A FAMILY OF METRICS WITH STRICTLY
POSITIVE SECTIONAL CURVATURE ON A
RIEMANNIAN MANIFOLD
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Abstract

The aim of present paper is to find a family of metrics with strictly positive
sectional curvature on the Riemannian manifold Nf x N3, where N;, Ny are
special subsets of IR2.
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1 Introduction

The paper includes four sections which are organised as follows. The first section is
the introduction. The second section includes a study of some special Riemannian
metrics. In the third section we solve some special partial differential equations. The
last section contains a study of the sectional curvature.

2 Study of special metrics

Let IR? be a Euclidian plane with an orthogonal coordinate system (uy,u2) which as
we already know is covered with an atlas with only one chart. Let us also consider a
subset N1 C IR? which is defined as follows:

Ny = {(u1,u2) € IR?,0 < uy < 00, —00 < ug < o0} (1)
We consider a Riemannian metric on N7 which is defined as below

w1 ={wi1 = 1,w12 = wo1 = 0, w2y = u1 }. (2)
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The sectional curvature is given by the formula:

—Riju X' YIXFY! -
Kp(\) = ! —— 4,0, k=12 3
) Wikt — wiw;) XTYIXFYT 7 ®)
where P € Ny and X is a plane of Tp(Ny).
The components of curvature tensor are given by:

82%-;6 (92(4)]'1 _ 82wjk _ 82%1
OujOu;  Ou;Ou,  Ou;0up  OujOuy

1 ' S T S
Rijr = 5{ b= wrs {55 — T35 (4)

Using the above formula we have:
R =R o1 dR =R b (5)
= = an = =
2121 1212 10y 2112 1221 = g

and all the rest components of curvature tensor are zero.
In the sequence we get:

1
Kp()\):m >0,\V/P€N1, V)\ETP(Nl) (6)
1

Hence (Ny,w1) has strictly positive sectional curvature. We have similar results
for the subset:

N1 = {(us,uy) € IR3,0 < u3 < 00, —00 < Uy < 00} (7)

of another Euclidian plane IR3 with orthogonal coordinate system (u3,u4) and metric:

wy = {wsz = 1,w3s = wag = 0,wyq = us}. (8)

Consequently we obtain the following:

Proposition 1 The Riemannian manifolds (N1,w1) and (Na,ws) have strictly posi-
tive sectional curvature.

We now consider the Riemannian manifolds IR?*with orthogonal coordinate sys-
tem {uy, us, ..., ua, } and IR2) with orthogonal coordinate system {usx 1, Uswk 2, -, U2k 122 }s
Kk, A € N*. Each of them is covered with an atlas with only one chart. Let us consider
their subsets Nf', N3, which are defined as follows:

_ 2
N; = {(ul,u% ...,UQK) e IRln,O L UL, Uy eeey UDpe—1 < OO,
—00 <UL, Udy oovy U < OO},

9)

NP = {(ugn i1, Urt2, - Uarr2n) € TREN, 0 < Uy 1, Ugw i3, oy Uz p2r—1 < OO,
—00 < Up42, U2k 44y -y U221 < OO.

(10)
We consider a Riemannian metric on Ny* which is defined as below:
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hi={hy=1,1=1,3,....,26 — 1, hyy = u;—1,i = 2,4, ..., 2K, )
hij =0,i# j,i,5 =1,2,...,2K}.

Similarly on the Riemannian manifold N3 we consider the metric:

ho = {hii = 1,i = 26 + 1,2k + 3, ..., 26 + 2\ — 1,
his = ui—1,1 =2k + 2,2k + 4, ..., 25 + 2], (12)
hij=0,i#j,i,j =25 +1,26+2, ..., 2k + 27},

We easily find that the Riemannian manifolds (N7, hy) and (N3, ho) have positive
sectional curvature.
From the above we get:

Proposition 2 The Riemannian manifolds (Nf, hy) and (N3, he) have positive sec-
tional curvature.

