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Abstract

The aim of the paper is to point out some aspects of modules with differ-
entials in the non-commutative case. The categories of algebras, of anchored
modules, preinfinitesimal modules and pseudoalgebras are defined.
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1 Anchored and preinfinitesimal modules over non-
associative algebras

Let A be an algebra, non necessarily associative, over a commutative ring k and M
a left A-module. We suppose that the center Z(A) = {a € A: ab = ba, (V)b €
A} is a subalgebra of A and A is a bimodule over Z(A) (these conditions follows
automatically if A is associative). Denote by Der(A) = {D : A — A: D is k-linear
and D(a-b) = D(a)-b+a-D(b), (V)a,b € A} the Z(A)-module of derivations.

A covariant left morphism (covl-morphism) of two modules (A, M) and (A', M') is a

couple (19, ) denoted by (, 1) : (A, M) — (A, M) or (A, M) “% (4, M),
where ¢ : A — A’ is an algebra morphism and ¢ : M — M’ is a left A-module
morphism.

A contravariant left morphism of first kind (conly-morphism) of two modules (A’, M)
and (A, M) is a couple (p,v) denoted by (p,) : (A, M) «— (A, M) or

(A, M) (ﬂ)l (A, M), where ¢ : A — A’ is an algebra morphism and
P M — M is a left A-module morphism.
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A contravariant left morphism of second kind (conlyr-morphism) of two modules

(A, M) and (A, M) is a couple (p, 1)) denoted by (p,) : (A, M') «— (A, M)

r (A, M) biid ¢) 1 (A, M), where ¢ : A — A’ is an algebra morphism and
M — A ®Z(A M is a left A’-module morphism.

Example 1 Let (A’, M’) be a left module and ¢ : A — A’ be an algebra mor-
phism. Considering M’ as an A-module, then (p,idr) @ (A, M) — (A4, M) is a
covl-morphism.

t & = (E,n,M) and ¢ = (E',n’, M’) be vector bundles and denote by E, =
) the fibre in z € M. We denote by (fo,f) : &€ — £ a morphism and by
,9) : & — & a comorphism of vector bundles, where fo: M — M’, f : E — E’ and
E’ — FE are differentiable maps and for every x € M, f, = fig, : Bz — Efg(z)

Le
T (x
(fo
g:
and g, = gz
F(M), f5(u) =wuo fo, is a commutative algebra morphism and concerning sections:

[ T(€) = F(M) ®@Fy I'(&') is an F(M)-module morphism and g, : I'(§') — T'(§)
is an F(M’)-module morphism.

E}O(x) — E, are linear maps. It is well known that f§ : F(M') —

Example 2 If £ = (E, 7, M) and ¢ = (E',n’, M) are vector bundles and (fy, g) :
& « &' is a comorphism of vector bundles, then (fg, g«) : (F(M),T'(&)) < (F(M"),I'(¢"))
is a cony-morphism of modules.

Example 3 If £ = (E, 7, M) and £ = (E',n’, M) are vector bundles and (fo, f) :
& — ¢ is amorphism of vector bundles, then (f§, fi) : (F(M),T'(§)) <1 (F(M'),T'(&"))
is a conyy-morphism of modules.

A left anchor (l-anchor) on M is a left Z(A)-morphism a : M — Der(A). For
X € M and a € A we denote a(X)(a) = [X,a]m. Notice that (i,a) : (A, M)
«—1 (Z(A),Der(A)), where i : Z(A) — A is the inclusion, is a cony-morphism of
modules. A left module (A, M) together with an l-anchor is an I-anchored module.

A covariant morphism (covl-morphism) of two l-anchored modules (A, M) and (A’, M)
is a covl-morphism (¢, ) of modules, where ¢ : A — A" and ¢ : M — M’ such
that [¢(X), ¢(a)]m = o([X,a)lm), (V)X € M and a € A.

A contravariant morphism of first kind (conlr-morphism) of two anchored left mod-
ules (A, M’) and (A, M) is a covlj-morphism (g, ) of modules, where ¢ :
A— A" and ¢ : M'— M fulfills the condition [(X'),alpm = [X',¢(a)]m
V)X e M andae A

A contravariant morphism of second kind (conlrr-morphism) of two anchored left
modules (A, M’) and (A, M) is a covly;-morphism (¢, 1)) of modules, where
p: A— A and ¥ : M'— A" @z(4) M fulfills the condition [X', ¢(a)]mr =

a;p([Xi,alm), (V)X € M" and a € A, where ¢(X') =3 a; ® X;.
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Example 4 Let us suppose that the algebra A has the property
(ab) ¢+ b (ac) 4 (be) a = a (be) 4 (ba) ¢+ b(ca), (AD)

(V)a, b, c € A. We say that an algebra A which fulfills the condition (AD) is an algebra
with interior derivations. Then algebra A itself is a covl-anchored module according
to the anchor ad : A — Int(A) C Der(A), u — ad(u) = ad,, where ad,, : A — A
is the interior derivation ad,(v) = u-v — v -u. An algebra morphism ¢ : 4 — A’ of
two algebras with interior derivations induces a covl-morphism (i, @) of underlying
anchored modules since [p(a), p(b)]a = p(a) - (b)) — @(b) - p(a) = pla-b—b-a) =
©([a,bl.a).

