NILPOTENT LIE ALGEBRAS OF MAXIMAL
RANK AND OF TYPE F; AS AN ASSOCIATED
GENERALIZED CARTAN MATRIX

Gr. Tsagas

Abstract

The aim of the present paper is to determined all Nilpotent Lie algebras of
the maximal rank and rank Fj. The number of such algebras is 43.
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1 INTRODUCTION

Let A = (A;5), 4,7 = 1,...,n be a Generalized Cartan Matrix denoted briefly by
G.C.M. From this matrix and a given root system we can construct Nilpotent Lie
algebras of maximal rank having A = (4;;),4,j = 1,...,n as a G.C.M. In order to
obtain these we consider the positive part L™ (A) of the Kac-Moody Lie algebras L(A)
taken by the G.C.M., A = (A4;;) and the given root system A.

The aim of the present paper is to obtain all the Nilpotent Lie algebras of maximal
rank whose G.C.M. is the Cartan matrix of the exceptional Lie algebras Fy. Each of
them is called of type Fy. The cases A,, B,, C,, D, and G5 have been studied in
([9]) and ([21]). The cases for Eg, E7 and Eg are studied in ([24]), ([25]) and (]26]).

The whole paper contains seven paragraphs each of them is analyzed as follows.
The second paragraph gives the general theory of Kac- Moody Lie algebras. The basic
elements and properties of Nilpotent Lie algebras are given in the fourth paragraph.
The relation between Kac- Moody Lie algebras and Nilpotent Lie algebras is given
in the fourth paragraph. The fifth paragraph contains estimates and constructions of
Nilpotent Lie algebras of maximal rank and of type Fy. The sixth paragraph includes
the determination of the ideals. The structure constants and some other properties
of the fourtythree Nilpotent Lie algebra of maximal rank and of type Fy are included
in the last paragraph.
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2 Kac- Moody Lie algebra

Let A = (Ai5), 4, j = 1,...,n, be a square matrix of order n with entries in Z
satisfaying:

(i) Aiy <0, ifi#j, i, j=1,...,n;
(iid) if A;; =0, i # j, then A;; = 0.

A = (A;;) is called Generalized Cartan Matrix denoted briefly by G. C. M.

All through this pare the G. C. M. will be of order n .

Two G. C. M. A and D are called equivalent if there exists ¢ € G,,, where G,, is
the group of permutatios of {1,...,n}, such that:

Bij = Aaiaj,Vi,j == 1, N

We consider the Lie algebra L(A), associated to the G. C. M. A(A;;), generated
by the set {e1,...,en,h1,...,hn, f1,-.., [n} satisfying:

li=j
0,i7J

[hiaej] = Aijeja [h’lafj] = _AZ]f]7l7.] = 17 e, n
(ade;) ™At e; =0, (adf;) ™A f; = 0,4, = 1,...,n,i # j.

[hi, hj] =0, (e, fj] = 6ijhi,t,5=1,...,n,0;5 = {

Let {a1,...,an} be the canonical base of Z". If a € N —{0}, then a =) d;a;, where
=1

d; € N and at last one of them is different zero. We denote by L, (rgsp. L_,) the
subroctor space of L(A) generated by the elements ([e;,,...,e;]) (resp. fi) appears
d; times and the meaning between the two brackets is the following:

([X1,..., Xk) = (X1[Xa,...,])

We assume that if @ = Y d;a; € Z™ and all the d;s are not the same sing, then
L, = (0). We denote:

Lo=H=Lhi®Khy®...® Kh,
The root system of L(A), denoted bbbby A, is defined by:
A={ac 2" /a0, Ly #(0)}
The Lie algebra L(A), by means of A LI {0}, is grade, that means:

L(A) = (&) La[La,Lg] C La_;,_g,va,ﬂ c AU {O} .
aceAU{0}

The positive root system is defined as follows:

Ay ={aeN"/a#0, L, # (0)}
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The negative roots, denoted by A, are defined by:
A_=-Ay={-a/aeN"a#0,L,=(0)}

It is obvious that:
A=A_U{0}UA;.

From the above we conclude that the Lie algebra L(A) can be written:

LA)=L_(A)®Ha® L (A)
where:

L(4)= 8 LoLi(d)= g L,
a + a —

The Lie algebra L(A), associated to G. C. M., generated by:

{617'°'7en7h17"'ah’naf17'"7fn}

and defined above, is called Kac- Moody Lie algebra.
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Remark 1 Ifa = d;a;, then we denote by |a| = > d; which is called height of a.

We denote by:
AY ={a€ Ay /lal =k}, A, = {a€ Ay /o] < p)

and therefore we have A", = {a1,...,an}.

3 Nilpotent Lie algebras.

Let g be a Nilpotent Lie algebra of dimension m over the algebraically closed field K
of characteristic zero. We denote by Derg and Autg the derivation Lie algebra and

automorphism group of g respectively.

A torus T on g is a commutative subalgebra of Derg consisting of semi- simple
endomorphisms. A torus T is called maximal, if it is not contained strictly in any

other torus. A torus defines a representation in g, that means:

Tzg — g,(t,x) — tz

From the fact that 7' is a commutative family of semi- simple endomorphisms and
the properties of K, we conclude that the elements of T can be diagonalized simulta-
neously. Therefore g is decomposed into a direct sum of root spaces, that means:

where T* is the dual of the vector space T and:

g% ={w € g/te = B(t)x,Vt € T}.
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The root system of g associated to T', denoted by R(T"), is defined by:

R(T)={BeT"/¢" #(0)}.