On the Cartesian product N{° x N3 we consider a special monoparametrical family
of Riemannian metrics:

dii =1 +tf1,l = 1,37...,25 - 1,
di;;i = ui,1(1 + tfi),i =2,4,...,2K,
dit) =4 djj=1+tp;,j=2+1,26+3,...,26 +2X — 1, (13)
djj = Uj_l(l + t(pj),j =2+2,2k+4,...,2k + 2},
di; = 0,1 £ 5,0,5=1,2,...,2k + 2,

where

fi = fi(u2li+17u2r€+27 ...,UQ,H_Q,\),Z- = 1a 2a EEEP) 2Kk + 2Aa (14)
0; = @j(ur,ug, ..., u2),J =26+ 1,26+ 2, ..., 2k + 2

are arbitrary functions and —e < t < €, ¢ is a small positive number.

Our aim is to define f;,4 = 1,2,...,2rx and ¢;,7 = 26 + 1,2k + 2,...,25 + 2\ in
order that the Riamannian manifold (N§ x N3, d(t)) had strictly positive sectional
curvature.

It is obvious that:

d(0) = hy X ha. (15)

Let now P be an arbitrary point of N* x N3. We know that the sectional curvature
of a plane which is spanned by the vectors X and Y of the tangent space Tp (N} x N3')
is given by the formula:

_ (R(X,Y)X,Y)
X Y1 = (X, 7))

(X, Y)(t) = (16)

According to the Mac-Lauren theorem for the function of one vatiable o(X,Y)(t)
we can claim that:
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’ t " t2
o(X,Y)(t) = o(X,Y)(0) + 0, (X, Y)(O)ﬁ + 0, (X, Y)(O)a + ... (17)
From the formula (17) it is clear that the sign of o(X,Y)(¢) depends on the sign
of 0(X,Y)(0), if o(X,Y)(0) # 0 and t is a small positive number. In case where
a(X,Y)(0) = 0, the sign of o(X,Y)(t) depends on the sign of o,(X,Y)(0), since
t > 0. We also know [1, p. 287] that:

o(X,Y)(0),if X € Tp(N¥) andY € Tp(Ny). (18)

We have the following relation for o(X,Y)(t):

A(t)
X.Y)(t) = ——=—= 1
X0 = 55 (19)
where
A(t) = Rijpe XIYIXPY? i p=1,2, ..., 25 (20)
7,0 =26+ 1,26+ 2, ..., 2k + 2A
and
2K . 2K4+2X .
B(t) = 4{)_da(X')*H{ D d(Y7)*} >0, (21)
i=1 j=2r+1
because in this case (X,Y) = 0.
From the relation (19) we can obtain that:
A(0)
X.Y)(0) =0 — — 0 & A(0) = 0. 22
o(X,Y)(0) =0 < Bo) ¢ (0)=0 (22)
By derivation of (19) with respect to ¢ it holds:
, A'(0)B(0) — A(0)B'(0)
XY = - 2
Ut( ’ )(0) B2(0) ’ ( 3)
which due to (22) becomes:
/ A'(0)
X, Y)0) = ———=. 24
X)) =~ (24)
From the formula (20) we get:
A'(0) = Rijpo ()X YIXPY i p=1,2, .., 2k, (25)

7,0 =2k+1,264+2,...,26 + 2.

As known, the components of curvature tensor R;j,, are given by:
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a2diﬂ anjU azdjp 8 dZU r s T TS
Rijor = 5{8uj8ug Ou;0u, B 0u; Ouy 3u] } {F]pl—‘w B Fjorw} (26)
t,p=1,2,..,25,5,0 =26+ 1,26+ 2, ..., 2/<;+2)\

where I'; . I';, I/ I} are the Christoffel symbols of second kind.
From the form of the Riemannian metric given by the relation (13) we obtain:

djp =0,d;s = 0. (27)
Hence the formula (26) becomes:
1. 0%d; 0%d,
R.. - = = p jo dr 17 —T% 17
907 = 3 Guu, T Busw,’ e tiel e = TioTip): (28)
L,p=1,2,...,2k,j,0 = 2/-@—|—1 264+ 2,..,26 4+ 2.
It is known that the Christoffel symbols are given by the below formula:
1 od od ad,
Fﬁ _ 7d[j5 as Vs [e%% 29
Y2 ((Q)uy + Oug Oug ), (29)

where (d°*) is the inverse matrix of (dg;).
After some calculations the Christoffel symbols of the Riemannian manifold Ny x