Notice that associative algebras, commutative algebras and Lie algebras over k
are algebras with interior derivations.

Example 5 Let (A, M) be an anchored module which has the anchor a : M —
Der(A) and consider the anchored module (Z(A),Der(Z(A))), the inclusion ¢ :
Z(A) — A and the restriction i’ : Der(A) — Der(Z(A)). Using the definition of
the anchor, for every X € Der(A) and a € Z(A), we have [X,i(a)|pm = [a(X),a] =
[i" o a(X),a], thus (i o a,3) : (A, M) —; (Z(A),Der(Z(A))) is a conl;-anchored

morphism.

Example 6 If f: M — M’ is a differentiable map and 7M and 7M’ are the tangent
bundles, then (f,7f): (M,7M) — (M',7M") induces the conly;-anchored morphism
(f*,7f) : X(M) — F(M) @z py X(M'). This example can be extended for mor-
phisms of relative tangent spaces.

If (A, M) is an anchored module, then a bracket on M is a skew symmetric k-
bilinear map [-,] \, : M x M — M which enjoys the property:

[X,u-Y]m = [X,ulm Y +u-[X,Y],

VMX,YeM,uec A

A preinfinitesimal left module (pl-module) (A, M) is a left module together with
an anchor and a bracket on M. In analogous way a preinfinitesimal right module
(pr-module) and a preinfinitesimal bi-module (pb-module) can be defined.

If (A, M') and (A, M) are pl-modules then:

A covariant morphism of preinfinitesimal left module (cov-morphism of pl-module)
is a covl-morphism (i, ¢)of anchored modules, where ¢ : A — A" and ¢ : M —
M, such that for every X,Y € M then ¢([X,Y]m) = [¢(X),¥(Y)].

A contravariant morphism of first type of preinfinitesimal left module (cong-morphism
of pl-module) is a conlj-morphism (p,1)) of l-anchored modules, where ¢ :
A — A and ¢ : M' — M such that [(X'),v(Y)]m = (X, Y M),
WX Y e M.
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A contravariant morphism of second type of preinfinitesimal left module (conyj-
morphism of pl-module) is a conl;;-morphism (p,1) of l-anchored modules,
where ¢ : A — A" and ¢ : M" — A" @z M fulfill the condition that
for every X', Y" € M’ which allow the t-decompositions ¥(X') =>" a; ® X;
and ¥(Y') =>_ b, ® Y, then one has ¥([X",Y']|p) = > [X',0,] ® Yo —
Y Y a4 @ Xi+ Y aibl, @ [X;, Y]

Let (A, M) be a pl-module, i : Z(A) — A be the inclusion and a be its anchor.
The couple (Z(A), Der(A)) is a pl-module. If (i, a) : (A, M) «—1 (Z(A),Der(A))
is a cony-morphism of pl-module, then we say that (A, L) is a pseudoalgebra. A
pseudoalgebra (A, £) is a Lie pseudoalgebra if the bracket on £ fulfills the Jacobi
identity

Te(X,Y,2) "2 ([X,Y],.2), + Y, 2], . X], + [[Z.X],.Y], = 0.
Let (A, M) be a pl-module. Then
D: M x M — Der(M), D(X,Y) = [D(X),D(Y)] - D ([X,Y]m)

is an anchor for M A M, i.e. (M AM,D) is an l-anchored module.
Let (A, M) be a pl-module with an l-anchor D : M — Der(A) and

D: M x M — Der(M),
D(Xv Y) = [D(X)vD(Y)]DeT(A) - D([Xv Y]M)

Then D is an l-anchor for M A M, i.e. (M A M,D) is an l-anchored module, where
the exterior product is taken over A.

A linear connection on the preinfintesimal module (A, M) isamap V: Mx M —
M which satisfies the Koszul conditions:

VaoxY =aVxY, VxivZ =VxZ +VyZ,

Vx(@Y) =[X,alpm Y +a-VxY, Vx(Y +Z) =VxY +VxZ,

Mae A, X, Y € M.

The torsion of a linear connection V is the A-bilinear map T': M x M — M
defined by T(X,Y) = VxY — Vy X — [X,Y]. The curvature of V is R(X,Y)Z =
VxVyZ—-VxVyZ—- V[X7y]Z.

