
Lorentz-type equations in first-order jet spaces
endowed with nonlinear connection

Vladimir Balan

Abstract. Sections 1 and 2 describe the notions of nonlinear and N -linear connec-
tion in first order jet spaces J1(T, M), point out relevant subclasses which include
the Cartan and Berwald connections and remind the 1-jet Lagrangian case for elec-
tromagnetism. In section 3 are derived the associated electromagnetic tensors and
the corresponding generalized Lorentz equations. It is shown that in the unipara-
metric case these equations confine to the already known ones of the tangent bundle
framework. Section 4 exemplifies by numerical simulation of the obtained Lorentz
equations, the deformation of geodesics to Lorentz curves as effect of the electromag-
netic field influence.
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1. Nonlinear connections on J1(T, M)

Let ξ = (E = J1(T,M), π, T × M) be the first order jet bundle of mappings
ϕ : T → M , where T and M are C∞ real differentiable manifolds with dim T = m,
dim M = n respectively. We shall denote the local coordinates in E by

(tα, xi, yA)(α,i,A)∈I∗ ≡ (yµ)µ∈I ,

where we use the notations

I∗ = Ih1 × Ih2 × Iv, Ih1 = 1,m, Ih2 = m + 1,m + n,

Iv = m + n + 1,m + n + mn, Ih = Ih1 ∪ Ih2 , I = Ih ∪ Iv.

The indices will implicitly take values as follows:

α, β, . . . ∈ Ih1 ; i, j, . . . ∈ Ih2 ; A,B, . . . ∈ Iv; λ, µ, . . . ∈ I.

When appropriate, for A = m + n + n(i − m − 1) + α, we identify A ≡
(

i
α

)

and

yA ≡ x(i
α) = ∂xi

∂tα .
A non-linear connection N = {NA

µ }µ∈Ih,A∈Iv on E provides a splitting [3]

TE = HE ⊕ V E, (1)
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and provides the local (adapted) basis of X (E)

B = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δµ}µ∈I , (2)

where we write briefly

δα = ∂α −NA
α δA, δi = ∂i −NA

i δA, δA = ∂̇A =
∂

∂yA , ∂α =
∂

∂tα
, ∂i =

∂
∂xi .

We denote as well the module of local sections of the sub-bundles HE and V E by
S(HE) = Span({δµ})µ∈Ih and S(V E) = Span({δµ})µ∈Iv respectively. The dual
basis of B writes then

B∗ = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δµ}µ∈I ,

where δα = dtα, δi = dxi, δA ≡ δyA = dyA + NA
α dtα + NA

i dxi.

2. N-linear connections on J1(T, M). Special cases
Consider on E a fixed non-linear connection and let ∇ = {Lλ

µν}λ,µ,ν∈I be a linear
connection on E. Then its coefficients relative to the adapted basis (2) given by

δλ(∇δν δµ) = Lλ
µν , ∀λ, µ, ν ∈ I. (3)

form 33 = 27 distinct subsets, according to the three sets of indices. Then the torsion
and curvature of ∇ are given respectively by

T (X, Y ) = ∇XY −∇Y X − [X,Y ],

R(X, Y )Z = ∇[X∇Y ]Z −∇[X,Y ]Z, ∀ X, Y, Z ∈ S(TE)

and have the adapted coefficients defined by the relations

δλ(T (δν , δµ)) = Tλ
µν , δλ(R(δν , δµ)δρ) = R λ

ρ µν , ∀ λ, µ, ν, ρ ∈ I.

In the following we describe the N -linear connections on E which preserve the
distributions related to the adapted basis, and point out some of their relevant classes.