From now on we assume that g is a Nilpotent Lie algebra. We suppose that T is a
maximal torus on g and dim T = k. Let {f3;, ..., 8} be a base of T* whose dual base
of T is {t1,...,t,}, that means:

5i(tj) = 5z‘j :
The vectors {z1,...,z;} of g with the property:
ti(zj) = dijw;
is called T" minimal system of generators or briefly 7' — msg. Hence we have:
9% = Kz

and therefore {x1,..., 2} are root vectors for T. 3,,i =1,...,k, is called root of z;,
i1 =1,..., k, respectively.
We have the following propositions ([21]).

Proposition 1 If g is a Nilpotent Lie algebra, then the following two statements are
equivalent:
(1) {x1,..., 2k} is a minimal system of generators;
(2) {w1+c3g,..., 2 +c2g} is a base for the vector space g/c*g, where c*g = |g, g].
The type of g is defined the dimension of g/c%g.

Proposition 2 Let g be a Nilpotent Lie algebra of type (1). Let T be a mazimal
torus on g, {x1,...,x} T —mg system, (3, the root of x;. The dimension of T is
equal to the rank of {B1,..., 04}

Proposition 3 Let gbe a Nilpotent Lie algebra of type s. The dimension of the
mazximal torus T on g is called rank of g. If k is the rank, then we have k < s.

4 Connection between Nilpotent Lie algebras and
Kac- Moody Lie algebras

Let g be a Nilpotent Lie algebra of type n which is the dimension of the Lie algebra
g/ cg. If the rank of g is n, then g is called maximal rank.

Let g be a Nilpotent Lie algebra. Let T' be a maximal torus on g. Let (z1,...,2,)
be a T'— mg, for those elements we have:

(ad.l?i)_Ai-j—i_l,l‘j =0, then Aij eZ_ U {0} .
If we put A;; = 2, then using A;; ¢ = 15 from the above we have the matrix:

A= (Aij)
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with the properties:
(1)142] :2,22 1,,’[7,

(2)A’LJSO7 ia.jzla"'an;i#jv
(3) If A;; =0, then A;; =0, when i # j,i,j=1,...,n.

This is the G. C. M. associated to g.
Let A = (A;;) be a G. C. M. we assume that the of positive roots Ay are given,
whose number is finite, that means:

Ay = {a” :Z dia;/d] € N}, {a1,...,a,} base of Z"

i=1

the number of roots a”, v =1, ..., m, is finite.

We denote by L4 (A) the positive part of the Kac- Moody Lie algebra L(A) as-
sociated to A and A. Therefore L (A) is a Lie algebra generated by {ej1,...,e,}
satisfying only the relations:

(1) (ade;) 4 tle; =0, i#j,i=1,..,n

(2) Ly (A) is grated by: Ly (A) = EDZ L, [Lo,Lg) C Lyyg, Ya, 5 € AN,
acElny

We refer the following propositions ([21]):

Proposition 4 Let L (A) be the positive part of the Kac- Moody Lie algebra L(A)
associated to G. C. M. A. Then we have:

C"L (A= & L,

|a|>m
where C™L, (A) is the nth. term of central descending series.

Proposition 5 Let AL be the set of positive roots of the Kac- Moody Lie algebra
L(A) associted to the G. C. M. A = (Aij), i, j =1,..,n. Then for all aa € AN —
{a1,...,an}, there exists i € {1,...,n} such that a —a; € A4,

Proposition 6 Let A be the set of positive roots of the Kac- Moody Lie algebra L(A)
associted to the G. C. M. A= (Ay;), 4, j=1,...,n. If A ={ae Ay /|a|=p} =0
for some p € N*, then AL™™ = @ for allm € N*.

Proposition 7 Let L(A) be the Kac- Moody Lie algebra associted to the G. C. M
A= (Aij), 1, j=1,...,n, then we have:

LA)= & L,
ae AU{0}

If{a1,...,ay,} is the natural base of Z*, then we have:
La;+va; = K(ada;)"a;

We consider the conditions Hy and Hs for the p € N*.
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Inorder to construct the Nilpotent Lie algebras m,(A) from the positive part
L (A) of the Kac- Moody Lie algebra L(A) associated to the G. C. M. A = (4;;), 1,
j=1,...,n, then the p € N* satisfies the inequalities:

H;y : The number p < pa, where p4 is the height of the highest root of Ly (A)

Hy:p>Sup{—A;; +1/i,j=1,...,n}

Now, we can state the basic theorem ([21]).

Theorem 8 We consider the quotient Lie algebra:
m =my(A) = Ly(A)/CPTLL(A), p>1

pw:Li(A) = my(A),p:z— p(x) =T, where p is the canonical map.

The following are valid:
(I) The restriction of u to the vector space L, such that |a| < p, is an isomorphism
from Lq into I, and my(A) is graded by:

{a € Ay tal < p}imy(A) :l $B< la, [Ia; Ig] C Tatp
al<p
(II) The Lie algebra my(A) is Nilpotent and its p is obtained from hypothesis H;.

(II1I) The set {€1,...,€,} is a minimal system of generators of m,(A).
(IV) Let t; € Der(m,(A)), i =1,...,n, be n derivationson m,(A) defined by:

tie; = 6z’jén; then T :‘691 Kty
is a mazimal torus on my(A) and the Nilpotent Lie algebra my(A) is of mazimal rank.
Furthermore {e1,...,€,} is a T —msg.

