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1 Introduction.

The determination of characteristic elements of a given nilpotent Lie algebra is an
open problem. In this paper we estimate the characteristic elements of the nilpotent
Lie algebras of dimension ten whose the maximal abelian ideal is of dimension nine.

The whole paper contains four paragraphs. The first paragraph contains the
introduction and the second the preliminaries. In the third paragraph are described
the nilpotent Lie algebras of dimension ten whose the dimension of maximal abelian
ideal is nine .The characteristic elements of these nilpotent Lie algebras are estimated
in the forth paragraph.

2 Preliminaries

We denote a base of a nilpotent Lie algebra g of dimension n by {X1, ...Xn}.For this
Lie algebra g we have the relation:

[Xi, Xj ] =
n∑

k=1

ck
ijXk i, j = 1, ...n (1)
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where ck
ij are the structure constants of the Lie algebra g.

The invariants of g are the functions F (X) which satisfy the relations

[Xi, F (X)] = 0, i = 1, 2, ...n (2)

It has been discussed [4] to derive, which we adopt of replacing the X’ s by c-
number differential operators:

Xi → xi =
∑

xkck
ij∂xi (3)

which have the same commutation rule and act on a space of continuously differen-
tiable functions of n real variables. The commutation relations (2) are replaced by
the set of partial differential equations:

xiF (x) = 0 (4)

which can be usually solved by the standard methods.Therefore, the solutions of (2)
are obtained from those of (4) by the replacements xi → Xi provided that the factors
Xi in F (X) can be ordered so that (4) implies (2).

If the solution is a rational function, then we symmetrize the dominator and nu-
merator separately and after that we replace xi by Xi and obtain rational invariants.

It is possible the invariants to be no polynomials neither rational functions but to
have a general form. This depends on the solutions of the first order partial differential
equation (4).

The first order partial differential equation (4), by means (3) takes the form

n∑
j,k=1

ck
ijxk

∂f

∂xj
= 0

which leads to the following system of ordinary differential equations.

dx1∑n
i=1 ck

i1dxk
=

dx2∑n
i=1 ck

i2xk
= ... =

dxn∑n
i=1 ck

inxk
=

dt

s
, (5)

where

t = x1 + ... + xn, s =
n∑

j=1

n∑
i=1

ck
ijxk.

The system of differential equations (5) can be replaced by a set of equivalent
differential equations

dt

s
=

d(β1x1 + ... + βnxn)∑n
j=1

∑n
i=1 βkck

ijxk
,

where β1,...,βn are arbitrary constants. When we change the constants, we obtain
the different differential equations of this system. Therefore we can choose n linearly
independent combinations of x1, ...xn in a convenient manner such that the matrix(

(ci)k
j

)
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of coefficients has a standard form, in particular the Jordan canonical form.
We conclude this section by referring to some simple properties of the invariants,

pointed out by Aballanos and Alonso [3].
The invariants found in the subsequent sections of this paper, of course, have these

properties:
a)The number of independent invariants is n-r, where n is the dimension of the

algebra and r is the rank of the commutator table, considered as a matrix, for the
purpose of computing this rank, the generators Xi are regarded as independent c-
number variables.

b) Since an antisymmetric matrix has even rank the number of independent in-
variants is equal to the dimension of the algebra, modulo 2.

c) The invariants of nilpotent algebras may be chosen as homogeneous polynomials,
i.e., Casimir operators.

This method gives the invariants of the algebra g. We have used here the base
{X1, ...Xn} instead of {e1, ...en} . This method has been used to construct the partial
differential equations which form a system.

Definition Let Der(g) be the Lie algebra of derivations of g. The torus on g is
a commutative subalgebra of Der(g) consisting of semi-simple endomorphismus. A
torus T is called maximal, if it is not contained strictly in any other torus.

