
CONFARMALLY FLAT MANIFOLDS AND

SPECTRA OF ELLIPTIC OPERATORS

Gr. Tsagas

Abstract

Let (M,g) be a compact Riemannian manifold of dimension n. We con-
sider a special self-adjoint elliptic differential operator on the cross sections of
Λq(M,<). We study the influence of the spectra of these operators on the con-
formally flat structure on M.
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. We consider the vector
bundle V = Λ1(M,<) from which we obtain the vector space of the cross sections
C∞(V ) of V. Let D be a self-adjoint elliptic differential operator on C∞(V ). This
operator has a spectrum. The aim of the present paper is to study the influence
of Sp(D,M), when D is one parameter family of operators, on the conformally flat
structure on M .

The whole paper contains three sections. The first section contains the introduc-
tion. The basic notions for a Riemannian manifold and conformally flat structure
are given in the second section. The third section includes the main results of this
paper. It gives the conditions under which the conformally flat structure on (M, g)
are detemined by two spectra.

2 Conformally flat manifold

Let (M, g) be a compact Riemannian manifold of dimension n. We consider a chart
(U, φ) with local coordinate system (x1, ..., xn). The Riemannian metric g on U has
the form
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g/U = gijdxidxj . (1)

The inverse matrix of (gij) is (gij). It is known that on the tangent bunlde T (M)
there exist the Levi-Civita connection ∇ which in local coordinate system

(x1, ..., xn,
∂

∂x1
, ...,

∂

∂xn
) (2)

can be expressed by the Cristoffel’s symbols

{Γk
ij}, i, j, k = 1, ..., n, (3)

where

Γk
ij =

1
2
ghk

(
∂gim

∂xj
+

∂gjh

∂xi
− ∂gij

∂xm

)
. (4)

On this Riemannian manifold we have the curvature tensor R, the Ricci tensor
Ric and the scalar curvature T which are defined in the known matter. The conformal
curvature tensor, which is called Weyl’s curvature tensor, is defined by

C(X,Y )Z = R(X,Y )Z − (X ∧ Y ) (L(Z) − L(X ∧ Y )Z) , (5)

where

L(W ) =
1

n − 2
Ric(W ) − T

2(n − 1(n − 2)
W (6)

and

L(X ∧ Y )W = g(Y,W )X − g(X,W )Y. (7)

It is known that M admits locally a conformal mapping into some open set of IRn,
which is the Euclidean space of n dimension, if and only, if

(I) C = 0 for n > 3 (8)

(II) C = 0 and L(DXL)(Y ) = (DY L)(X) for n = 3. (9)

The second condition of (9) which is the Codazzi equation for L, is satisfied auto-
matically for n > 3.

Let (U, φ) be a chart on the manifold with local coordinate system (x1, ..., xn).
The conformal curvature tensor C on U can be expressed as follows:

Cijk` = Rijk` −
1

n − 2
(Rjkδij − Rj`δik + gjkRi` − gj`Rik) + (10)

T

(n − 1)(n − 2)
(gjkδi` − gj`δik) (11)
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and the same time the second of (9) in local level can be expressed as follows

∇kLj` = ∇jLk`, (12)

where

Lij =
1

n − 2
Rij −

T

2(n − 1)(n − 2)
gij . (13)

We denote below pij instead of Rij .
The aim of this paper is to study conformally flat manifold of dimensions n > 3,

because the case for n = 3 has been studied in the ([6]). Hence we take under the
consideration only the case (8).

3 Influence of the spectrum of D1(ε) on the confor-
mally flat structure

We consider a compact Riemannian manifold of dimension n > 3. Let Λ1(M, IR) be
the vector space of exterior 1-forms on M . On Λ1(M, IR) we have two differential
operators, which are the Laplace operator ∆ and the Bochner Laplace operator B,
that is:

∆ : Λ1(M, IR) → Λ1(M, IR) and B : Λ1(M, IR) → Λ1(M, IR). (14)

From these two operators we construct the one parameter family of operators:

D1(ε) = ε∆ + (1 − ε)B : Λ1(M, IR) → Λ1(M, IR), (15)

D1(ε) : a → D1(ε)a, (16)

where 0 ¹ ε ¹ 1.
The 1-form a is called eigen 1 -form, if the following condition is satisfied

D1(ε)a = λa λ ∈ IR, (17)

and λ is called eigen-value associated to eigenvalue 1-form α. The set of all eigenvalues
is denoted by Sp(D1(ε)) and has the form:

Sp(D1(ε)) = {0 = 0... =< λ1 = ... = λ1 < λ2 = ... = λ2 < ... < ∞}. (18)

From (13) we form the function

f(t) =
∞∑

i=0

mie
−λ1t, (19)

where mi is the multiplicity of λi i = 1, 2, ... and m0 is the multiplicity of λ0 = 0.
The asymptotic expansion of the formula (18) yields
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f(t) ' (4πt)−
n
2

{
a0 + a1t + a2t

2 + a3t
3 + ...

}
, (20)

where

a0 = nV o`(M), (21)

a1 =
1
6

∫
M

(6ε − n)TdM, (22)

a2 =
1

360

∫
M

[
(5n − 60ε) T 2 +

(
−2n + 180ε2

)
|p|2 − (2n − 30) |R|2

]
dM, (23)

where T , p and R are the scalar curvature, the Ricci tensor field and the Riemannian
tensor field respectively.