(V) Let (t*71,...,t"™) be the dual basis of (t1,...,t1). If we identify t** and a;,
i=1,...,1, then the root space decomposition of my(A) with respect to T is identical
to the decomposition

mp(A) & , I, .
a€lt a|<p

(VI) Under the hypothesis Hy: A= (A;5), 1,5 =1,...,1, is a G.C.M. associated
to my(A) and (€1,...,€y,) is order relative to A = (A;j).

Now, we can obtain from L (A) the following Nilpotent Lie algebras
mp(A) = Ly (A)/CPF L (A)
where pg = {Sup — A;; +1/i,j =1,...,n} < p < pa, pa the height of the highest
root.

The number of these Nilpotent Lie algebras of maximal rank of Nilpotent p and
type n, that means having A = (4;;) a G.C.M,, is:

pa —po+ L.
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These Nilpotency Lie algebras are the following;:
L (A)/CP T (L (A)), Ly (A)/CP 2Ly (A)), .., Ly (A)/CPAT Lo (A)).
It can be easily proved the following proposition.

Proposition 9 Let g be a Nilpotent Lie algebra of finite dimension over an alge-
braically closed field K of characteristic zero. If v is an ideal of g, then the quotient
Lie algebra g/v is a Nilpotent.

Let 3 be an ideal of the Nilpotent Lie algebras my(A), where p satisfies the condi-
tions Hy and Hy. We consider the Lie algebra:

g=myp(A)/B and m:my(A) — g,
where w is the canonical map and the Nilpotency of gm is less than p.
We have the following propositions {[2]}.

Proposition 10 Let 3 be an ideal of m,(A). From these we obtain the Nilpotent Lie
algebra g = m,(A)/B. The following statements are equivalent:

(I) B C C*my,(A)

(IT) (mey,...,mey,) is a minimal system of generators of g.

Proposition 11 Let 8 be an ideal of my(A) = Ly (A)/CPTL,(A) contained in
C?my,(A). Let T be the mazimal torus on my(A). Then we have:

(I) For any ¢ € T there exists Tt € Derg such that:
mot=mo7(t): my(A) — ¢g: Comutive diagram,

where 7 : Der m,(A) — Der(g).
(IT) The Nilpotent Lie algebra g is of maximal rank with 7(T") as maximal torus

and (7ey,...,me,) is a T(T) — msg.
(II1) If (y1, - - -, yn) is a T—msg of g, then there exists a unique T—msg (z1, ..., x,)
of m,(A) such that ma; = y;, i = 1,...,n. We must notice that [ is called maximal

ideal of m,(A), if and only if, is T — invariant, that is:
t=8—-tpB)=pVvVteT

Proposition 12 Let § be the homogeneous ideal of my(A). Then g = m,(A)/0 is a
mazimal rank and having A = (Aij), 4, =1,...,n, as the G.C.M. , if:

(adei)_A“'ej ¢bVi,j=1,...,nandi=1,j

Proposition 13 Let g = m,(A)/B be the quotient Lie algebra, where (8 is a mazimal
ideal of my(A).Then the following statements are equivalent:

(1) g is Nilpotency p

(1) CPmy(A) L 3.
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Let A= (4;5),4,j=1,...,n be a G.C.M. The group
G.,L(A) = {0’ € Gn/AUi oj = Aij; VZ,] = 1, . ,TL} ((41))
is called automorphism group of A = (A4;;).

Proposition 14 Let m,(A) be the Nilpotent Lie algebra defined above. There exists
7 € Aut my(A) with the property G€; = €5, Vi =1,...,n, if, and only if, 0 € G1(A).
Now, we define:

G1(A) = {7 € Aut m,(A)/ 02; =%4i, Vi=1,...,n, Jo € G1(A)} ((4-2))
We also define:

J = Jp(A) = {B homogeneous ideas of my(A)/CPm,(A) & 3, ((4.3))
(ad &) Mie; ¢ B, Vi, j=1,...,ni+# j}

Proposition 15 The set J,(A) is stable under the action of G1(A).

Proposition 16 Let m,(A) be the Nilpotent Lie algebra defined above. Let g be a
Nilpotent Lie algebra of mazimal rank, of Nilpotency p such that A = (Ayj), 1,5 =
1,...,n, is an associated G.C.M. Then we have:

(I) There exists 8 € J such that g = m,(A4)S.
(I) It 3 € J such that g = mp(A)ﬁ/, then there exists & € G,,(A) such that

F3=0.

Theorem 17 Let my,(A)/CP L (A) be the Nilpotent Lie algebra given in theorem
4.5 Jp(A) is the set of homogeneous ideals of my(A) defined by (4.8). Then the
isomorphism classes of Nilpotent Lie algebras of maxzimal rank, of Nilpotency p such
that A = (A;j), i,j = 1,...,n is an associated G.C.M. , are in bijection with the
orbits of J,(A) under the action of Gn(A) defined by (3.2).

From this theorem we conclude that the construction of Nilpotent Lie algebras of
maximal rank, of Nilpotency p and such that A = (4;5),4,j=1,...,n,is a G.C.M,,
is the following;:

We determine all the ideals of m,(A) which are stable under the action of G,,(A).
If the number of these ideals is equal to A(p), then we obtain A(p) Nilpotent Lie
algebras with these properties. Since there exist:

PosPo+1,...,p0 + (Pa — po) = pa,

we conclude that the number of Nilpotent Lie algebras of maximal rank and of type:

gis > Ap)

pP=PpPo
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Because the determination of the ideas of m,(A), with the properties defined in
(4.3), is difficult for this reason we reduce this problem to study a similar notion in
A,={acAc+/|a] <p}.

