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Abstract. Section 1 reconsiders wellknown facts about Finslerian convexity. Section
2 gives examples of functions which are convex on Rn

+ with respect to the affine
Finslerian metric. Section 3 extends the results of Section 2 to others Finsler metrics.
Section 4 discusses the Finslerian convexity of separable functions and Section 5 gives
a Finsler metric that ensures the convexity of the Rosenbrock banana function.
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1 Convexity on Finslerian manifolds

Let M be an n-dimensional connected C∞ manifold and TM its tangent bundle.
Denote by (x, y) an arbitrary point in TM and by x the corresponding point in M .

1.1 Definition. A symmetric tensor field F (x, y) of type (0, 2) is called:
(a) strongly positive definite if F (x, y)(v, v) > 0, ∀x ∈ M , ∀y ∈ TxM , ∀v ∈

TxM − {0};
(b) weakly positive definite if F (x, y)(y, y) > 0, ∀x ∈ M , ∀y ∈ TxM \ {0};
(c) nearly weakly positive definite if there exists v ∈ TxM such that F (x, v)(y, y) >

0, ∀x ∈ M , ∀y ∈ TxM \ {0}.
Weakening the conditions in the Definition 1.1 we obtain three types of semidefi-

niteness.

1.2. Definition. A tensor field g(x, y) of type (0, 2) which is symmetric, strongly
positive definite and homogeneous of degree zero, i.e.,

g(x, λy) = g(x, y), ∀λ ∈ R \ {0}

is called a Finslerian metric on M . The pair (M, g(x, y)) is called a Finslerian mani-
fold. The function L : TM → R , L(x, y) = (gij(x, y)yiyj)

1
2 is called the fundamental

Finslerian function and L2 is called the absolute Finslerian energy.
Denote by gij(x, y), i, j = 1, . . . , n the components of g(x, y) and by gij(x, y)

the components of g−1(x, y), i.e. gijgjk = δi
k. Note that gij(x, y) and gij(x, y) are

homogeneous functions of degree zero with respect to y.
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The fundamental Finslerian function induces a vector field on the manifold TM \

{0}. Namely, for a tangent vector y = yi ∂
∂xi

∣

∣

∣

∣

x
∈ TM \ {0}, define a vector G ∈

Ty(TM) by G = yi ∂
∂xi

∣

∣

∣

∣

y
− 2Gi(y)

∂
∂yi

∣

∣

∣

∣

y
, where Gi are local functions defined by

Gi(y) =
1
4
gil(y)

[

∂2L2

∂yl∂xk (y)yk − ∂L2

∂xl (y)
]

.

Gi can also be expressed by

Gi(y) =
1
4
gil(y)

[

2
∂gjl

∂xk (y)− ∂gjk

∂xl (y)
]

yjyk.

Note that Gi is positively homogeneous in y ∈ TxM for every x ∈ M , Gi(ty) =
t2Gi(y), (∀)t > 0. The vector field G is called Finsler spray.

Let (M, g(x, y)) be a Finslerian manifold with Chern connection ∇(x, y). The
theory of geodesics (M, g(x, y),∇(x, y)) is similar to the one of Riemannian manifolds.

Geodesics are locally minimal and any two points of a geodesically complete Fins-
lerian manifold can be joined by a minimal geodesic.

Recall that the geodesics are characterized by the following differential system:

d2xi

dt2
+ 2Gi

(

dx
dt

)

= 0,

where γ : I ⊂ R → M , γ(t) = = (x1(t), . . . , xn(t)) is a geodesic with constant speed
parametrization.

1.3. Definition. Let us consider now a C2 function f : M → R . The Hessian of
f is a map Hess f : TM → R defined by

Hess f(x, y)(v, v) =
d2

ds2 (f ◦ γ)
∣

∣

∣

∣

s=0
,

where γ : (−ε, ε) → M is the geodesic with
dγ
ds

(0) = v ∈ ∈ TxM . In local coordinates,
we have

Hess f(x, y)(v, v) =
∂2f

∂xi∂xj (x)
dγi

ds
(0)

dγj

ds
(0)+

+
∂f
∂xi (x)

d2γi

ds2 (0) =
∂2f

∂xi∂xj (x)vivj − 2Gi ∂f
∂xi (x).