N3 are given by the following formulas:

t 1 Oy f
— , forr=yj,
21+ ty; Ou, J
F;p = E 1 <9fp7 forr=p, (30)
214+tf, Ou;
0 in any other case,
t 1 Of; f
— or T =1,
21+ tf; duy’
Fz—a = t a(p” — (31)
— , for T =0,
21+ tp, Oug

0 in any other case,
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A

Jjo

1
27,7“750':‘]'—1,7‘:]'6{2;‘64-2,2/{4-47...72&4—2)\},
Uj—1

1
27,7"7£j:0—1,r:06{2/<;+2,2/<;+4,...,2/<c+2)\},
Ug—1

t 1 8g0j
L 1,3,...,26 — 1,

3Tvif ou " € r-1}

rZc=je€{26+1,2k+3,....26+ 2\ — 1},
t 1 8%-

——— T e {24, .., 2k),
2ur71(1+tf7“) aur : { Kj}
r#c=j€{2k+1,2k+3,..,2k+ 2\ — 1},
t Uj—1 8@]'

L 7 e (1,3, 26 — 1},

21+ tf, Ou, red n- L}
r#o=j€{26+2,25+4,..,26 + 2)\},

t Uj—1 8g0j

o=l P e (2.4, .., 2k),

2 (Lt i) Dy € b2
r£c=j€{2c+2,2c+4,....,2k + 2)\},
L G o= e {2h+22n 44,26+ 20}
— r = _ r o= K K K

21 +tp, / ’ Y ’

0 in any other case.

TEp=1—1,7=1i€{2,4,..,2kK},
i—1

2u11
77'7&1:0_177':/)6{14, 52’%}a
2u,_
{71 af
- T E{2k 41,2643, ., 26 4+ 2) — 1},
21+ts073’u77 {26+ 1,2k + K+ }
T#i=pe{l,3,..,2k — 1},
t 1 of,
S L 9 e 9k 42,2k + 4, .., 2k + 20,
(Lt ip,) o, | © A2 262
;=<7 7; zu: pE é},i’), w26 — 1},
i—1 i
- T {26+ 1,26 43,0, 26 + 2X — 1),
21+t<,0¢3urT {2k + 1,2k + K+ }
T4i=pe{2,4,..,2x},
t Uj—1 i

— T E {262,264+ 4, ..., 26 + 2)),
2u7_1(1+t¢7)8u77- {26+ 2,2k + K+ 2}
T#i=p€e{2,4,..,2x},
11+4+tf; . .

+1J =i— 1L, 7#£i=p€e{2,4,..,2k},

A
0, in any other case

231

(32)

(33)
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Rijij =

Rijpj =
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t 82 2%- tt L 0pj., 1 0fi,
uf}_z{l-i—tgoj(aiui) +1+tfi(3uj) b
16{1,3,...,2 1}j€{2/<;+1 2%+ 3.0, 26+ 2\ — 1},
t 82fi 8(,0] 1 8(pj
5{8U?+ J— 162} {] 11+t¢](8uz)
1 (afi)} E{Maﬂ}
1+tf; auj 471 +1tpj_q auj ’
ie€{1,3,.. 1}j€{2/§—|—2 2k +4, .., 25+ 27},
o 8fz 8@] 2 Ipj o L 0fi,
gl >} 4{1+tgpj(8ul) Ty (G,