A torus T on g defines a representation in g, that is

ϕ : T × g → g, ϕ : (t, x) → tx

The elements of T can be diagonalized simultaneously.
From the above we conclude that g can be decomposed as follows

g = ⊕
β∈T∗

gβ

where T ∗ is the dual of T and gβ is defined by

gβ = {x ∈ g/t(x) = β(t)x, ∀t ∈ T }

The subspace gβ of g is called root space associated to β.
Let T be a maximal torus on g.The root system of g associated to T , denoted by

R(T ), is defined by
R(T ) = {β ∈ T ∗/gβ 6= {0}}

Let R(T ) be the root system of a nilpotent Lie algebra g associated to its torus
T . We assume that R(T ) has m roots :

β1, β2, ..., βν , βν+1, ..., βm
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from which only the β1, ..., βν are independent and therefore the others can be ex-
pressed as linear combination of them with integer coefficients. In this case g can be
decomposed as follows

g = gβ1 ⊕ ... ⊕ gβν ⊕ gβνu1 ⊕ ... ⊕ gβm

This decomposition of g is called weight system of g.
Let {x1, ..., xn},be a base of g. The subset {x1, ..., xk} k < n of this base, whose

elements do not appear in the second members of (1) is called minimal system of
generators.

One can easily prove the following proposition:
Proposition Let g be a nilpotent Lie algebra. The following two statements are

eqivalent:
I) The set {x1, ..., xi}is a minimal system of generators of g.
II) The set {x1 + C2g, ..., xi + C2g} is a base of the vector space g/C2g , where

C2g = [g, g].
Let T be a maximal torus on g. Let {x1, ..., xp} be a minimal system of gener-

ators. Let {t1, ..., tp} be root vectors of T such that ti(xi) = xi, then {t1, ..., tp} or
equivalently {x1, ..., xp} is called T − msg system.

Proposition: Let g be a nilpotent Lie algebra. For any torus T on g there exists
a T − msg system.

Proof: We take the root vectors T such that they form a basis for T -supplement
of C2g.

Let g be a nilpotent Lie algebra. The type of g is defined by dim(g/C2g).
Let g be a nilpotent Lie algebra of type l. We can associate to g a square matrix

A = (Aij) i, j = 1, 2, ..., l,which is called Generalized Cartan Matrix denoted briefly
G.C.M.. This matrix is defined as follows. Let T be a maximal torus on g and
{y1, ..., yn} a T -msg system. Since adyi is a nilpotent, then there exists a unique
negative integer Aij ∈ Z such that

(adyi)−Aij yj 6= {0}, (adyi)−Aij+1yj = {0}, i 6= j

If we set Aii = 2, i = 1, ..., l then we obtain the G.C.M. A = (Aij).
A universal property of G.C.M. can be expressed by the theorem:
Theorem: Let g be a nilpotent Lie algebra of type r over the field K;, where K=R

or K=C . The G.C.M. A = (Aij) associated to g is independent on the T−msg system
and the choice of the torus T on g.

The Dynkin diagram of a nilpotent Lie algebra can be presentes as follows. We
write the roots of g as points of a plane (figure 1). Then we connect the roots by
segments of straight lines and put some directions. The number of segments of the
straight lines between the roots βi and βj is equal to AijAji and required direction
is from βi to βj if |Aij |>|Aji|.
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All the above characteristic elements will be given for the 10-dimensional nilpotent
Lie algebras, over a field of characteristic zero , whose maximal abelian ideal is of
dimension nine.

3 Nilpotent Lie algebras of dimension ten whose
maximal abelian ideal is of dimension nine

The nilpotent Lie algebras of dimension ten whose maximal abelian ideal is of dimen-
sion nine are the following:

g10,1 : [e1, e2] = e3, [e1, e3] = e4, [e1, e5] = e6, [e1, e7] = e8, [e1, e9] = e10,

g10,2 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e6] = e7, [e1, e7] = e8,
[e1, e9] = e10

g10,3 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e7] = e8,
[e1,e9] = e10

g10,4 : [e1, e2] = e3, [e1, e3] = e4, [e1, e5] = e6, [e1, e6] = e7, [e1, e8] = e9,
[e1,e9] = e10

g10,5 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e7] = e8,
[e1, e8] = e9, [e1,e9] = e10

g10,6 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7,
[e1,e8] = e9, [e1,e9] = e10

g10,7 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7,
[e1,e7] = e8, [e1,e9] = e10

g10,8 : [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7,
[e1,e7] = e8, [e1, e8] = e9, [e1, e9] = e10
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4 Characteristic Elements

We calculate the invariants of these Lie algebras.Firstly , we consider the Lie algebras
g10,7 and g10,8.