1.4. Theorem. Let A be an open totally convex subset of M ([5]), and f : A → R
a C2 function. Then f is convex if and only if Hess f is weakly positive semidefinite.
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1.5. Definition. The function f is called linear (convex and concave simultane-
oulsy) if

Hess f(x, y)(y, y) = 0, ∀x ∈ M, ∀y ∈ TxM.

In this paper we use the following

Remark. If (M, g(x)) is a Riemannian manifold and φ is a strictly positive C∞
function, homogeneous of degree zero, then (M, g(x, y) = φ(y)g(x)) is a Finslerian
manifold having the same geodesics as the Riemannian manifold (M, g(x)).

2 Finslerian convexity on Rn
+ with respect to the

affine Finslerian metric

Let Rn
+ = {x = (x1, . . . , xn) ∈ Rn| xi > 0, i = 1, n} denote the positive orthant,

which is considered as a subset of Rn \ {0}.
Let Rn \ {0} endowed with the affine Finslerian metric g(x, y) of components











gii(x, y) = φ(y) · 1
(xi)2

, i = 1, n

gij(x, y) = 0, i 6= j,

where φ(y) is a strictly positive C∞ homogeneous function of degree zero.

Theorem 2.1. (Rn
+, g(x, y)) is totally convex in ( Rn \ {0}, g(x, y)).

Proof. We use the formula

Gi(y) =
1
4
gil(y)

[

2gjl

∂xk (y)− ∂gjk

∂xl (y)
]

yjyk.

gij(x, y) =











(xi)2

φ(y)
, i = j

0, i 6= j.

Hence gil 6= 0 only for l = i. Similary,
∂gjl

∂xk 6= 0 only for j = l = k and
∂gjk

∂xl 6= 0 only
for j = l = k. Similarly

Gi(y) =
1
4
gii(y)

[

2gii

∂xi (y)− ∂gii

∂xi (y)
]

(yi)2 =

=
1
4

(xi)2

φ(y)
· φ(y)

−2
(xi)3

(yi)2 = − (yi)2

2xi , ∀i = 1, n.
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The geodesics are described by

d2xi

dt2
+ 2Gi

(

dx
dt

)

= 0 ⇔ x′′i(t) =
[x′i(t)]2

xi(t)
, t ∈ [t1, t2], i = 1, n ⇔

⇔
[

xi(t)
x′i(t)

]′

= 0 ⇔ xi(t)
x′i(t)

=
1
ai
⇔ [xi(t) · e−ait]′ = 0 ⇔ xi(t)e−ait = ebi ⇔

⇔ xi(t) = eait+bi , ∀i = 1, n.

It follows t1 = −∞, t2 = ∞, i.e., each geodesic is defined on the whole R . If we
consider two arbitrary points x, z ∈ Rn

+, then a geodesic joining them, i.e. γ(0) = x,
γ(1) = z, is

γ(t) = (x1e(ln z1−ln x1)t, . . . , xne(ln zn−ln xn)t)

= (x1−t
1 · zt

1, . . . , x
1−t
n zt

n), t ∈ [0; 1]

and the coordinate functions are positive, so their values are completely included in
Rn

+.

Theorem 2.2. The domain S = {x ∈ Rn
+ | x1 + . . . + xn ≤ 1} is totally convex

in (Rn
+, g(x, y)).

Proof. We consider f(x) = x1 + . . .+xn;
∂f
∂xi (x) = 1,

∂2f
∂xi∂xj (x) = 0, ∀i, j = 1, n,

we easily infer

Hess f(x, y)(y, y) =
∂2f

∂xi∂xj (x)yiyj − 2Gi(y)
∂f
∂xi (x) =

= 0−
n

∑

i=1

2 · −(yi)2

2xi · 1 =
(y1)2

x1 + . . . +
(yn)2

xn ≥ 0, ∀x ∈ Rn
+ , ∀y ∈ Rn .

Hess f is weakly positive semidefinite and hence f is convex. But the sublevel sets of
a convex function are totally convex.

Theorem 2.3. The function f : Rn
+ → R , f(x) =

n
∑

i=1

lnxi is linear on

(Rn
+, g(x, y)).