t 1+tjf1 8%}
401 4tfioq Oui—q "’
i€ {2,4,. 2n},je{2n+12x+3 W26+ 2\ — 1},

t 82fi 0%p; 1 0p; .o
o luie " u? + uj—1 8u2} { U 11+t%(8u1)
1 8fz 1 +tfz 8% 1+t<,0j 8f1
ui— (5)% + *{ Uit U1y )
]. + tfl 871/] 1+ tfl 1 8uz 1 1+ t(pJ71 a’u],1
ic{2,4,.. 2&}]6{25—1—2 2k+4,...,2k+ 2]},
(34)
tPf ok L ofof  t of,
2 Ou;0u, uj—1 Ou; 4 1+ tfz Ouj Ouy  4uy—1 Ous
i={1,3,..,26—1},j #0,5,0 € {26+ 1,26+ 2, ..., 26 + 2)},
t > fi t of;  t* 1 90fi 0fi
Zu _ i i 35
QUZ 16uj8ug Uj_lu 18uj + 4U 11+tfi 8Uj 8ua+ ( )
I
4uy_1q Z_laug
i=2,4,...,2k,j #£0,5,0 €E{2k+ 1,2k + 3,...,2k + 2)}

Remark 2.1 In relation (35) the components written with bold characters appear
only in the case 0 = j — 1 and the components written with bigger characters appear
only in the case j = o — 1.

We also have:

Rijpj =

t Pp; ot oyt 1 Dpidey  t Dy
2 Ou;0u, Up—1 Ouyp 41 +tp; Ous Ou,  4ui—q Ouy
j=2k
t

2

—|—1 26+3,...,26+ 20— 1,i £ p,i,p € {1,2,..., 2k},
e t Op; 1 d; 3% N
Uj_1— + — U;
2 i- 18u18up Up—1 J laup 41+t 7= 18uz ou,
t 0p;
4U‘_1u‘j71T}
J={264+2,2k+4,...,26+2)\},i # p,i,p € {1,2,...,2K}.
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Remark 2.2 In relation (36) the components written with bold characters appear
only in the case i = p — 1 and the components written with bigger characters appear
only in the case p =i — 1.

From the form of the Riemannian metric given by the formula (13) we get:

Rijpo =0,i# p,j #0,i,p€{1,2,....,2k},j,0 = {26 + 1,26 + 2, ..., 26 + 2X}  (37)

3 Special partial differential equations

We consider the functions:

fi,i=1,2,...,2k and @;,j =26+ 1,2k + 2, ..., 2k + 2, (38)

so that they satisfy the following partial differential equations:

0% f;
auj{];u,, —0,i=1,3,.,26—1,j#0,j0 € {26+ 1,26 +2,...26 +2\},  (39)
& fi 1 9f;
- G 0i=1,3,. 26— 1,0 =j —1,
a’LLjan,1 Uj—1 Buj ! " 7 J (40)
Jo=9{264+1,2k+2,...,2k + 2\},
d*fi 1 9f
— =0,7=1,3,...2s—1,7=0—1
OuyOug_1  2Uy—1 OUuy ! e T L= (41)
Jo={264+1,2k+2,...,2k + 2)\},
up 1 2T 0,i=2,4,...,26,j #0,75,0 € {26+ 1,26 +2,...,26 +2)\},  (42)
) = b = b bR ) O—’ 70— b bR )
18uj8ug J J
% fi ui—1 Of;
. - —0,i=2,4,.., 26,0 = — 1;
Y lana’U/j,1 Uj—1 8uj ! e J (43)
Jo€{264+ 1,2k +2,...,2k + 2)\},
32f1 ui—1 Of;
i - — - =0,1=2,4,....2k, =0 —1
Uq laugau(j71 Uy 1 aua y 2 y Ay eeey 2R, ] a ’ (44)
j,0 € {264+ 1,264 2,...,2k + 2\},
D91 i o125 432 2N 1 i#pipe{l,2,..,2\},  (45)
= ZK ey - 4 ) by 9y ey ?
auiaup7j ) ) Py P

8%, 1 dp;
L PP0 0, =26+ 1,26 +3,..., 26 +2) — 1,
8up8up71 Up—1 8’pr

i=p—1,4,p€e{l,2,..,2K},
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82@3' 1 3@j
— — =0,57=2 1,2 3,...,2 22 —1
8’[1,1'811471 2’LLZ',1 8up ] it ’ A B e ’ (47)
p=i—1,4,pe{l,2,..,2x},
p;

Uj_1 Juro, =0, =2k4+2,26+4,...,26+ 2\, p # i, (48)

i,p€{1,2,...,2x},

6230]' Uj—1 8goj
. - L =0, =2k4+2,26+4,...,.26+2\ i =p—1,
Yi-1 Ou,0up—1 up—1 Ouy J it Rt et =r (49)

i,p€{1,2,...,2k},

ws 82%‘ Ui Oy,
]_187.142'871,1’,1 Us—1 8uz
i,pe{l,2,..,2x}.