Now, we explain this theory.

Let 5 be a homogeneous ideal of m,(A). Then we have:

=@ BnNnl,pNI, (4.4)
acl,
Since we have:
ﬁﬂ Ia = { (](—1) (45)
we conclude that:
= @ I, (4.6)
aEAW(ﬁ)
where:
Ap(B) ={a€A/1, # (0)} (4.7)
we have the following:
(1) CPmy(A) ¢ B = AL ¢ A,(B) (4.8)
(II) (adai)_A”aj ¢ ﬁ <~ aj — Aijai S Ap(ﬁ> (49)

Let E be a subset of A,. E is called ideal of A,, if for all ¢ € E and some a;,7 =
1,...,n, such that a+a; € A, we have a+a; € E. Therefore, (3 is an ideal of m,(A),
if, and only if, A,(3) is an ideal of A,,.

Now, we define:

jp(A) = {E ideal of A,/AL ¢ F and a; — A;;ea; ¢ E} (4.10)
From (4.3) and (4.10) we obtain the mapping:
U2 Jp(A) = Jp(A), ¢ f — Ap() (4.11)
which is a bijection with inverse:
T R R (412)

The group G, (A) operates on A, by:
o(Xd;a;) = Xd;aq; (4.13)
We define the following sets:
Jp(A) = {set of orbits from the action G,,(A4) on J,(A)} (4.14)

N,(A) = {isomorphism classes of Nilpotent Lie algebras of maximal rank, of Nilpo-
tency p such that

A= (Aij), 1,7 =1,...,n,is an associated G.C.M. (4.15)

From the above we have the theorem ([2.1]).
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Theorem 18 If A = (Aij)Li,j =1,...,n,is a G.C.M. and if p satisfies Hy and Ha,
then the Gy, (A) -orbits of J,(A) classify canonically the elements of N,(A). More
precisely, the map

is bijection and
O J,(A) = Ny(A), @1 :Gu(A). E— my(A)Bg
18 a 1nverse.

Therefore in order to find the Nilpotent Lie algebras of maximal rank, of Nilpo-
tency p such that A = (A;;), 4,5 = 1,...,n,is an associated G.C.M. we estimate the
elements of J,(A).

5 Constraction of Lie algebras by means of F}

Now, we consider the Cartan matrix Fy of the exceptional Lie algebras denoted also
Fy. Therefore F; has the form

2 -1 0 0
-1 2 -2 0

B=lo 12 2 (5-1)
0 o0 -1 2
The positive root system A, of Fy is following:
A+ = {al, ag,0s3, 04,01 + a2, a0 + as,as + aq, a1 + as + as, as + 2as, (52)

as + asz + a4, a1 + ax2asz, a1 + as + az + aq, as + 2a3 + ay,

a1 + 2as + ayg,as + 2a3 + 2a4, a1 + 2a22a3 + ay,

a1 + as + 2a3 + 2a4, a1 + 2a2 + 3as + a4, a1 + 2as + 2a3 + 2ay4,
a1 + 2as + 3as + 2a4, a1 + 2a2 + 2a3 + 2a9, a1 + 3as + 4as + 2ay4,
2a1 + 3ag + 4ag + 2a4}.

These roots, if we use the canonical base {a; = (1,0,0,0), as = (0,1,0,0), az =
(0,0,1,0), ag = (0,0,0,1)} of Z*, can be written

ap = Xi1=(1,0,0,0), (5.3)
a; = Xo=(1,0,0,0),
a3 = X3=1(1,0,0,0),
ag, = X4=(1,0,0,0),
a1+ax = X5=1(1,1,0,0),
az+az3 = Xg=(0,1,1,0),
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as + aq

a1 +az +as

as + 2az

a2 + as + aq

a1 + as + 2a3

as + 2a3 + ag

a1 +ag + a3+ aq

a1 + 2a9 + 2a4

a1 + as + 2a3 + aq
as + 2a3z + 2a4

a1 + 2as + 2a3 + a4
a1 + as + 2a3 + 2a4
a1 + 2as + 3az + a4
a1 + 2as + 2a3 + 2a4
a1 + 2as + 3a3 + 2a4
a1 + 2as + 4as + 2as
a1 + 2as4asz + 2a4+
2a1 + 3as + 4az + 2a2+

X7 =1(0,0,1,1),
Xg =(1,1,1,0),
=(0,1,2,),

X10 =(0,1,1,1),
X1 =(1,1,2,0),
Xlz =(0,1,2,1)

1,1,1,1),

1,2,0,2),

1,1,2,1),
X16 =(0,1,2,2

)

),
)

)

1,2,3,1),
1,2,2,2),
1,2,3 2),

7 )

(1,
(
= (
= (1,
= (
(
= (
(1,1,2 2),
=1,
= (
=1,
=(
=1,
= (2,

2)
1 2>,
2,3,4,2)
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In order to construct the ideals of m,(Fy), where p satisfies the conditions H; and
H, or to construct the ideals of A, and having the properties of (4.10) we must write
the root system explicitly using the relation § — a, it means, that there exists one

element a;, ¢ = 1,2, 3,4, of the base

{ay1,as,a3,a4} of Z* such that

8 = a+ a;, where ¢ one of {1,2, 3,4}

(5.4)

(5.5)

Proposition 19 5.4 Let Ay be the root system defined by (5.2) or equivalently by

(5.8). Write Ay using the relation (5.5).