Proof. For this function,
∂f
∂xi =

1
xi ,

∂2f
∂(xi)2

=
−1

(xi)2
,

∂2f
∂xi∂xj = 0, ∀i 6= j, hence

Hess f(x, y)(y, y) =
∂2f

∂xi∂xj (x)yiyj − 2Gi(y)
∂f
∂xi (x) =

=
−1

(x1)2
(y1)2 +

−1
(x2)2

(y1)2 + . . . +
−1

(xn)2
(yn)2+

+
(y1)2

x1 · 1
x1 +

(y2)2

x2 · 1
x2 + . . . +

(yn)2

xn · 1
xn = 0.
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Theorem 2.4. The function f : Rn
+ → (0;∞), f(x) =

n−1
∏

i=1

xi is convex on

(Rn
+, g(x, y)).

Proof. For this function
∂f
∂xi = x1x2 · . . . · x̂i · . . . · xn−1, ∀i = 1, n− 1,

∂f
∂xn = 0,

∂2f
∂(xi)2

= 0, ∀i = 1, n− 1,

∂2f
∂xi∂xj = x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1, ∀i 6= j, i, j ∈ {1, . . . , n− 1}.

Hess f(x, y)(y, y) = 2
∑

1≤i<j≤n−1

x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj+

+
(y1)2

x1 · x2 · . . . · xn−1 +
(y2)2

x2 · x1x3 · . . . · xn−1 + . . . +
(yn−1)2

xn−1 ·

·x1x2 · . . . · xn−2 =





∑

1≤i<j≤n−1

x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj





2

x1x2 · . . . · xn−1 ≥ 0,

∀x ∈ Rn
+, ∀y ∈ Rn

+ .

Theorem 2.5. Let µ > 0. The logbarrier function

f : Rn
+ → R, f(x) =

n
∑

i=1

cixi − µ
n

∑

i=1

lnxi, c1, . . . , ck ≥ 0, ck+1, . . . , cn < 0

is convex with respect to the Finslerian metric g̃ii(x, y) =
φ(y)
(xi)2

, ∀i = 1, k, g̃ii(x, y) =

φ(y), ∀i = k + 1, n, g̃ij(x, y) = 0, ∀i 6= j.

Proof. g̃ii(x, y) =
(xi)2

φ(y)
, ∀i = 1, k, g̃ii(x, y) =

1
φ(y)

, ∀i = k + 1, n and g̃ij(x, y) =

0, ∀i 6= j. Hence g̃il 6= 0 only for l = i,
∂g̃jl

∂xp 6= 0 only for j = l = p ∈ {1, . . . , k}.
Thus, ∀i = 1, k,

Gi(y) =
1
4
g̃ii(y) · ·∂g̃ii

∂xi (y) · (yi)2 =
1
4
· (xi)2

φ(y)
· φ(y) · · −2

(xi)3
· (yi)2 = − (yi)2

2xi

and ∀i ∈ {k + 1, . . . , n}, Gi(y) = 0. For the logbarrier function we obtain
∂f
∂xi =
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ci −
µ
xi ,

∂2f
∂(xi)2

=
µ

(xi)2
, ∀i = 1, n and

∂2f
∂xi∂xj = 0, ∀i 6= j. Hence

Hessf(x, y)(y, y) =
µ

(x1)2
(y1)2 +

µ
(x2)2

(y2)2 + . . . +
µ

(xn)2
(yn)2+

+
(y1)2

x1

(

c1 −
µ
x1

)

+
(y2)2

x2

(

c2 −
µ
x2

)

+ . . . +
(yk)2

xk

(

ck −
µ
xk

)

=

=
µ

(xk+1)2
(yk+1)2 + . . . +

µ
(xn)2

(yn)2 + c1
(y1)2

x1 + . . . + ck
(yk)2

xk ≥ 0,

∀x ∈ Rn
+ , ∀y ∈ Rn.

3 Finslerian convexity on Rn
+ with respect to other

Finsler metrics

Let Rn \ {0} endowed with the Finslerian metric components of










gii(x, y) =
φ(y)
(xi)4

, i = 1, n

gij(x, y) = 0, ∀i 6= j,

where φ(y) is also a strictly positive C∞ homogeneous function of degree zero.

Theorem 3.1. (Rn
+, g(x, y)) is totally convex in ( Rn \ {0}, g(x, y)).