=0,j=2k4+2,26+4,....26+ 2\, p =17 — 1,

(50)

A solution of the system of partial differential equations (39)-(50) is given below:

fi = ‘/1:7254'_1('[,625_}'_1),7: = 1,2,...,2% (51)

and

v =Vii(u),j =26+1,26+2,...,25 + 2. (52)

Remark 3.1 We note here that if the system of partial differential equations
(39)-(50) is satisfied, then the components R;ji», Rij,; of the curvature tensor will
have the form:

#_1 _0f: of;
41 +tf1 8Uj aug’
A0, o€ {26+1,26+2, ..., 26+ 2\}
£ L 9fi 0fi .
- Wi— ) :2747"'72 )
4U 11+tfi8uj8ug ‘ "
A0, jo €126+ 1,26+ 2, ..., 26 + 2\}

i=1,3,..,2k—1,

Rijio‘ = (53)

and

e AR 2k 41,26+ 3, 26+ 2\ — 1
41+t¢]8u7aup’j K+ y K+ I} 3 K+ ’
R — ’Lyé 0, Z7p S {1,2, ...,2:‘{}, (54)
ijei 21 D¢, o)
N & e B S Y Y RV I 5

i#p, i,pe{1,2,...,2K}.

From the formulas (53)-(54) we obtain:



A family of metrics with strictly positive sectional curvature 235

Rijio’(o) = Rijpj(()) = 0, i,p S {1, 2, ey 25},

Jyo €{26+ 1,26+ 2, ..., 2k + 2\}. (55)
From relation (34) we get:
1 82f1 0%p;
= 1,3,. -1
2 au 8 2 } E{ }7
je{2h+1,26+3,. ,2n+2A—1},
1, 0%f; D%, 1 9f;
- i ; 1,3,..,2k—1
28u3+u]1 1t 40u; 1’ €413, 2r 1),
€ {26+ 2, 2/€+4 26+ 2}
Ry =4 9522 32% ) (56)
Loy, O i€ {2,425,
2{’LL 18] } 46ui_1 ZG{ I{}
je{2m+1,2m+3 L2+ 2X\ — 1},
1 0% f; Pyj, 1 Of; 1 dpj
pti1guz T g g, T T
e (2,4, 2%}, j € {26 +2, 2& 4, ., 26+ 27}
From relation (37) it is also obvious that:
Rijpo(o) = Oai 7é pvj 7é U,i,p S {172a "'a2/€}a (57)

J,0 € {264+ 1,2k + 2, ..., 2K + 2}

Remark 3.2 Using the above formulas we conclude that the only non-zero com-
ponents R;;;;(0) are those given below:

1 ’ ’
§{V1,25+1(U2n+1) + Vi 2nt1(u1)},

, 1 0%f agp j=2k+1
lelj(o) = *{ j} = 1, ’ (I)
2" Ou? 8“1 §Vj,1(u1)v
J=2k4+3,264+5,...,2c+ 21 — 1,
1.,
5 Wiz (Uzesa) +
’ 1 anz 8 P2r+1 +Vl u i =1,
Rigntrion+1(0) = i{aug +1 ou? * b= 1V2,K+1’1( D} (II)

35 i,2n+1(u2f€+1)a
1=3,5,...,2k — 1,
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1 ,
5%‘,1‘/];1(%),

i=1,j =2k +4,26+6,.... 2 + 2\,

1 , 1
Juzet1Varp2a (W) + 3 Vg (e,

Rijij(0) =9 =1, =2k +2, (I11)