Proof: From the form of the root system of A we obtain the following diagram:

Figure 5.1
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This figure allows us to construct the ideals of A, where p takes the values defined
by the conditions H; and Hs. It is known:

H : that p < pp,
H2 : Sup(—Aij +1/Z,j = 1,,1) SpF4 (56)
Where pp, the height of the heighest root. From (5.1) and (5.3) we conclude that:
3<p<11 (5.7)
Therefore we can construct nine Nilpotent Lie algebras my,(Fy), which are:
m3(Fy), ma(Fy), ms(Fa), me(Fa), mz(Fy), (5.8)
my(F1), mg(Fy), mio(Fy) and my1(Fy),

Proposition 20 Let Fy be the G.C.M. defined by (5.1). Describe the Nilpotent Lie
algebras my(Fy), p=3,...,11.

Proof: The Nilpotent Lie algebra ms(Fy) is given by
ma(Fr) = L (F1) [CY (L (Fy))
and by means of the theorem 4.5 takes the form:

m3(Fy) = H@<3Ia=KX1EBKX2EBKX3EB
KX4@KX5@KX6@

KX 0 KXs @ KXg®

10
KXo = _EBl Kx, whose dimensionis 10, that is dimmg(Fy) = 10.

The Nilpotent Lie algebra m4(F}) is described as follows
13
m4(A) :'@1 KXi

whose dimension is 13.
The other Nilpotent Lie algebra ms (Fy), me(Fy), m7(Fy), ms(Fy), mo(Fy), mio(Fa)
and mq1(Fy), have the form

16 13=8 20 21
ms(Fy) = ‘6_91 Kx,, me(Fy) = E_Bl Kx,, my(Fy) :‘6_91 Kx,, mg(Fy) :G_Sl Kx,,
22 23 2
mo(Fy) = ,6_91 Kx,, mio(Fy) :,@_91 Kx,, mi1(Fy) :'6—91 Kx,.

The dimensions of these Nilpotent Lie algebras are:
dim(ms(Fs)) = 16,dim(me(Fy)) = 19,dim(m7(Fy)) = 20,
dlm(mg(F4)) = 21,d1m(m9(F4)) = 22,d1m(m10(F4)) = 23,
dlm(mn(F4)) = 24.
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Let my,(Fy),v = 3,4,...,11, be the Nilpotent Lie algebras. The homogeneous
iideas 8 of m,(Fy),v = 3,4,...,11, which the properties described in (4.5), will give
the Nilpotent Lie algebras:

{m,(Fy)/f having properties described in (4.5) of maximal rank with Fj as an
associated G.C.M.}.

This problem is equivalent to determine the ideals E of
Ap,p=3,4,...,11,

with the properties A" ¢ E, a; — Ajja; ¢ E.

Problem 5.5 Determine the ideal E of A,, p = 3,4,...,11, with the properties
Aﬁ_ ¢ FE and a5 — Aijai % E.

Solution. Firstly, we define the basic chain N for F), which has the form

Q *Aijaia { 7&‘73 Zv] = 17233a4

where A;; are the entries of the matrix Fy given by (5.1). After some estimates we
have:
N ={a1,az2,a3,a4,a1 + az,as + as, a3 + aq, as + 2as}.

Now, we consider A,, p=3,4,...,11
A3=NU{G;1 +a2+a3,a2+a3+a2}zNuAi—{ag—i—Qag}:NUT3

where
T ={a1+az +az,az +az+as}
A4:NUTU{&1+a2+2a3,a1—|—a2+a3—|—a4}:NUT3UAi
As = NUTgUAiU{al+2a2—|—2a3,a1—|—a2+2a3+a1,a2+2a3+2a4}:
4 5
= ]\7UT3UA+UAJr
Ng = NUTgUAiUAiU{a12a2—|—2a3+a4,a1+a2—|—2a3—|—2a4}:

4 5 6
NUTSUA+UA+UA+
A7:NUTg&JAiUAiUAiU{al—|—2a2—|—3a3—|—a4,a1+2a2+3a3—|—a4,

7
a1—|—2a2+3a3+a4}:NUT3 U4Ai
=
7 8
Ag=NUT; U A U{ar+2a2 +3as+ a4} =NUT3; U Al
n=4 n=4
8 9
Ag=NUT3 U A U{ar+2a2+3a3+as} =NUT3 U AY
pn=4 pn=4
9 10
A10:NUT3 U Aiu{a1+2a2+4a3+2a4}:NUT3 U Ai
=4 n=4

10 11
A11:NUT3 U4Aiu{2a2+3a3+4a3+2a3}=NUT3 U4Ai
p= p=



Nilpotent Lie algebras of maximal rank 189

6 Calculations of the ideals

We calculate the ideals of A,, v = 3,4,...,11, and using the notation of (5.3) we
obtain

E1 = {X97X10},E2 = {Xg},Eg = {Xlo},Eg = {@} for Ag.

We can proceed with the same method as for Ag for calculations the ideals of the
others A,, v =4,...,11 and take under the consideration some of these ideals, used
for the quotient Lie algebras, give the same Lie algebras, then we represent only these
ideals which give the non-isomorphic 43 Nilpotent Lie algebras of maximal rank and
of type Fjy.