Proof. gii(x, y) =
(xi)4

φ(y)
, i = 1, n, gij(x, y) = 0, ∀i 6= j. Thus, ∀i = 1, n,

Gi(y) =
1
4
gii(x, y) · ∂gii

∂xi (y)(yi)2 =
1
4

(xi)4

φ(y)
φ(y)

−4
(xi)5

(yi)2 =
−(yi)2

xi .

The geodesic arcs are given by

d2xi

dt2
+ 2Gi

(

dx
dt

)

= 0 ⇔ x′′i(t)− 2[x′i(t)]2

xi(t)
= 0 t ∈ [t1, t2] ⇔

x′′i(t)
x′i(t)

= 2
x′i(t)
xi(t)

⇔ lnx′i(t) = 2 ln xi(t) + ln c2
i ⇔

⇔ x′i(t) = [cixi(t)]2 ⇔ x′i(t)
[xi(t)]2

= c2
i ⇔

(

1
xi(t)

)′

= c2
i ⇔

⇔ 1
xi(t)

= c2
i t + bi, c2

i = ai → xi(t) =
1

ait + bi
, ∀i = 1, n, t ∈ [t1, t2].

It follows that the solution γ(t) = (x1(t), . . . , xn(t)) is defined on the whole R .
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If we consider two arbitrary points x, z ∈ Rn
+, then a geodesic joining them, i.e.

γ(0) = x, γ(1) = z, is

γ(t) =









1
(

1
z1
− 1

x1

)

t +
1
x1

, . . . ,
1

(

1
zn
− 1

xn

)

t +
1
xn









=

=
(

x1z1

tx1 + (1− t)z1
, . . . ,

xnzn

txn + (1− t)zn

)

, t ∈ [0; 1]

and the coordinate functions are positive, so their values are completely included in
Rn

+.

Theorem 3.2. The domain S : x1+. . .+xn ≤ 1 is totally convex in ( Rn
+, g(x, y)).

Proof. We consider f(x) = x1 + . . . + xn;
∂f
∂xi (x) = 1,

∂2f
∂xi∂xj (x) = 0, ∀i, j = 1, n

so

Hessf(x, y)(y, y) =
∂2f

∂xi∂xj (x)yiyj − 2Gi(y)
∂f
∂xi (x) =

= 0−
n

∑

i=1

2 · −(yi)2

xi · 1 = 2
[

(y1)2

x1 + . . . +
(yn)2

xn

]

≥ 0,∀x ∈ Rn
+ , ∀y ∈ Rn .

Hence f is convex and the sublevel sets of a convex function are totally convex.

Theorem 3.3. The function f : Rn
+ → R , f(x) =

n
∑

i=1

ln xi is convex on

(Rn
+, g(x, y)).

Proof.
∂f
∂xi =

1
xi ,

∂2f
∂(xi)2

=
−1

(xi)2
,

∂2f
∂xi∂xj = 0, ∀i 6= j, hence

Hessf(x, y)(y, y) =
−1

(x1)2
(y1)2 − 1

(x2)2
(y2)2 − . . .− 1

(xn)2
(yn)2+

+ 2
(y1)2

x1 · 1
x1 + 2

(y2)2

x2 · 1
x2 + . . . + 2

(yn)2

xn · 1
xn =

=
(y1)2

(x1)2
+ . . . +

(yn)2

(xn)2
≥ 0, ∀x ∈ Rn

+ , ∀y ∈ Rn .

Theorem 3.4. The function f : Rn
+ → (0,∞), f(x) =

n−1
∏

i=1

xi is convex on

( Rn
+, g(x, y)).
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Proof. Using the result from Theorem 2.4, we obtain

Hess f(x, y)(y, y) = 2
∑

1≤i<j≤n−1

(x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj)+

+2 · (y1)2

x1 · x2 · . . . · xn−1 + 2
(y2)2

x2 · x1x3 · . . . · xn−1 + . . . + 2
(yn−1)2

xn−1 ·

·x1x2 · . . . · xn−2 =





∑

1≤i<j≤n−1

(x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj





2

x1x2 · . . . · xn−1 +

+
(y1)2

x1 · x2 · . . . · xn−1 +
(yn−1)2

xn−1 x1x2 · . . . · xn−2 ≥ 0,

∀x ∈ Rn
+, ∀y ∈ Rn.

