁ1+57 P gﬁg ® gﬁ1+/39 =
g10.1 €5,67; =Ce1 ®Cey @ Ceg P Ceyg @ Cesd
“ ®Ceg @ Cer @ Ceg ® Ceg @ Ceyg
g = 9/31 (&) gﬁz @D gﬁ1+52 D 9251+ﬁ2 D g3ﬂ1+ﬂ2@
. €1, e, @gﬁs o) gﬂ1+56 @ 92ﬁ1+ﬁ6 &) 959 D gﬁl+59 —
’ €6,€9 =Ce1 ®Cey @ Ces ® Ceqg @ Ces®
®Ceg ® Cer @ Ceg ® Ceg ® Ceqg
g = gﬂl P 952 &) gﬂ1+ﬁ2 P 92[31""/82 ) 9351+52@
glo ; 61, 62, @94514‘52 EB 957 EB gﬁ1+ﬁ7 @ gﬁQ @ gﬁl""ﬁs) =
' e7,e9 =Ce; @ Cey ® Ces ®Cey @ Ces®
@066 &) 067 S5 068 S5 069 &) 0610
g = 951 P gﬁz P gﬁlJFBz ® 92ﬁ1+52 ® gﬁs@
S0 e1, e, @gﬁl+ﬁ5 ey g2ﬁ1+ﬁ5 o gﬁg o) gﬂﬁrﬂg D 9251+5g —
’ €5,68 = 061 S5 CGQ S C€3 &) 064 S5 065@
®Ceg @ Cer @ Ceg @ Ceg @ Ceqg
g — 9/31 EB 952 @ 9514‘52 @ 9251+62 @ g3ﬂ1+ﬂ2@
hos e1, e, @9451+52 @ 967 D gﬁ1+ﬂ7 @ g2ﬁ1+57 o) g3ﬁl+ﬁ7 —
’ es,es =Ce1 @ Cey @ Ces d Ceqg @ Cesd
@®Ceg ® Cer @ Ceg ® Ceg ® Ceqg
g = gﬂl P 952 P gﬂ1+ﬁ2 P 92[31""/82 ) g3gl+62@
hos e1, e, @94514'52 @ g5ﬁl+ﬁ2 P gﬂg o) gﬂﬁ'ﬂs o) 92514'58 =
' eg =Ce; @ Cey ® Cesz ®Cey @ Ces®
@066 &) 067 S5 068 © 069 (&) 0610
1 g= gﬁ1 sy gﬁz fa) gﬁlJrﬁz e 92ﬁ1+ﬁ2 fa) g3ﬁ1+ﬁ2@
Do e1, ea, @g4ﬁ1+ﬁ2 o) g5ﬁ1+ﬁ2 D g6ﬁ1+ﬁ2 @ gﬁg P g51+59 —
’ €9 =Ce1 ®Ces & C€3 @® Cey @ 065@
®Ceg @ Cer ® Ceg @ Ceg ® Ceqg
]_0 g= 9/81 EB gﬁz @ 9614‘62 @ g2ﬁl+62 @ 93[31""/32@
7 @g4ﬁ1+52 [a) g5ﬁ1+52 [an) g6ﬂ1+ﬁ2 D g7ﬁl+52@
910,8 5,4, e1, e Bgtlith2 =
3

=Ce; ®Ces & Ces & Cey ® Cesd
®Ceg @ Cer ® Ceg d Ceg ® Ceqg
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root system Cartan matrix Dynkin diagram

9 3 1 2 7
[ ] 4 8
L ]
0w 6 M %
2 -2 -1 -1 -1
-1 2 0 0 0 . . .
4 -1 0 2 0 0 1 >2
-1 0 0 2 0
-1 0 0 0 2
9
| ]
\/\\< : 4
-700 h e
4.8 2 -3 -2 -1
Y T T L
@
Vs -1 2 0 0 1 >2
-1 0 2 0
-1 0 0 2
/</\.|/0
3
. :
-4
|
\ 2 —4 -1 -1 !
\ 6 -1 2 0 0 1 .
-1 0 2 0
-1 0 0 2
6 8
=

\/\Y/ L
\//

*0 -1
-1
-1

O O NN
O NN O N
N OO N
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root system

Cartan matrix

Dynkin diagram

2 345 6
I-—-II--.--L_I.
: 4
:] .
£
F
AP
7 8 910 2 _—4 -3 .—>.2
-1 2 0 I =
-1 0 2
2 3 45 6 7
—-I.—---I-—.—.
l
3 3
1 »
F
F
.
Fi
'g_Tf)___' 2 -5 -2 /
g -5 — N
-1 2 0 1" ="’
-1 0 2
2 345678
-9-a-e-o=2
:
1] 3
£ a
f
!
F
e C— /6 ;
9 10 2 6 -1 T+——+.2
1 2 0 1
10 2
23435678910
-i..-o-o-—o-.—t—.--o-
: 8
1
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