We list now the ideals and the generators of the corresponding Lie algebra respec-
tively.

—
e T (X1..... X} F}
—
{X10=(0,1,1,1)} {X1,..., X0} F}

{X8:(171’1’0)} {)(17"'a)(77)(9;)(10}}7‘4;:3
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{X8 = (1,1,1,0),
X1 =(1,1,2,0), {X1,..., Xo, X10, X13} F}!
X12 = (1717151)}

{X17"'7X9-,X11}F4£)

{X1,..., X0} F}

{X11=(1,1,2,0), ]
X12 = (17131;1)} {X17"'>X107X13}F4



Nilpotent Lie algebras of maximal rank 191

{X1,..., X190, X12} F}

{X1,..., X9, X12, X15} FY

{Xl, . ,X9,X127X15}F410

A

{XIQ = (07 1727 1)7

11
X13=(1,1,1,1)} {Xl,...,Xll,X14,...,X16}F4
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Xio = (0,1,2,1), .
X = (1,2,2,0), { X1, X1, Xu3, X16} Fy
X15 =1(0,1,2,1)}

;

X4 (1,’2,2,0)7 .
Xi5=(1,1,2,1), {X1,.., X0, X192, Xus} Fj
X16 = (0,1,2,2)}

{X12=(1,1,1,1),

X13=1(0,1,2,1), 14
X15 = (]_,1,2,]_)7 {X17'--7X11aX14}F4
X6 = (0,1,2,2)}

[
=<

1) {Xl,...,X127X14}F415
2)}
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{X13=1(0,1,2,1)} {X1,..., X192, X14, ..., X16} Fj

VIV VWY

X1a=(1,2,2,0), {X1,..., X10, X12, X13, X16} Fi 7
X5 =(1,1,2,1)}

% »
{X12 = (17171a1)7
X15:(1517271)7 {X17~'~7X117X137X14}F18
X16 =(0,1,2,2)}

\ :: »

{X1,..., X1, Xu3, X6} F°
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{X1,..., X9, X1u} FP°

{X1,..., X3} FF

{X12=(1,1,1,1),

Xlo:(17172;1))} {X1,..., X1, Xu3, X4, Xy} 2

{X14=1(1,2,2,0),

) ‘ 23
Xi5=(1,1,2,1)} {X1,..., Xu3, X16} F}
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{X1,..., X3, X5} F2*

i
i
{de - (1717271)a 05
X6 = (071a272)} {X17~~~7X14}F4
i
B
{14 =(1,2,2,0)} {X1,..., X13, X15, X16} F7°
il

b

AVAVAVARRVAVAV AR VAVAV AR YAVY)

{X15=(1,1,2,1)} {X1,..., X4, X16} FZ7

WA

{X16=1(0,1,2,2)} {X1,..., X5} F3®
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7

{Xl, e 7)(13,)(157)(167)(18}F429

{X16 = (07 1,2,2),

) 30
Xig=(1,2,2,2)} {X1,..., X5, X07} Fj

{X17 = (17 2,2,1
Xig = (17 1,2, 2)

, {X1,..., X6} F3!

o~

{Xl, Ce ,X15,X177X19}F52

{Xi7 = (1,2,2,1)} (X1, Xi6, Xis, - Xao} FP



Nilpotent Lie algebras of maximal rank 197

/

{X18:(1;17272)} {Xla"'7X177X197X20}F24

/

&
{X18 - (1717272)7 a5
Xo0 = (1,2,2,2)} { X1, X7, Xuo} F
L
L‘K"\-\\\__ | .
w
{X19 = (1;27371)a 36
X20 = (1,2,2,2)} {X17---7X18}F4
L
l\-\\"\-\\_\“ .
X1 = (1,23, )} {X1,.. ., Xug, Xoo} Y7
&
l\h\\"‘-\__ .

WA

{X20=(1,2,2,2)} {X1,..., X190} F3®



198

Gr. Tsagas
{Xa1 = (1,2,3,2)} {X1,... Xoo} F}?
{XQQ = (1727472)} {Xl 77777 XQI}Ffo
i
{X23:(17374’2)} {Xla---7X22}sz1
{X24 - (273747 2)} {Xl 7777 X22}FZ§2
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7 Elements of the Lie algebras F}

We have estimated the above 43 Nilpotent Lie algebras of maximal rank and of type
F,. In this section we determine the structure constants of these Lie algebras and
give some other elements, which are the following.

(I) We write each F*, A =1,...,43, as a quotient Lie algebras that means

FAI\ = ma(A)/ﬁ

where a = 3,...,11 and 8 an ideal of m,(a).
(IT) We give the dimension each of the Lie algebras F', A =1,...,43.
(IIT) We compute the sequence

A A A
{v1,03,... v,

where v} = dim(C; 1 F)i=1,...,p

p + 1 is the nolpotency of F, A =1,...,43.

(IV) Briefly we note the Lie brackets by form [t] where ¢ is a positive integer which
runs from 1 to 60. Therefore for Fy, whose Lie brackets are

1] = [X1,Xs]=—X5,[2] = [Xo, X3] = — X6, [3] = [X3, X4] = — X7,
6] = [X3,X5]=—-2Xy

we have its representations by

The Lie brackets of F} are valid for F? having two new non-zero Lie brackets
denoted by
[7] = [X2, X7] = — X190, [8] = [X1, Xo| = Xo.