1. As first particular case, we denote by Γ(N) the set of connections ∇ (called ”N -
connections”), whose coefficients form 3 · 22 + 3 = 15 generally nonvanishing subsets
related to the three index classes, due to the relations

Lλ
µν = 0, ∀ (λ, µ) ∈ (Ih × Iv) ∪ (Iv × Ih). (4)

Any such connection provides a covariant derivative which preserves S(HE) and
S(V E). Note that if E carries a metric structure, the Levi-Civita (metric and tor-
sionless) connection is not generally a member of Γ(N) [3]. It can be easily shown
that the associated torsion and curvature of a connection ∇ ∈ Γ(N) satisfy

Tω
BC = 0, ∀ ω ∈ Ih, B, C ∈ Iv,

R λ
ρ µν = 0, ∀ µ, ν ∈ I, (λ, ρ) ∈ (Ih × Iv) ∪ (Iv × Ih),

(5)
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and hence the torsion subsets reduce from 33 to 25 and the curvature ones from 34

to 5 · 32.

2. As second further subcase, we consider the special N-connections, i.e., the
connections ∇ whose covariant derivations preserve the distributions Span(δα)α∈Ih1

and Span(δi)i∈Ih2
. They have just 9 sets of generally nonvanishing coefficients, since

besides (4) they satisfy as well

Lλ
µν = 0, ∀ (λ, µ) ∈ (Ih1 × Ih2) ∪ (Ih2 × Ih1). (6)

A part of the curvature distinguished tensors vanish,

R λ
ρ µν = 0, ∀ µ, ν ∈ I, (λ, ρ) ∈ (Ih1 × Ih2) ∪ (Ih2 × Ih1),

and the number of torsion and curvature sets reduce to 12 and 18 respectively. Their
family, which we shall further denote by Γ∗(N), was intensively studied in [7], [5].

3. Among the connections Γ∗(N) we evidentiate the so-called ”Γ-linear h-normal
connections” denoted Γn(N), which depend on the four essential components

∇ ≡ (Lα
βγ , Li

jγ , Li
jk, Li

jA), (7)

and with the other 5 components provided further via

LA
Bγ ≡ L(i

α)
(j

β)γ
= δβ

αLi
jγ − δi

j

∣

∣
β
αγ

∣

∣ , LA
Bk ≡ L(i

α)
(j

β)k
= δβ

α

∣

∣

∣

i
jk

∣

∣

∣ ,

LA
BC ≡ L(i

α)
(j

β)C
= δβ

αLi
jC , Lα

βj = 0, Lα
βC = 0.

A connection ∇ ∈ Γn(N) has the number of torsion and curvature sets reduced to 9
and respectively to 7. Further, we endow E with a semi-Riemannian metric

G = hαβ(t, x)dtα ⊗ dtβ
︸ ︷︷ ︸

h

+ gij(t, x, y)dxi ⊗ dxj

︸ ︷︷ ︸

g

+ g̃(t, x, y)δyA ⊗ δyB

︸ ︷︷ ︸

g̃

, (8)

with g̃AB ≡ g̃(i
α)(j

β) = gij(t, x, y)hαβ(t). Within Γn(N), we evidentiate two linear

connections [7]:

a) The Cartan connection which is metrical and exhibits generally (for m > 1) just
8 torsion sets and 7 curvature sets, and 5 torsion sets provided that g is y-independent.
Its essential coefficients (7) specify to

Lα
βγ =

∣

∣

∣

α
βγ

∣

∣

∣ = 1
2hαε(δ{βhε}γ − δεhβγ),

Li
jγ = 1

2gikδγgkj , Li
jk = 1

2gil(δ{kgj}l − δlgjk),

Li
jA ≡ Li

j(k
γ)

= 1
2gil(δ(k

γ)gjl + δ(j
γ)gkl − δ(l

γ)gjk),

(9)
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where we use the notations τ[i...j] = τi...j − τj...i, τ{i...j} = τi...j + τj...i.

b) The Berwald connection, whose essential coefficients for g dependent on x only,
are

Lα
βγ =

∣

∣
α
βγ

∣

∣ , Li
jγ = 0, Li

jk =
∣

∣
i
jk

∣

∣ , Li
jA = 0, (10)

where we denoted by
∣

∣

∣

α
βγ

∣

∣

∣ and
∣

∣

∣

i
jk

∣

∣

∣ the Christoffel symbols of the metrics h and g
respectively.