We consider the system of partial differential equations.
g10,7 :

e3
∂F

∂e2
+ e4

∂F

∂e3
+ e5

∂F

∂e4
+ e6

∂F

∂e5
+ e7

∂F

∂e6
+ e8

∂F

∂e7
+ e10

∂F

∂e9
= 0

−e3
∂F

∂e2
= 0,−e4

∂F

∂e3
= 0,−e5

∂F

∂e4
= 0,−e6

∂F

∂e5
= 0

−e7
∂F

∂e6
= 0,−e8

∂F

∂e7
= 0,−e10

∂F

∂e9
= 0

g10,8 :

e3
∂F

∂e2
+ e4

∂F

∂e3
+ e5

∂F

∂e4
+ e6

∂F

∂e5
+ e7

∂F

∂e6
+ e8

∂F

∂e7
+ e9

∂F

∂e8
+ e10

∂F

∂e9
= 0

−e3
∂F

∂e2
= 0,−e4

∂F

∂e3
= 0,−e5

∂F

∂e4
= 0,−e6

∂F

∂e5
= 0

−e7
∂F

∂e6
= 0,−e8

∂F

∂e7
= 0,−e9

∂F

∂e8
= 0,−e10

∂F

∂e9
= 0

The solutions of the above linear systems of partial differential equations give the

invariants, which are :

g10,7 : e8, e10, e10e7 − e9e8, 2e6e8 − e2
7, 3e5e

2
8 − 3e8e6e7 + e3

7, 2e2e8 − 2e3e7 + 2e4e6 − e2
5,

4e4e
3
8 − 2e2

6e
2
8 − 4e5e7e

2
8 + 4e6e

2
7e8 − e4

7,

5e3e
4
8 − 5e4e7e

3
8 − 5e5e6e

3
8 + 5e2

8e5e
2
7 + 5e7e

2
6e

2
8 − 5e6e8e

3
7 + e3

7.

g10,8 : e10, 2e10e8 − e2
9, 3e7e

2
10 − 3e8e9e10 + e3

9, 2e2e10 − 2e3e9 + 2e4e8 − 2e5e7 + e2
6̄,

4e6e
3
10 − 2e2

10e
2
8 − 4e9e7e

2
10 + 4e8e

2
9e10 − e4

9,

5e5e
4
10 − 5e6e9e

3
10 − 5e7e8e

3
10 + 5e7e

2
10e

2
9 + 5e9e

2
8e

2
10 − 5e10e8e

3
9 + e5

9,

36e4e
5
10 − 36e5e9e

4
10 + 18e6e

2
9e

3
10 − 6e7e

2
10e

3
9 + 6e3

10e
3
8 − 9e2

8e
2
9e

2
10 + 6e10e8e

4
9 − e6

9,

210e3e
6
10 − 210e4e9e

5
10 + 210e5e8e

5
10 − 210e6e7e

5
10 + 210e9e

4
10e

2
7 − 210e7e

2
8e

4
10 +

210e9e
3
8e

3
10 − 210e2

8e
3
9e

2
10 + 84e8e10e

5
9 − 12e7

9.

From the above we have the theorem.
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Theorem.The invariants of the Lie algebras g10,i, i = 1, 2, ...8 are the following.

g10,1 : e4, e6, e8, e10, 2e2e4 − e2
3, e3e6 − e4e5, e5e8 − e7e6, e7e10 − e8e9.

g10,2 : e5, e8, e10, 2e3e5 − e2
4, 2e6e8 − e2

7, e4e10 − e5e9, e7e10 − e8e9.

g10,3 : e6, e8, e10, 2e6e4 − e2
5, e5e10 − e6e9, e5e8 − e7e6, e7e10 − e8e9,

3e3e
2
6 − 3e4e6e5 + e3

5.

g10,4 : e4, e7, e10, 2e2e4 − e2
3, 2e8e10 − e2

9, 2e5e7 − e2
6, e3e7 − e4e6, e3e10 − e4e9.

g10,5 : e6, e10, 2e6e4 − e2
5, e5e10 − e6e9, 2e10e8 − e2

9, 3e7e
2
10 − 3e8e9e10 + e3

9,

3e3e
2
6 − 3e4e6e5 + e3

5, 2e2e6 − 2e3e5 + e2
4.