1 V1241 (U2n1),
1=3,5,...,26—1,j =26+ 2,
0 in any other case.

1 ,
SUi-1Vi g1 (U2er1),
j=2k+1,i=4,6,..., 2k,

1
Ut Va i (U2ern) + 2 Ve (),
Rijij(o): 1=2,7=2rk+1,

1_,
Zvj,l(ul)v
1=2,]=2k+3,26+5,...,26 + 2\ — 1,
0 in any other case.
1 /
TUj—1V; 1 (u1),
j=2k+4,26+6,...,2k + 2,7 = 2,

1
uiflvil,Qn-Q—l (u2k+1),

Rijij(0) =9 i =4,6,..,26:j = 26 + 2,

’ ]. ’
ZU25+1V2R+1,1(U1) + 1U1V2,25+1(u2n+1),
i=2,7 =2k+2,

0 in any other case.

4 Study of the sectional curvature

Using the formula (20) we have:
A'(0) = Ry (0)(X)*(Y7)* <0, (58)
i=1,2, .2k, = 26 + 1,2k + 2, ..., 26 + 2,
which is equivalent to o(X,Y)(0) > 0, because from (21) it holds B(0) > 0.
From relation (58) we obtain:

R;;;;(0) <0, Vi=1,2,..,26Vj =25+ 1,26 + 2, ..., 2k + 2)

and

, 59
R;;;;(0) <0, for at least pair (i, j) (59)
With i = 1,2, ..., 2k, j = 2k + 1, 2k + 2, ..., 2 + 2)\.

By considering cases I-V the system (59) becomes:
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1 ’ !’
*{Vl 2n1(U2r41) + Varig 1(u1)} <0,

1(u1) <0,j =2k+3,26+5,...,26 +2A — 1
A u%ﬂ) <0,i=1,3,...26— 1,
—uj1 V. u1)<03—2m+42/€—|—6 26+ 2,
u2f€+1‘/2n+2 1(u1) + Vl 21 (U2ky1) <0,
Vigwr1(U2ey1) <0,0=3,5,...,26 — 1,
— U 1V2,Q+1 (u2k+1) <0 1=4,0,.
SurVy 2nt1(U2ks1) + V2&+1(U1) <0,

V] (u1) <0,j =26+4+3,26+5,...,26 + 2\ — 1,

%
t
1
T
1
1
i

—u;— 1V 1(u1) €0, =26+ 4,26+ 6,...,25 + 2),

f
i

1 /
1“25+1‘/25+2,1(u1) + Zulv2,2n+1(u2f€+1) <0,

where in one at least case the strict inequality holds.
The functions:

—Uj— 1V 25+1(U2,{+1) S O,i = 4,6, ...,2I<L

’

Vi,2f;+1(u25+1) =0,7=2,4,..., 2k,

’

Vi anr1(U2k41) = iuagia + Bis aq, fi € IR, i <0,
P 1.3, 2 — 1,

1/;'71(“1) =0,7=2k+2,26+4,...,26 + 2,

le’l(ul) = QU +5jaaj75j € IR, oy < 0,
=2k 41,2643, 25+ 20 — 1

are a solution of the system (60).
Therefore the functions

fi,i=1,2,...,2k and @;,j =26+ 1,2k + 2, ..., 2k + 2,

can be the following:

ooyl + Bi, o4, Bi € IR, o <0,
fi= filuguy1) =1 1=1,3,...,26 — 1
0, 1=2,4,...,2r

237
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Ul —l—ﬁj,aj,ﬁj GIR,O&j <0
i=pju)=¢ j=2+1,26+3,..,26+2X -1 . (66)
0, j=264+2,26+4,...,26 + 2A

Consequently the family of metrics can be:

dii = 1+ t(ouaksr + Bi), i, Bi € IR, < 0,0 =1,3,...,2k — 1,
d“‘ = ui_l,i = 1,3, ...,2/4, - 1,

djj =1 +t(aju1 +ﬂj),05j,ﬂj S IR,Olj <0,
J=2k+1,264+3,...,26+ 2\ — 1,

djj = Ujfl,j = 2:‘$+272KJ+47...,2H+2>\,

dij =0, i#j, 1,5 € {1,2,...,26 + 2)},

which is an answer to our problem.
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