On the other hand, regarding the construction of the nonlinear connection N on
E from preexistent geometric structures, we note that there are at least two special
cases when existing structures on E lead in a natural way to such a connection, as
the following two cases do.

a) If E is endowed with a metric structure whose (v, v)-block is nondegenerate
then there exists ([3, Prop. 6.1.1, p. 85]) a uniquely determined nonlinear connection
N such that in the adapted coordinates provided by N the metric rewrites as a 2-cell
metric

G =
∑

λ,µ∈Ih

gλµδyλ ⊗ δyµ + g̃ABδyA ⊗ δyB . (11)

A particular case is the one in which E possesses a Lagrangian L : E → R which
satisfies the regularity condition

rank
(

∂L
∂yA∂yB

not= g̃AB

)

A,B∈Iv

= mn; (12)

such Lagrangians were considered in [6], [7], [5]. b) If E is endowed with a Lagrangian
for which the metric g̃ = g̃ABδyA ⊗ δyB in (11) splits as

g̃AB ≡ g̃(i
α)(j

β) = gij(t, x)hαβ(t), (13)

where h = hαβ(t)dtα ⊗ dtβ , g = gij(t, x)dxi ⊗ dxj are sub-Riemannian metrics on
T ×M , then one can derive canonically a nonlinear connection from the considered
Lagrangian L [7]. In particular, for given g, h and for g̃ as in (13) and for U =
Ui(x)dxi a given 1-form on M , one may choose for L [6] the extended Lagrangian of
electrodynamics

L(t, x, y) = g̃ABδyA ⊗ δyB + UA(t, x)yA + Φ(t, x). (14)

In this case, the split metric g̃ in (13) is produced as well by the Lagrangian via
(12), and therefore L is called ”Kronecker h-regular Lagrangian”. Based on the two
metrics g and h and on the potentials UA only, one can build the nonlinear connection

N = (N(1
α)

β , N(1
α)

j ) of coefficients

N(i
α)

β = −
∣

∣

∣

γ
αβ

∣

∣

∣ xi
γ , N(i

α)
j =

∣

∣
i
jk

∣

∣ xk
α +

1
4
gik(2∂αgjk + hαβU(k

β)j), (15)
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where we denoted the h2-curl of U by U(k
β)j = δjU(k

β) − δkU(j
β).

3. The electromagnetic 2-form. The Lorentz equations

Consider that E is endowed with a nonlinear connection N , with the 3-cell semi-
Riemannian metric (8) and a fixed N -linear connection ∇ ∈ Γn(N). Then the deflec-
tion tensor fields produced by the Liouville field C = yAδA via

dA
µ = δA∇δµC, µ ∈ I, A ∈ Iv.

The derived electromagnetic 2-form is then

F̃ = F̃AµδyA ∧ dyµ, (16)

and has the components






































F̃Aβ ≡ F̃(i
α)β =

(

hαγgikxk
[γ

)

|β]

F̃Aj ≡ F̃(i
α)j = 1

2 (d(i
α)j − d(j

α)i =

= 1
2 (y(i

α)||j − y(j
α)||i = 1

2

(

xk
γhαγgk[i

)

||j] ,

F̃AB = 1
2 g̃[ACdC

B] = 1
2 g̃[ACyC

|||B].

(17)

where the raising/lowering of the indices was performed according to the index Ih1

or Iv type by h and g respectively, and we indicated by |α, ||i and |||B the covariant
derivations given by ∇δµ , for µ ∈ Ih1 , Ih2 and Iv.

We consider the tensor field associated to (16) of essential components

F = F µ
A δµ ⊗ δA, Fα

A = hαβF̃Aβ , F i
A = gijF̃Aj , FB

A ≡ FC
A = g̃CDF̃AD.

Then the Lorentz equations attached to G, N and ∇ have the generic shape

Gνρ
∇Vρ

ds
= F̃AνVA ⇔ ∇Vµ

ds
= F µ

A VA, (18)

where V = Vµδµ is the covariant velocity along the considered extended path of the
moving test-particle c : J ⊂ R → E, c(s) = (t(s), x(s), y(s)),∀s ∈ J . The components
of V are explicitely given by

{Vµ}µ∈I ≡
(

dtα

ds
,
dxi

ds
,
δyA

ds
=

dyA

ds
+ NA

β
dtβ

ds
+ NA

j
dxj

ds

)

(α,i,A)∈I∗

.