Now we consider the Finslerian metric of components











gii(x, y) =
φ(y)

(xi)
2(p+1)

p

, i = 1, n

gij(x, y) = 0, ∀i 6= j,

where φ(y) is also a strictly positive C∞ homogeneous function of degree zero and
p ∈ R , p > 0.

Theorem 3.5. (Rn
+, g(x, y)) is totally convex in ( Rn \ {0}, g(x, y)).

Proof. gii(x, y) =
(xi)

2(p+1)
p

φ(y)
, ∀i = 1, n, gij(x, y) = 0, ∀i 6= j. Thus, ∀i = 1, n,

Gi(y) =
1
4
gii(x, y)

∂gii

∂xi (y)(yi)2 =

=
1
4
· (xi)

2(p+1)
p

φ(y)
· φ(y) · −2(p + 1)

p
· 1

(xi)
2(p+1)

p +1
· (yi)2 =

−(p + 1)
2p

· (yi)2

xi .
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The geodesic arc is given by

d2xi

dt2
+ 2Gi

(

dx
dt

)

= 0 ⇔ x′′i(t)− 2 · p + 1
2p

· [x′i(t)]2

xi(t)
= 0 ⇔

⇔ x′′i(t)
x′i(t)

=
p + 1

p
· x′i(t)

xi(t)
⇔ ln x′i(t) =

p + 1
p

ln xi(t) + ln ai ⇔

⇔ x′i(t) = ai[xi(t)]
p+1

p ⇔ x′i(t)

[xi(t)]
p+1

p

= ai ⇔

⇔ (xi(t))−
p+1

p +1

−p + 1
p

+ 1
= ait + bi ⇔ [xi(t)]−

1
p = −1

p
(ait + bi) ⇔

⇔ xi(t) =
(−p)p

(ait + bi)p =
1

(

ai

−p
t +

bi

−p

)p =

=
1

(mit + ni)p , ∀i = 1, n, t ∈ [t1, t2].

It follows that the solution γ(t) = (x1(t), . . . , xn(t)) is defined on the whole R .
If we consider two arbitrary points x, z ∈ Rn

+, then a geodesic joining them, i.e.
γ(0) = x, γ(1) = z, is

γ(t) =




1

[

( 1
z1 )

1
p−( 1

x1 )
1
p

]

t+( 1
x1 )

1
p
, . . . , 1

[

( 1
zn )

1
p−( 1

xn )
1
p

]

t+( 1
xn )

1
p



 =

=
(

(x1)
1
p (z1)

1
p

t(x1)
1
p +(1−t)(z1)

1
p
, . . . , (xn)

1
p (zn)

1
p

t(xn)
1
p +(1−t)(zn)

1
p

)

, t ∈ [0; 1]

and the coordinate functions are positive, so their values are completely included in
Rn

+.

Theorem 3.6. The domain S : x1+. . .+xn ≤ 1 is totally convex in ( Rn
+, g(x, y)).

Proof. By direct computation, for f(x) = x1 + . . . + xn, we have

Hessf(x, y)(y, y) =
∂2f

∂xi∂xj (x)yiyj − 2Gi(y)
∂f
∂xi (x) =

= 0− 2 · −−(p + 1)
2p

· (yi)2

xi · 1− . . .− 2 · −(p + 1)
2p

· (yn)2

xn =

=
p + 1

p

[

(y1)2

x1 + . . . +
(yn)2

xn

]

≥ 0, ∀x ∈ Rn
+ , ∀y ∈ Rn .

Hence f is convex and the sublevel sets of a convex function are totally convex.
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Theorem 3.7. The function f : Rn
+ → R , f(x) =

n
∑

i=1

ln xi is convex on

(Rn
+, g(x, y)).

Proof.

Hessf(x, y)(y, y) =
−1

(x1)2
(y1)2 +

−1
(x2)2

(y2)2 + . . . +
−1

(xn)2
(yn)2+

+2 · p + 1
2p

(y1)2

x1 · 1
x1 + 2 · p + 1

2p
(y2)2

x2 · 1
x2 + . . . + 2 · p + 1

2p
(yn)2

xn · 1
xn =

=
1
p

[

(y1)2

(x1)2
+ . . . +

(yn)2

(xn)2

]

≥ 0, ∀x ∈ Rn
+, y ∈ Rn.

