Killing symmetries of Einstein equations
in geometrized fibered framework
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Abstract. In the framework of geometrized jet bundles of first order, the pa-
per presents the extended Einstein and Maxwell equations with sources, and
generalize the classical Killing equations for the case of adapted Cartan connection,
emphasizing the non-holonomy and presence of torsion.
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1. Einstein equations with sources in J!(T, M)-geometrized framework

Consider two real C*> differentiable manifolds 7" and M are (dimT = m, dim M =
n). Let ¢ = (E=JYT,M),m,T x M) be the first order jet bundle of mappings
@ : T — M, with local coordinates on E

(taa 'ria yA)(a,i,A)EI* = (y‘u)uel,

with I, = I, X I, x I, and

In, =1,m, In,=m+1m+n, [, =m+n+1m+n+mn, I, =1, Ulp,, I =I1UL,.

The indices will implicitly take values as follows:
o,B,... €y 4,4,...€1n,; AB,...€ly; A\p,...€1.
Throughout the paper we shall identify a given index A=m+n+n(i—m—1)+a to

i

A= (1) andyAEx(a)— Ox”

a - ote

The non-linear connection N = {N;:l}llelhﬂ461v on E provides the splitting [2]
TE=HE®VE, (1.1)

and the local adapted basis of X (F)

B = {0a;0i,04}(a,i,A)er. = {0u}tpers (1.2)
where we denoted

0
yA’
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and 0, = %, 0; = 6‘2,1-. We remark that these span the modules of local sections,

S(HE) = Span({6,})per,, S(VE) = Span({d,})uer, -
The dual basis of B writes as well
B* = {504’ 5i75A}(a,i,A)EI* = {5M}M€I7

where 6% = dt®,§' = da’, 64 = oy = dy? + NAdt™ + N/da'.
Consider on E a fixed non-linear connection and let V = {Lﬁu}k,#,vel be a linear
connection on E. Then its coefficients relative to the adapted basis (1.2) are given by

§MVs,0,) = L,

A YA v €1 =1 Uy, UL, (1.3)

and generally form 3% = 27 distinct subsets, according to the three subsets of indices.
The torsion and curvature

T(X,Y)=VxY -VyX - [X,Y],

R(X,Y)Z =V xVy1Z -V ixy1Z, VX,Y,Z € S(TE)
have the adapted coefficients defined by

NT(5,,8,)) = T)

pv

6A(R(5U76#)5P) =R A v )‘7#3 v, p €l

—p oo

Within the set of linear connections on E we evidentiate the ones (called N-
connections) which preserve the distributions related to the adapted basis and have
hence just 9 nontrivial sets of coefficients, since

Li\w =0, V ()\,M) S (Ih X Iv) U (Iv X Ih) U (Ihl X IhQ) U (Ih2 X Ih1>,VV el. (14)

Among them, a central role is played by the so-called ”I'-linear h-normal connections”
[4], which depend on the four essential components

V=(Lg, L}

Jv?

and whose the other 5 nontrivial components given by

a ) i i|8 A _ (&) sl
Ly, = L({;)w = (Sng,Y =05 lony|s L = L(g)k =0q |jk|-
() :
Lio = L(é)o = 6gL;C, L3, =0, Lj-=0.
Further, if F is endowed with a semi-Riemannian metric
G= hozﬁ(t, m)dta & dtﬁ +g'Lj (ta z, y)d‘rz by dxj +gAB (ta x, y)dyA ® 5va (16)

h g 9
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with the vertical part given by the Kronecker product

9a5 = 93 = 9 (62, YD),

iy(7
a/\B

then E naturally admits the Cartan linear connection which is metrical and has,
for m > 2, just 8 nontrivial sets of coefficients for torsion and 7 curvature sets for
curvature. Its essential coefficients (1.5) are

[e3

By
Li =590k, Liy = 59" (Ogiy — igin), (1.7)

L§, =

= 30 (Opheyy = 0chsy),

L;-A = L;(E,) = %gil(é(ik)gj}l - 5(%)gjk),

where we use the notations 7j;.. ) = 7i..j — Tj..4, T{i..j}) = Tio.j + Tj..4-

Tts essential torsion coefficients are given by [4]