Therefore F} is characterized by

For thee Lie algebra F} some of the previous Lie brackets do not appear however
for this new Lie brackets appear:

[4] = [X1, X6] = — X5, [5] = [X3, X5] = Xs.
Hence F} is characterized by
Fy {1, (6]}
Therefore for each Lie algebra Fi‘, A=1,...,43, we write the Lie brackets in the

form:
{1, 12],-..,}.
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Now, we give the list of FZ;\7 A=1,...,43, with all the elements which have been
referred above.

F} : F} =m3(Fy)/Lx, ® Lx,,, (8,4,1), dim F} = 8.

(1] = [X1,Xo]=—X;5,[2] = [X2, X5] = =X, [3] = [X5, Xu] = — X7,
6] = [X3,X5]=-2X9
Ff AN, 03], 6]}
F}:F? =my(Fy)/Lx,, (9,5,2), dim F7 =9
[7] = [XQ,X7] —)(107 [8] [Xl,Xg] X10
Fp AN, 31, [6], ..., [8]}
F4 F4 —777,3(.14—14)/.[/)(107 (975 ) dlmF4 —9
[4] = [X1, X6] = — X5, [5] = [ X3, X5] = X5
F}-{Q1],....[6]}

F}: Fl =my(Fy)/Lx, ® Lx,, @ Lx,,, (10,6,3,1), dim F; = 10
[14] = [X3, X10] = —X13, [15] = [X4, Xo] = X13, [16] = [X6, X7] = X13
FfA[, - 3], (70, [14], [16]}

Fy: F) =my(Fy)/Lx,, ® Lx,, ® Lx,,, (10,6,3), dim F} = 10
[9] = [X4, Xo] = —X11,[10] = [ X3, Xg] = —2X11
Fy {1, [6],[7),[9], [10]}

FY: F) =my(Fy)/Lx,, ® Lx,, ® Lx,,, (10,6,3), dim F§ = 10
Fp:{[1],..., 18]}

F]: F] =my(Fy)/Lx,, ® Lx,,, (11,7,4,1), dim F} =11
Fl:{[1],...,[8],[14],...,[16]}

FP: F} =my(Fy)/Lx,, © Lx,,, (11,7,4,1), dim F§ = 11
[11] = [X]_,Xlo] = —X12, [12] = [X4,X8] = Xlg, [13] = [X5,X7] = —X12
ESA[],...,[8],[11],...,[13]}

F): F] =ms(Fy)/Lx,, ® Lx,, ® Lx,; ® Lx,, ® Lx,,, (11,7,4,2), dim F} = 11
(17] = [X2, X11] = —X14, [18] = [X5, X7] = X14,[19] = [X6, X5] = —X14
Fy - {[1],...,[6],19], [10], [11], [14]}

F°: F}° =ms(Fy)/Lx, ® Lx,, ® Lx,, ® Lx,, ® Lx,,, (11,7,4,2,1), dim F;* = 11
FP {1, ., [3,16],-- -, (8], [14], . .., [16]}
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FiV:FY =mg(Fy)) @ Lx,, ® Lx,,, (11,7,4,1), dim F}' = 11
—[X5, X7] = —[X4, Xg] = [X1, X10] = X11
Fit (), [2],- -, [10]3
Fj2: F}2 = ms(Fy)/Lx,, ® Lx,, ® Lx,, ® Lx,s, (12,8,5,2,1), dim F}2 = 12
[24] = [X4, X13] = —2X16, [25] = [ X7, X10] = 2X 16
Ff2 (1), (8], [14], [15], [24], [25]}
Fj3: F{® =ms(Fy)/Lx,,, (12,8,5,2,1), dim F}3 = 12
EP {1, 8,11, ..., [16]}
F}: Fi* = mgs(Fy)/Lx,,, (12,8,5,2), dim F}* = 12
FM ), .., [10],[14], ..., [16]}
Ff°: F® =ms(Fy)/Lx,, ® Lx,, ® Lx,, ® Lx,,, (12,8,5,2)dim F}® = 12
ES - {[1),...,[10],[17],...,[19]}
Fi%: F{% =ms(F,)/Lx,,, (12,8,5,2), dim F;® = 12
FiO {1, 18]}
F}7: F})" =ms(Fy)/Lx,, ® Lx,, ® Lx,,, (13,9,6,3,1), dim F}” = 13
E7 AN, 8], (1], ., [16], [24], [25]}
Ff®: F{® =ms(Fy)/Lx,, ® Lx,, ® Lx,,, (13,9,6,3,1), dim F;® = 13
EB{[1),...,[10],[14],...,[19]}
F°: F{® =ms(Fy)/Lx,, ® Lx,, ® Lx,,, (13,9,6,3,1), dim F;° = 13
Fi2 {1, ..., [10], [14], [16], [24], [25]}
F20: F20 = ms(Fy)/Lx,, ® Lx,, ® Lx,,, (13,9,6,3,1), dim F2° = 13
F2 . {[1],...,[13],[17],...,[19]}
F# . F2 = mys(Fy)/Lx,, ® Lx,; ® Lx,,, (13,9,6,3), dim F7! = 13
FPU [, 6]}
F¥ . F?* =ms(Fy)/Lx,, ® Lx,,, (14,10,7,4,2), dim F?? = 14
F#2:{[1],...,[10],[14],...,[16]}
F3 . F# =mgs(Fy)/Lx,, ® Lx,., (14,10,7,4,1), dim F?® = 14
FEP [, [16], [24], [25]}
F# . F2* = mgs(Fy)/Lx,, ® Lx,q, (14,10,7,4,1), dim F?* = 14
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[20] = [X31,X13] = —X1s5,[21] = [ X3, X12] = — X715, [22] = [X4, X11]