We have also denoted
∇Vµ

ds
not=

δVµ

ds
+ Lµ

νρVνVρ,
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and we shall use the dot notation for expressing the s-derivation. In detail, the Lorentz
equations have the form

ẗα +Lα
βC ṫβVC + Lα

jC ẋjVC + Lα
βγ ṫβ ṫγ+

+Lα
jγ ẋj ṫγ + Lα

βk ṫβ ẋk + Lα
jkẋj ẋk = Fα

BVB
(19)

ẍi +Li
βC ṫβVC + Li

jC ẋjVC + Li
βγ ṫβ ṫγ+

+Li
jγ ẋj ṫγ + Li

βk ṫβ ẋk + Li
jkẋj ẋk = F i

BVB
(20)

v̇A + NA
α ẗα +NA

i ẍi + LA
CβVC ṫβ+

+LA
CjVC ẋj + LA

BCVBVC = FA
B VB .

(21)

As well, one may consider the Lorentz h-paths, characterized by the relations

VA = 0, A ∈ Iv ⇔ δyA

ds
= 0 A ∈ Iv.

We note that, since the right side of (19)-(21) are identically vanishing, these curves
coincide with the usual h-paths of (E, N,∇).

As for the Lorentz v-paths, these have fixed base-point, i.e.,

Vµ = 0, µ ∈ Ih ⇔ (t, x) = (t0, x0) ∈ T ×M,

and hence the associated equations rewrite
{

Fα
BVB = 0, F i

BVB = 0

FA
B VB = v̇A + LA

BCVBVC .

As a particular case, when g depends on x only, the nonvanshing Cartan connection
coefficients are

Lα
βγ =

∣

∣

∣

α
βγ

∣

∣

∣ , Li
jk =

∣

∣

∣

i
jk

∣

∣

∣

LA
Bγ ≡ L(i

α)
(j

β)γ
= −δi

j

∣

∣
β
αγ

∣

∣

LA
Bk ≡ L(i

α)
(j

β)k
= −δβ

α

∣

∣

∣

i
jk

∣

∣

∣ .

We choose the nonlinear connection (15) induced by the Lagrangian (14). In this
case, the electromagnetic tensors are

Fα
A ≡ Fα

(i
β)γ

= 0

F i
A = gijF̃(k

al)j = − 1
4gijU(k

α)jmmFB
A = − 1

2δB
A .
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Hence the Lorentz equations (19)-(21) rewrite

ẗα +
∣

∣

∣

α
βγ

∣

∣

∣ ṫβ ṫγ = 0

ẍi +
∣

∣

∣

i
jk

∣

∣

∣ ẋj ẋk = − 1
4gijU(k

α)jy(k
α)

v̇A = − 1
2yA.

Note that in this case (g dependent on x only), the Berwald connection has the same
coefficients as the Cartan connection, and hence the associated Lorentz curves, h- and
v-paths are described by the same equations. The Lorentz h-paths obey the extra
equations ẏA + NA

β ṫβ + NA
j ẋj = 0, which write explicitely

ẏ(i
α) −

∣

∣

∣

γ
αβ

∣

∣

∣ y(i
γ)ṫβ +

(

∣

∣
i
jk

∣

∣ y(k
α) +

1
4
gikhαβU(k

β)j

)

ẋj = 0.

The Lorentz v-paths for the Cartan connection satisfy just the extra condition −VA =
v̇A, having as solutions the curves (t0, x0, yA = kA

1 e−s+kA
2 ), s ∈ R , with (kA

1,2 ∈ Rmn,
semilines within the fibers of E, the linear geodesics of the flat fiber.