Theorem 3.8. The function f : Rn
+ → (0;∞), f(x) =

n−1
∏

i=1

xi is convex on

(Rn
+, g(x, y)).

Proof.

Hess f(x, y)(y, y) = 2
∑

1≤i<j≤n−1

(x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj)+

+2 · p + 1
2p

(y1)2

x1 · x2 · . . . · xn−1 + 2
p + 1
2p

(y2)2

x2 · x1x3 · . . . · xn−1 + . . .

. . . + 2
p + 1
2p

(yn−1)2

xn−1 · x1x2 · . . . · xn−2 =

=





∑

1≤i<j≤n−1

(x1x2 · . . . · x̂i · . . . · x̂j · . . . · xn−1yiyj





2

x1x2 · . . . · xn−1 +

+
1
p

[

(y1)2

x1 · x2 · . . . · xn−1 + . . . +
(yn−1)2

xn−1 x1x2 · . . . · xn−2
]

≥ 0,

∀x ∈ Rn
+, y ∈ Rn, p > 0.

4 Finslerian convexity of separable functions

Let us consider an open totally convex set A ⊆ Rn and two separable functions

f(x) =
n

∑

i=1

fi(xi), g(x) =
n

∑

i=1

gi(xi),

where x ∈ A ⊆ Rn, fi, gi ∈ C2, ∀i = 1, n.
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Theorem 4.1. A separable function f ∈ C2 defined on an open totally convex set
A ⊆ Rn is convex with respect to the Finsler metric g(x, y) of components

gii(x, y) = φ(y) · e−2cgi(xi), ∀i = 1, n,

gij(x, y) = 0, ∀i 6= j, x ∈ A, c ≥ 0 constant

if and only if the inequalities f ′′i + cf ′ig
′
i ≥ 0, ∀i = 1, n hold on A.

Proof.

Gi(y) =
1
4
gii(x, y)

∂gii

∂xi (y)(yi)2 =

=
1
4
· e2cgi(xi)

φ(y)
· φ(y) · e−2cgi(xi) · [−2cg′i(x

i)](yi)2

= −1
2
cg′i(x

i)(yi)2, ∀i = 1, n.

But f(x1, . . . , xn) = f1(x1) + f2(x2) + . . . + fn(xn),

∂f
∂xi =

∂fi

∂xi = f ′i ,
∂2f

∂(xi)2
=

∂2fi

∂(xi)2
= f ′′i ,

∂2f
∂xj∂xi = 0, ∀j 6= i.

Hence

Hessf(x, y)(y, y) =
∂2f

∂xi∂xj (x)yiyj − 2Gi(y)
∂f
∂xi (x) =

=
∂2f

∂(x1)2
(y1)2 + . . . +

∂2f
∂(xn)2

(yn)2 − 2 · −1
2

cg′1(x
1)(y1)2 · ∂f

∂x1−

− . . .− 2 · −1
2

cg′n(xn)(yn)2 · ∂f
∂xn = f ′′1 (y1)2 + . . . + f ′′n (yn)2+

+cg′1(y
1)2f ′1 + . . . + cg′n(yn)2f ′n =

= (f ′′1 + cg′1f
′
1)(y

1)2 + . . . + (f ′′n + cg′nf ′n)(yn)2 ≥ 0 ⇔

⇔ f ′′i + cf ′ig
′
i ≥ 0, ∀i = 1, n.

Corollary 4.2. A separable function f ∈ C2 defined on an open geodesic convex
set A ⊆ Rn is convex with respect to the Finsler metric g(x, y) of components

gii(x, y) = φ(y) · e−2cfi(xi), ∀i = 1, n

gij(x, y) = 0, ∀i 6= j,

x ∈ A, c ≥ 0 (constant) iff the inequalities f ′′i + c(f ′i)
2 ≥ 0, i = 1, n hold on A.