Notice that the curvature of a linear connection is a linear connection on the
anchored module (M A M, D) defined above. Using a linear connection V on the
preinfinitesimal module (A, M), the formula

[XAKUAV]MAM:vXAy<U/\V>—VUAv<X/\Y)

defines a bracket on M A M, thus (A, M A M) becomes a preinfinitesimal module;
additionally, the formulas

X, Y]ps iy = [X. Y+ X AY,
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[X/\Y,Z/\T]D,(M) =Vxay (ZAT)=Vzar (X AY),

define a bracket on D(M) = M & (M A M), where the anchor is given by D'(X +
(YANZ))=D(X)+D(Y,Z). We call this preinfinitesimal module (A4, D(M)) as the
derived preinfinitesimal module of (A, M), given by V.

The corresponding notions for right modules and bimodules can be defined in an
analogous way and the above properties remain true, under suitable changes.

Let A be an algebra with interior derivations, (A, M) be amodule and o : M — A
be an A-linear map. Then a : M — Der(A), a(X) = ad,x) is an anchor on
M, where ad, : A — A is the commutator ad,(v) = w-v — v - u. The bracket
(X, YIm = a(X)Y — a(Y)X+ B(X,Y) defines on M a pl-module structure, where
B: MxM — Mis an A-linear and a skew symmetric map. Since D(X,Y) =
—ady(3(x,y)), it follows that a pl-module is a pseudoalgebra iff 3 takes values in

2 Lie pseudoalgebra structure

The algebra A in this section is associative. Then A itself is a covb-anchored module
according to the covb-anchor ad : A — Int(A) C Der(A), u — ad(u) = ad,.

Proposition 1 Let us suppose that A has a unit 1. Then the only bracket on A of
the covl-anchor ad is the commutator (a,b) — [a,b] = a-b—1b-a.

Proof. Let as denote by [-, | the bracket. We must have [a,b-c] = ad,(b)-c+b-[a, c].
Taking in this relation @ = ¢ = 1, we have [1,b] = 0, then taking ¢ = 1, it follows
[a,b] = adq(b)+ b-[a,1] = ad,(b). O

A Lie covb-pseudoalgebra (A, .A) is obtained, which we call the canonical Lie
covb-pseudoalgebra structure on A.

Proposition 2 The canonical Lie covb-pseudoalgebra on A allows a linear connection
defined by Vb = a - b, which has a null torsion.

If the algebra is associative then the connection V is flat, i.e. it has also a null
curvature.

Proof. We have Vgc = (ab)e = a(be) = aVye and V4 (be) = (ab — ba)c + b(ac) =
(adyb)c + bV ¢, thus V is a linear connection. It is obvious that 7= 0 and that the
curvature of V is R(a,b)c = a(bc) — b(ac) — (ab —ba)e = 0. O

This example shows some different aspects of the non-commutative case, compared
with the commutative one:

Given an anchor, it is possible that a linear connection or a bracket, if there exists,
to be unique.

The equality [aX,bjap = a - [X, b, for a,b € A and X € M does not always hold.
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3 Non-associative and associative algebras

Let A be an algebra, non necessarily associative, over a commutative ring k. Consider
n
two linear subspaces V1, Vo C A, where Vi = {>" ((a;-b;)-¢;)—a;-(bi-¢;))| a, biy ¢ € A}

i=1

and ‘/2 = {Zn: ((al . bl) . Ci) — Qa; - (bl . Cz)) . dz| ai,bi,ci,di S A}

i=1
Proposition 3 The linear subspace J = Vi + Vo C A is an ideal of A.

Proof. We prove the condition of ideal on additive generators of V; and V5. For
a,b,c € A, denote by p(a,b,c) = (a-b)-c—a-(b-c).

Consider z1 = p(a,b,c) € V1, y1 = p(a,b,c)-d € Vo and e € A. It is obvious that
z1 - e € V5. We have:

Yyr-e= (‘P(avbvc) d) 90( (a’abvc)’dae) +90(a b C) (de) eVi+ Vo

o2y = ex((@b)-)=e-{a (b)) = (o)) oo~ (e ) — (en)(be) (.0, be) =
(e-(a-b)—(e-a))-c— ple,a-b,c)+ple,a,b-c) —ple-a,b,c) € Vi + Va;

e-y1 =e-(p(a,b,c)-d) = (6 o(a,b,c))-d— (e, p(a,b,c),d) € Vi + Vs, using the
previous steps. O

The quotient algebra A’ = A/J is an associative algebra, the canonical projection
7 : A— A" is an algebra morphism and A’ is an A-module. Let us suppose that
J C Z(A). Then every o’ =a+ J € A’ defines ady : A — A, ada (b) = [a, b] which
is an anchor on the module (A, A’). Since A’ is an associative algebra, (A’, A) is
an anchored module. If A has a unit, then ¢ : A'— A @z A, ¥(d) =10 d
defines a contravariant morphism (m,v) : (A, A’) «— (A, A’) of anchored modules,
since if @' = 7(a), then [/, 7(b)] = [r(a), 7 (b)] = 7([a,b]) = w(ada (b)). But (A, A")
and (A’, A") are also Lie pseudoalgebras and (7, 1)) is a Lie pseudoalgebra morphism.
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