We consider a typical particular case, when m = 1 and s = t1 = t, where we use
the Finsler-Lagrange tangent space notations from [3]. Shifting the indices left by one
unit (Ih2 = 1, n, Iv = n + 1, 2n), we have yA ≡ y(i

1) = dxi

dt
not= yi, and set locally

h11 = 1. For the Lagrangian (14) we consider its particular form

L = mcγijyiyj +
2e
m

Ai(x)yi, (22)

where γij is a pseudo-Riemannian metric and A = Aidxi is a 1-form on M . The
fundamental tensor derived from L via (11) is then

g̃(i
1)(j

1)(t, x, y) = gij(x) = mcγij(x).

The non-linear connection induced locally by the metrics h = 1dt⊗ dt and g, has the
components

NA
1 = 0, NA

i =
∣

∣
i
jk

∣

∣ yk + gikU(k
1)j .

In this case, the Cartan and Berwald canonic connections have just null and Christoffel
(re-indexed) components, as can be seen from (9) and (10) respectively. Choosing for
∇ the Cartan connection, the Lorentz generalized equations (20) confine to the known
ones of Lagrange spaces ([3]) and coincide with the equations of the Lagrangian spray
Gi described above. They have the equivalent form [2, p. 171]

ẍi + 2Gi(x, y) = 0, yi =
dxi

ds
, (23)

with Gi = 1
2γi

jkyjyk + e
2m2cγijA[j;k]yk, where ”; k” expresses the canonic covariant

derivative on (M, γij). We note that in the absence of the electromagnetic force FµA ,



112 Vladimir Balan

the equations (18) become the equations of stationary curves of the connection ∇.
In the particular case m = 1, s = t1, h11 = 1, we also note that in the absence of
N for Cartan connection, or for the Levi-Civita connection on E, the equations (18)
produce the equations of geodesics of the manifold M .

4. Numerical simulation for Lorentz curves in Lagrangian case

For m = 1, T = R , h11 = 1, n = 2 and M = H = {(u, v) = (x1, x2) | x2 > 0} ⊂ R2

the Poincare semiplane endowed with the Lagrangian (14) where the h2-metric and
the potentials are respectively given by

γij(x) =
1

(x2)2
δij , A = ε(−x2dx1 + x1dx2), (i, j = 1, 2, ε ∈ R), (24)

we obtain F 1
2 = −F 2

1 = εe
m2c (x2)2, and the Lorentz equations rewrite, after denoting

λ = εe
m2c and appropriate rescaling of coordinates,











d2x1

ds2 +
∣

∣

∣

1
jk

∣

∣

∣

dxj

ds
dxk

ds = λ(x2)2 dx2

ds

d2x2

ds2 +
∣

∣

∣

2
jk

∣

∣

∣

dxj

ds
dxk

ds = −λ(x2)2 dx1

ds .
(25)

Since the Christoffel symbols of (M, γ) are

∣

∣
1
12

∣

∣ =
∣

∣
1
21

∣

∣ =
∣

∣
1
22

∣

∣ = −1
v
,

∣

∣
2
11

∣

∣ =
1
v
,

the Lorentz equations rewrite briefly
{

ü− 2
v u̇v̇ = λv̇v2

v̈ + 1
v (u̇2 − v̇2) = −λu̇v2.

Using Maple V programming techniques one can visualize for different values of λ ∈
R the influence of the electric potentials Ai(x) in (24) on the sheaves of geodesics
of M (obtained for λ = 0, Fig.1), and perceive for nonvanishing values of λ their
deformation into Lorentz curves (λ ∈ {±512,±1024}, Figs.2-5).1

Fig.1. Lorentz Paths [case λ = 0: Poincare geodesics]

1In multiple-sheaf images, thick lines denote Poincare geodesics; the thin lines depict the Lorentz
paths - Poincare geodesics deviated under the influence of electromagnetic force.
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Fig.2. Lorentz Paths [case λ ∈ {0, 512}] Fig.3. Lorentz Paths [case λ ∈ {0, 1024}]

Fig.4. Lorentz Paths [case λ ∈ {0,−512}] Fig.5. Lorentz Paths [case λ ∈ {0,−1024}]
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