Proof. We consider gi = fi, ∀i = 1, n in the above theorem.
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Remark. 1) In order to show, e.g., that the Finslerian metric from the Theorem

3.5 belong to the metric class from Theorem 4.1, set c =
p + 1

p
and gi(xi) = ln(xi),

∀i = 1, n.
2) It is worthwhile being careful with the application of Theorem 4.1, because the

Finsler metric from these theorems does not always lead to a complete Finsler con-
nection, i.e., the geodesics are not geodesically complete in every case. For example,
if we take gi(xi) = xi, ∀i = 1, n in the Theorem 4.1, then

Gi(y) = −1
2
c(yi)2, ∀i = 1, n

and the differential equations of geodesic arcs are

d2xi

dt2
+ 2Gi

(

dx
dt

)

= 0, ∀i = 1, n

or, equivalently,

x′′i(t)− c[x′i(t)]2 = 0, t ∈ [t1; t2], ∀i = 1, n.

It follows that the solution γ(t) = (x2(t), . . . , xn(t)), is given by xi(t) =
1
c

ln(ait + bi), ∀i = 1, n, t ∈ R , which means that the definition domain of the

geodesics must satisfy the positivity of the values ait + bi, ∀i = 1, n.

5 Finslerian convexity of Rosenbrock banana
function

Let us consider R2 endowed with the Finsler metric

g(x, y) =

(

φ(y)[4(x1)2 + 1] −2φ(y)x2

−2φ(y)x1 φ(y)

)

,

where φ(y) is also a strictly positive C∞ homogeneous function of degree zero.

Theorem 5.1. The Rosenbrock banana function f : R 2 → R ,

f(x1, x2) = 100[x2 − (x1)2] + (1− x1)2

is convex with respect to g.
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Proof.

G1(y) =
1
4
g1l(y)

[

2
∂gjl

∂xk (y)− ∂gjk

∂xl

]

yjyk =

=
1
4
g11(y)

(

2
∂g11

∂x1 − ∂g11

∂x1

)

(y1)2 +
1
4
g11

(

2
∂g11

∂x2 −
∂g12

∂x1

)

y1y2+

+
1
4
g11

(

2
∂g21

∂x1 − ∂g21

∂x1

)

y2y1 +
1
4
g11

(

2
∂g21

∂x2 − ∂g22

∂x1

)

(y2)2+

+
1
4
g12

(

2
∂g12

∂x1 − ∂g11

∂x2

)

(y1)2 +
1
4
g12

(

2
∂g12

∂x2 −
∂g12

∂x2

)

y1y2+

+
1
4
g12

(

2
∂g22

∂x1 − ∂g21

∂x2

)

y2y1 +
1
4
g12

(

2
∂g22

∂x2 − ∂g22

∂x2

)

(y2)2,

which rewrites

G1(y) =
1
4
· 1
φ(y)

· φ(y) · 8x1(y1)2 − 1
4

1
φ(y)

· [−2φ(y)]y1y2+

+
1
4
· 1
φ(y)

· [−2φ(y)]y1y2 +
1
4
· 2x1

φ(y)
· 2[−2φ(y)](y1)2 =

= 2x1(y1)2 +
1
2
y1y2 − 1

2
y1y2 − 2x1(y1)2 = 0.

Hence G1(y) = 0. By a similar computation, G2(y) = −(y1)2. But

f(x1, x2) = 100(x1)4 + (x1)2 − 200x2(x1)2 − 2x1 + 100(x2)2 + 1

and

∂f
∂x1 = 400(x1)3 + 2x1 − 400x1x2 − 2,

∂2f
∂(x1)2

= 1200(x1)2 + 2− 400x2,

∂2f
∂x1∂x2 = −400x1,

∂2f
∂x2 = −200(x1)2 + 200x2,

∂2f
∂(x2)2

= 200.

Therefore we have

Hessf(x, y)(y, y) =
∂2f

∂(x1)2
(y1)2 + 2 · ∂2f

∂x1∂x2 y1y2 +
∂2f

∂(x2)2
(y2)2 − 2G2(y)

∂f
∂x2 =

= [1200(x1)2 + 2− 400x2](y1)2 + 2(−400x1)y1y2 + 200(y2)2+

+2(y1)2[−200(x1)2 + 200x2] =

= (y1)2[800(x1)2 + 2]− 800x1y1y2 + 200(y2)2 =

= 200[4(x1)2(y1)2 − 4x1y1y2 + (y2)2] + 2(y1)2 =

= 200(2x1y1 − y2)2 + 2(y1)2 ≥ 0, ∀x, y ∈ R2.
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