g10,6 : e7, e10, 2e5e7 − e2
6, e6e10 − e7e9, 2e10e8 − e2

9, 3e4e
2
7 − 3e5e6e7 + e3

6,

4e3e
3
7 − 2e2

5e
2
7 − 4e4e6e

2
7 + 4e5e

2
6e7 − e4

6,

5e2e
4
7 − 5e4e5e

3
7 − 5e3e6e

3
7 + 5e2

5e6e
2
7 + 5e4e

2
6e

2
7 − 5e5e

3
6e7 + e5

6.

g10,7 : e8, e10, 2e10e7 − e9e8, 2e6e8 − e2
7, 3e5e

2
8 − 3e8e6e7 + e3

7, 2e2e8 − 2e3e7 + 2e4e6 − e2
5,

4e4e
3
8 − 2e2

6e
2
8 − 4e5e7e

2
8 + 4e6e

2
7e8 − e4

7,

5e3e
4
8 − 5e4e7e

3
8 − 5e5e6e

3
8 + 5e2

8e5e
2
7 + 5e7e

2
6e

2
8 − 5e6e8e

3
7 + e5

7.

g10,8 : e10, 2e10e8 − e2
9, 3e7e

2
10 − 3e8e9e10 + e3

9, 2e2e10 − 2e3e9 + 2e4e8 − 2e5e7 + e2
6,

4e6e
3
10 − 2e2

10e
2
8 − 4e9e7e

2
10 + 4e8e

2
9e10 − e4

9,

5e5e
4
10 − 5e6e9e

3
10 − 5e7e8e

3
10 + 5e7e

2
10e

2
9 + 5e9e

2
8e

2
10 − 5e10e8e

3
9 + e5

9,

36e4e
5
10 − 36e5e9e

4
10 + 18e6e

2
9e

3
10 − 6e7e

2
10e

3
9 + 6e3

10e
3
8 − 9e2

8e
2
9e

2
10 + 6e10e8e

4
9 − e6

9,

210e3e
6
10 − 210e4e9e

5
10 + 210e5e8e

5
10 − 210e6e7e

5
10 + 210e9e

4
10e

2
7 − 210e7e

2
8e

4
10 +

210e9e
3
8e

3
10 − 210e2

8e
3
9e

2
10 + 84e8e10e

5
9 − 12e7

9.

Now we shall determine all the other characteristic elements associated to the
above eight nilpotent Lie algebras g10,1, ...g10,8.

We shall estimate these elements only for the Lie algebra g10,1. With the same
method we can estimate all these for the other Lie algebras

Let T be the maximal torus on g10,1such that {e1, ...em} are root vectors. If t ∈ T ,
then we have

t(ei) = βi(t)ei (6)

From the fact that t ∈ T ⊆ Derg and if we apply t to the Lie bracket [e1, e2] = e3

of the Lie algebra g10,1 we obtain

t(e3) = [t(e1), e2] + [e1, t(e2)]

which by means of (6) implies:

β3(t)e3 = [β1(t)e1, e2] + [e1, β2(t)e2] = (β1(t) + β2(t))[e1, e2] = (β1(t) + β2(t))e3

which finally gives:
β3 = β1 + β2 (7)
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From the other Lie brackets of the Lie algebra g10,1 we have the relations :

β1 + β3 = β4, β1 + β5 = β6, β1 + β7 = β8, β1 + β9 = β10 (8)

The solutions of (7) and (8) give

β3 = β1 + β2 , β4 = β1 + β3, β6 = β1 + β5, β8 = β1 + β7, β10 = β1 + β9

Then the nilpotent Lie algebra g10,1 can be written

g10,1 = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2 ⊕ g4β1+β2 ⊕ g5β1+β2 ⊕
⊕gβ8 ⊕ gβ1+β8 ⊕ g2β1+β8

which also can be written

g10,1 = Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5 ⊕ Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

from which we obtain

[g, g] = Ce3 ⊕ Ce4 ⊕⊕Ce6 ⊕ Ce8 ⊕ Ce10

Hence T − msg = {e1, e2, e5, e7, e9} = {x1,x2,x3,x4,x5}.
Therefore, the Generalized Cartan Matrix :