Let G be the Einstein tensor field on the Riemannian manifold (M, g). The com-
ponents (Gij) of G with respect to the local coordinate system (x1, ..., xn) are given
by:

Gij = pij −
1
n

gijT, i, j = 1, 2, ..., n. (24)

From (10) and (23) we obtain:

|C|2 = |R|2 − 4 |p|2

n − 2
+

2T 2

(n − 1)(n − 2)
, |G|2 = |p|2 − 1

n
T 2. (25)

The relation (22), by means of (24), has the form:

a2 =
1

180

∫
M

[
B1(n, ε)T 2 + B2(n, ε) |G|2 + B3(n) |C|2

]
dM, (26)

where

B1(n, ε) =
180(n − 1)ε2 − 60n(n − 1)ε + 5n3 − 7n2 + 6n − 60

n(n − 1)
, (27)

B2(n, ε) =
180n(n − 1)ε2 − 2n3 − 4n2 + 8n − 12

n(n − 2)
, (28)

B3(n) = 2(n − 15). (29)

Now, we prove the following theorem.

Theorem 1 Let (M, g), (M, g′) be two compact Riemannian manifolds of dimension
n. There are two values ε1 and ε2 of the parameter ε such that Sp

(
D1

ε1
(M, g)

)
=

Sp
(
D1

ε1
(M ′, g′)

)
and Sp

(
D1

ε2
(M, g)

)
= Sp

(
D1

ε2
(M ′, g′)

)
then they imply that (M,

g) is conformally flat with constant scalar curvature T if, and only if, (M ′, g′) is
conformally flat with constant scalar curvature T ′ and T = T ′
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Proof. From the conditions

Sp
(
D1

ε1
(M, g)

)
= Sp

(
D1

ε1
(M ′, g′)

)
and Sp

(
D1

ε2
(M, g)

)
= Sp

(
D1

ε2
(M ′, g′)

)
, (30)

we obtain:

a0(M, g, ε1) = a0(M ′, g′, ε1), a1(M, g, ε1) = a1(M ′, g′, ε1),
a2(M, g, ε1) = a2(M ′, g′, ε1)

and

a0(M, g, ε2) = a0(M ′, g′, ε2), a1(M, g, ε2) = a1(M ′, g′, ε2),
a2(M, g, ε2) = a2(M ′, g′, ε2), (31)

which by means of (20), (21) and (22) yield:

V o`(M) = V o`(M ′), (32)

Theorem 2 ∫
M

(6ε1 − n)TdM =
∫
M ′

(6ε1 − n)T ′dM ′, (33)

∫
M

[
B1(n, ε1)T 2 + B2(n, ε1) |G|2 + B3(n) |C|2

]
dM =

∫
M

[
B1(n, ε1)T ′2 + B2(n, ε1) |G′|2 + B3(n) |C ′|2

]
dM ′, (34)

∫
M

(6ε2 − n)TdM =
∫
M ′

(6ε2 − n)T ′dM ′, (35)

∫
M

[
B1(n, ε2)T 2 + B2(n, ε2) |G|2 + B3(n) |C|2

]
dM =

∫
M

[
B1(n, ε2)T ′2 + B2(n, ε2) |G′|2 + B3(n) |C ′|2

]
dM ′, (36)

From (33) and (35) we obtain∫
M

TdM =
∫
M ′

T ′dM ′. (37)
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The relations (34) and (36) imply∫
M

[
A1 (n, ε1, ε2) T 2 + A2(n, ε1, ε2) |C|2

]
dM =

∫
M ′

[
A1 (n, ε1, ε2)T ′ 2 + A2(n, ε1, ε2) |C|2

]
dM ′, (38)

where

A1(n, ε1, ε2) = B1(n, ε1)B2(n, ε2) − B1(n, ε2)B2(n, ε1), (39)

A2(n, ε1, ε2) = B3(n)[B2(n, ε2) − B2(n, ε1)]. (40)

The roots of the equations

180n(n − 1)ε2 − (2n3 + 4n2 − 8n + 12) = 0, (41)

180(n − 1)ε2 − 60n(n − 1)ε + 5n3 − 7n2 + 6n − 60 = 0,

are the following:

x1 =

√
E

180n(n − 1)
, x2 = −

√
E

180n(n − 1)
, y1 =

Z +
√

H

360(n − 1)
, y2 =

Z −
√

H,

360(n − 1)
,

(42)
where

E = 2n3 + 4n2 − 8n + 12, Z = 60n(n − 1),

H = 3600n2(n − 1)2 − 720(n − 1)(5n3 − 7n2 + 6n − 60).

From these roots we have the inequalities

x2 < y2 < 0 < x1 < y1. (43)

Now, if we take
ε1 > y1 and x1 < ε2 < y1, (44)

then we have
B1(n, ε1) > 0 B2(n, ε2) > 0, (45)

B1(n, ε2) < 0 B2(n, ε1) > 0 (46)

and therefore

A1(n, ε1, ε2) > 0 A2(n, ε1, ε2) > 0. (47)

We assume that the manifold (M ′, g′) is conformally flat, that is C ′ = 0 and has
constant scalar curvature T ′.
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Therefore the relation (38) becomes∫
M

[
A1 (n, ε1, ε2) T 2 + A2(n, ε1, ε2) |C|2

]
dM =

∫
M ′

A1 (n, ε1, ε2)T ′ 2dM ′. (48)

From (37) and since T´ is constant we obtain:∫
M

T 2dM º
∫
M ′

T ′ 2dM ′. (49)

If we choose the two values ε1 and ε2 of the parameter ε such that they satisfy the
inequalities (45) and (46) then (48), by means of (47) and (49), imply

|C|2 = 0 which yields C = 0.

We also obtain T = T ′ = constant. 2
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