= X157
23] = [X7,Xg]= X5

FPUA{Q,- L [16), 210, . (23]
=ms(Fy)/Lx,, ® Lx,q, (14,10,7,4,1), dim F?° = 15
FP AL, 7))
F#: F#% = ms(Fy)/Lx,,, (15 11,8,5,2,1), dim F;® = 15
Fo {1, [16],[20], ..., [25]}
F¥ . F¥" = ms(Fy)/Lx,,, (15,11,8,5,2,1), dim F?" = 15
F{T (1), [19), . [24], [25], )
=ms(Fy)/Lx,,, (15,11,8,5,2),dim F{® = 15
F2 . {[1],...,[23],}
F2 . F? = mg(Fy)/Lx,, ® Lx,.,(16,12,9,6,3,1),dim F?° = 16
[31] = [X1, X16] = —X1s, [32] = [X4, Xi5] = —2X3s, [33] = [X7, X12] = —2X3
FP2 1), [16), 200, - ., [25], [31], .., [33]}
F3 . F = mg(Fy)/Lx,s ® Lx,s, (16,12,9,6,2), dim F;° = 16

25 . 1725
F2 . F?

F3 . F?®

[X2, X15] = —X17,[27] = [ X4, X14] = X17,[28] = [ X5, X13] = X7
[29] = [X¢, X12] = —X17,[30] = [X5, X10] = X17
F3O . {[1],...,[23],[26],...,[30]}
F3 . B3 = mg(Fy)/Lx,, ® Lx,s, (16,12,9,6,3), dim F3' = 16
FP{[),...,[25]}

F2: F§2 = mg(Fy)/Lx,s ® Ly, © Ly, (17,13,10,7,4,3, 1), dim F§? = 17

(34] (X3, X17] = X190, [35] = [X7, X14] = X190, [36] = [Xo, X12] = —X10
B7 = [Xi0,X11] =X
FP2{[1],...,[23],[26],...,[30],[34],...,[37]}
F33 . F33 = my(Fy)/Lx,,, (17,13,10,7,4,2,1), dim F3® = 17
F3 . {[1],...,[25],[31],...,[33]}
F}Y F3 = ma(Fy)/Lx,,, (17,13,10,7,4,2), dim F3* = 17

F3 o {[],...,[30],[28],...,[37]}
mr(Fy)/Lx,s ® Lx,,, (18,14,11,8,5,3,1), dim F}° = 18

FEP . {[1],...,[30],[34],...,[37]}

35 . ;35 __
FP . FP =
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F36 . F3 = my(Fy)/Lx,, ® Lx,,, (18,14,11,8,5,3), dim F3° = 18
F35 . {[1],...,[33]}
F}T FJT = my(Fy)/Lx,,, (19,12,9,6,4,2,1), dim F}7 = 19

[38] = [X27X18] = _XQO; [39] = [X4,X17] = —2)(207 [40] = [X57X16] = X20
[41] = [Xi0,X12] = 2X>5
E}{[1],...,[33],[38],. .-, [41]}
F3 . FP® = my(Fy)/Lx,,, (19,15,12,9,6,4,2), dim F® = 19
FEA1),...,[37]}
F: F} = mg(Fy)/Lx,,, (20,16,13,10,7,4,2), dim F;* = 20
FP AN, 37}
F0: F{° = mg(Fy)/Lx,,, (21,17,14,11,8,5,3,1), dim F;° = 20
[42] = [X3,Xa0] = Xo1, [43] = [ X4, X19] = X1, [44] = [X6, X1s8] = Xo1
[45] = [X77X17] = _X21, [46] = [XSaXlﬁ] = _X21’ [47] = [X107X15] = _X21
[48] = [Xi2,X13] = —Xo

[49]
[52]

FO {1, .., [48]}
FM o FY = mio(Fy)/Lx,,, (23,18,15,12,9,6,4,2,1), dim F' = 22
= [X3,X91] = —2X5,[50] = [X7, X19] = —2X29, [51] = [ Xy, X15] = X2
= [X11, X16] = —X22,[53] = [X13, X15] = Xoo
F A, B3]}
F}2: F2 =my(Fy)/Lx,,, (23,19,16,13,10,7,5,3,2,1), dim F;}? = 23
= [X9, Xo9o| = —2X>3,[55] = [X6, Xo1] = —2X23, [56] = [X9, Xoo] = Xo3
= [Xi0, X19] = —2X03, [58] = [X13, X17] = —2X33, [59] = [X14, X16] = — X3
F2 {1, .., [59]}
F3: Ff3 = mq(Fy)/{0}, (24,20,17,14,11,8,6,4,3,2,1), dim F® = 24
= [X11, Xa3) = — X4, [61] = [X5, Xoo] = — X4, [62] = [X5, Xo1] = —2X0o4

= [X11, Xoo] = Xo4, [64] = [X12, X19] = —2X04, [65] = [X14, X18] = —Xo4
= [ X4, X13] =2Xoy

FB - {[1],...,[66].

From the above we have the following theorem.

Theorem 21 Up to isomorphism, Fy, v = 1,...,43, defined above, are the only
Nilpotent Lie Algebras of maximal rank with Fy as an associated G.C.M.
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