(&) _ (&) i i
T 0y = 0N - SoLY., + 8515,
() _ o NG e
T, )= 8(;3)Nk —08LE,
) s g (18)
T, =8/Li 8L
() (&) TG TR
Tﬁlj - _Llﬁj) TJ?A :L§A
A _ A A A A _ A
Tgy = 0 Ngp, Ty = 0Ny 1,75 = 0 N

.. . )\ . .
and the nontrivial non-holonomy coefficients wy,, are provided by the relations

[5#’511] = wﬁu(sA = T:‘y(sAv Vu,v € Ip,
[514763] = w;‘B(SA = BBNI;“éA, Vu € Iy,.
As well, the nontrivial essential curvature N-tensor fields are
R = 95 L + L, Ly
i _ i B i i A
Ry, = a[ijm] + Lj[mLBk] + LTy

i i i i A

Ry, = O Li + L5 Ly + L T, Ve I, (1.9)
i i i i mB

R;' a0 =0aLj, — LjAlu + LT,

Rjiop = OpLicy + LEcLip, Yue I
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and

R

() _ppi
() ua = OLRS Y E T
where we denote by |a, |i and [A the covariant derivations given by Vs , for
€ In,, In, and I, respectively.

Then the associated Ricci N-tensor fields are
_ pY . _ pk
Rop = Raﬁw Rio =R

iak?
Riys =R Rey; = Rijuy R

ij (&)’

R;j = Rfjka Ria = _Rij
(1.10)

@) = By

and the scalar of curvature R = Ry, + Ry + R,,, where

k
iB(%)’

Ry =h*"Rag, Ry =g"Rij, R,=g""Rap.
Then we have the following result:

Theorem 1. a) Within the framework of first-order geometrized jet spaces en-
dowed with arbitrary nonlinear connection, vertical Kronecker-type metric and Cartan
linear N -connection the Einstein equations with sources are

_ 1 —
Rap = 3 Rhap = KTap 0=To,  0=Toa,

Rij — 3Rgij = KT, Rio = kT, Raa = KT4a (1.11)

= KT —
Rap — 5Rgap = kT, Ria=wTia, Rai=rla,

where T = T,,,6" ® 8" € TL(E) is the energy-momentum tensor field and r is the
cosmological constant.

b) The equations (1.11) satisfy the conservation laws

EH
vip

=rT VMGI:IhlUIthIv,

m
vl

where E,, = RW—}—%RG,W is the Finstein N -tensor field and the indices are raised
by means of the metric G on E.

We note that the explicit expressions of (1.11) were for the first time provided in
[4].

2. Special cases. Maxwell equations with sources.

Regarding the energy-momentum tensor field, we distinguish several special ex-
tended cases:
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I. The case of electromagnetic field source, when
=F, F° 1G FPTF
TW— wp “_Z 2% pm:
Here the deflection tensor fields provided by the covariant derivatives of the Liouville

field C =y464 via
dft =64Vs,C, pel, Ael,

give raise to the electromagnetic 2-form
F = Fa,0y™ A Sy, (2.12)

explicitely given by its nontrivial components

k
Fag =Fiyp=3 (homgiky(h))w]
_ 1
Fai =Fe; =241y, = .13)
= — 1 () e
2 y [1 j 2 ( gk[) ]
Fap =33 [Ach] = %?][Acy|3]~

where the raising/lowering of the indices was performed using the metric G, as follows
F=F!s, 64, F$ = h*PFap, FYy = g¥Fa;, F{ = g“PFap.