A =


a11 a12 a13 a14 a15

a21 a22 a23 a24 a25

a31 a32 a33 a34 a35

a41 a42 a43 a44 a45

a51 a52 a53 a54 a55

 (9)

of g10,1 can be computed as follows:

−aij = min{n ∈ N/(adxi)n+1xj = 0, xi, xj ∈ T − msg}

If we take under the consideration the T −msg which is {x1,x2,x3,x4,x5} and the
Lie brackets of the Lie algebra g10,1 then the Generalized Cartan Matrix A takes the
form:

A =


2 −2 −1 −1 −1

−1 2 0 0 0
−1 0 2 0 0
−1 0 0 2 0
−1 0 0 0 2



From the above we conclude that the Dynkin diagram of g10,1 has the form
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The root system can be expressed as follows:

From the above we conclude the following theorem.

Theorem. Let g be a Nilpotent Lie algebra of dimension ten over C whose max-
imal abelian ideal go is of dimension nine. The table below gives the characteristic
elements of such Lie algebras.
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g type
dim
z(g) T-msg weight system

g10,1
10, 5,

1 4
e1, e2,
e5,e7,

e9

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ gβ5⊕
⊕gβ1+β5 ⊕ gβ7 ⊕ gβ1+β7 ⊕ gβ9 ⊕ gβ1+β9 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,2
10, 6,
3, 1 3 e1, e2,

e6,e9

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕gβ6 ⊕ gβ1+β6 ⊕ g2β1+β6 ⊕ gβ9 ⊕ gβ1+β9 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,3

10, 6
3, 2,
1)

3 e1, e2,
e7,e9

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕g4β1+β2 ⊕ gβ7 ⊕ gβ1+β7 ⊕ gβ9 ⊕ gβ1+β9 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,4
10, 6,

3 3 e1, e2,
e5,e8

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ gβ5⊕
⊕gβ1+β5 ⊕ g2β1+β5 ⊕ gβ8 ⊕ gβ1+β8 ⊕ g2β1+β8 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,5

10, 7,
5, 3,
1

2 e1, e2,
e5,e8

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕g4β1+β2 ⊕ gβ7 ⊕ gβ1+β7 ⊕ g2β1+β7 ⊕ g3β1+β7 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,6

10, 7,
5, 3,
2, 1

2 e1, e2,
e8

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕g4β1+β2 ⊕ g5β1+β2 ⊕ gβ8 ⊕ gβ1+β8 ⊕ g2β1+β8 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,7

10, 7,
5, 4,
3, 2,
1

2 e1, e2,
e9

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕g4β1+β2 ⊕ g5β1+β2 ⊕ g6β1+β2 ⊕ gβ9 ⊕ gβ1+β9 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10

g10,8

10, 8,
7, 6,
5, 4,
3, 2,
1

1 e1, e2

g = gβ1 ⊕ gβ2 ⊕ gβ1+β2 ⊕ g2β1+β2 ⊕ g3β1+β2⊕
⊕g4β1+β2 ⊕ g5β1+β2 ⊕ g6β1+β2 ⊕ g7β1+β2⊕
⊕g8β1+β2 =
= Ce1 ⊕ Ce2 ⊕ Ce3 ⊕ Ce4 ⊕ Ce5⊕
⊕Ce6 ⊕ Ce7 ⊕ Ce8 ⊕ Ce9 ⊕ Ce10
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root system Cartan matrix Dynkin diagram


2 −2 −1 −1 −1

−1 2 0 0 0
−1 0 2 0 0
−1 0 0 2 0
−1 0 0 0 2




2 −3 −2 −1

−1 2 0 0
−1 0 2 0
−1 0 0 2




2 −4 −1 −1

−1 2 0 0
−1 0 2 0
−1 0 0 2




2 −2 −2 −2

−1 2 0 0
−1 0 2 0
−1 0 0 2


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root system Cartan matrix Dynkin diagram

 2 −4 −3
−1 2 0
−1 0 2



 2 −5 −2
−1 2 0
−1 0 2



 2 -6 -1
-1 2 0
-1 0 2



[
2 −8

−1 2

]
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