The energy-momentum tensor fields have the essential coefficients given by

Top = FaaFBpg*® — ThapF. Toi = FoaFpigcP
Tij = FaiFp;g"P — 19:; F. Toa = FooFpagtP
Tap = FacFppjg®P — 19apF. Tia = FoiFpag®?

where F, = FACFBDgABgCD

The 2-form F' is subject to the two sets of the Mazwell extended equations
Fioyny = sldesi + damTH + deoTi — (T + Lic T3y

_ 1 j j C )
Foys)m = 2ldes(z) + demTs) T deeTs = O T+ LicT ) ye)

o

SFesie =38 (Liyey +dye) T

StouE) =% g e
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and
97 Fpajc = —4mJ,
9P Fpc = —4nJ;
BCR + g F a5 + hBF o5 = 4nJ
g AB|C T 97 L Ailj Aa|B TJA,
with J = J,0* € X*(E) the adapted electric current, and where we denoted by S the
cyclic summation of the corresponding indices below.

II. In the case of a perfect fluid with the extended velocity vector field
VY =VH§, € X(F), the energy-momentum N-tensor field is given by

,T,uz/ = (P + p)vll«vl/ +pG;w7

where p is the mass-energy density, p is the pressure and, in the 4-dimensional Lorentz-
metric case V satisfies the condition V*V; = —1. In particular, for p = 0, is obtained
the case of cosmologic dust (presureless fluid).

III. In the case of source given by the Klein-Gordon field ®, we have
1
Tuw = 1@y — 5 (G, + m?*®*)G,,.,

where m is the mass, and the field ® satisfies the condition G*®,,,, = m?*® [10].
IV. In the case of the radiation field, we get

7., = ®*K,K,,

where the N-vector field K = K*§,, € X(E) obeys in the Lorentz case the condition
G KFKY = 0.

3. Killing equations in J!(T, M)-geometrized framework

In the process of searching solutions for the Einstein equations, the simplifying
assumptions usually refer to symmetries of solutions or eigenvectors of the gravita-
tional field. In the first case, roughly speaking, the symmetries provide charts in
which the components of the metric G are independent of one or more coordinates.
Rigorously, this happens when there exist a (Killing) vector field £ = £#§,,, such that
the associated Lie derivative operator, given, e.g., by

LUY =¢PU”

vlp

— Ufff; + U;f&"’y, Yu,v € I,¥¢ € X(E).
vanishes on the metric tensor filed G, i.e., L¢G = 0. The Killing fields form a Lie
algebra, as consequence of the property Ly = [L¢, L¢]. The Killing equations
rewrite

(LEG);W = f(Guu) + Go{;L(5V}£U - Wgy}fp) =0, Vu,vel,
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Theorem 2. The Killing equations expressed with respect to the Cartan canonic
connection of the geometrized first-order jet bundle endowed with Kronecker lifted
metric have the form

lalpy =0

€aljy = —9hj (Tam€™ + TacC)
{ajay = —gaBTE "

Eritiy = — 9 (T o™ + T o£9)

Erijay = —9i T, ™ — GapTEer

(3.14)

SV —§C{AT§}#§“~

Proof. Using Tf, = Lﬁw] -

Gouéiy + Go(u T, =0, Yuv € L.

wh,, the Killing equations gets the equivalent form

The metricity of the Cartan connection, the splitting I = Ij,, U Iy, U I, > p,v and
(1.8) povide the claim. a

Corollary 1. Provided that the nonlinear connection NV and the metric G satisfy
the relations

878 15 = 2612,
01 9kyi = 0igik,
5(9)9]'}1 = 0(1)9jk>
the structure (E, N, G) admits v-torsionless Killing equations:
Efaliy = —Iki Tom&™
€y = T a8"
Etalpy =0, &ajay =0, &ujay =0, &apy =0.
Corollary 2. a) For s = 1, (3.14) provide the Killing-Yawata equations for the
Sasaki lift, with autonomous field €.
b) For s = 1 and § = {™d,, € Span(d,)er,,, the third equation of (3.14) is the
classical Killing equation on M,

91" 0y = 9isly + €]y = 0.

Conclusions. In the framework of first-order geometrized jet bundle, were pre-
sented the Einstein and Maxwell equations with sources, which extend the classical
Riemannian ones, and special particular cases were pointed out. The extended Killing
equations were derived, and the presence of torsion and non-holonomy emphasized,
for the case of canonic Cartan connection on J!(T, M). The existence of Killing fields
providing symmetries for the Kronecker-type metric structure represents the subject
of further concern.
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