Finslerian convexity on positive orthant

Gabriel Bercu

Abstract. Section 1 reconsiders wellknown facts about Finslerian convexity. Section
2 gives examples of functions which are convex on R’ with respect to the affine
Finslerian metric. Section 3 extends the results of Section 2 to others Finsler metrics.
Section 4 discusses the Finslerian convexity of separable functions and Section 5 gives
a Finsler metric that ensures the convexity of the Rosenbrock banana function.
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1 Convexity on Finslerian manifolds

Let M be an m-dimensional connected C* manifold and T M its tangent bundle.
Denote by (z,y) an arbitrary point in 7'M and by z the corresponding point in M.

1.1 Definition. A symmetric tensor field F'(z,y) of type (0, 2) is called:

(a) strongly positive definite if F(z,y)(v,v) > 0, Vo € M, Yy € T,M, Yv €
T,M — {0};

(b) weakly positive definite if F(x,y)(y,y) >0, Vo € M, Vy € T, M \ {0};

(¢) nearly weakly positive definite if there exists v € T, M such that F(z,v)(y,y) >
0,Vx € M, Vy € T,M \ {0}.

Weakening the conditions in the Definition 1.1 we obtain three types of semidefi-
niteness.

1.2. Definition. A tensor field g(x,y) of type (0,2) which is symmetric, strongly
positive definite and homogeneous of degree zero, i.e.,

g9(z, Ay) = g(z,y), VAe R\{0}

is called a Finslerian metric on M. The pair (M, g(z,y)) is called a Finslerian mani-
fold. The function L : TM — R, L(z,y) = (gij(%y)yiyj)% is called the fundamental
Finslerian function and L? is called the absolute Finslerian energy.

Denote by gi;(z,y), i,j = 1,...,n the components of g(z,y) and by ¢g“(z,y)
the components of ¢g~!(z,y), i.e. g“g;; = 0. Note that g;;(z,y) and ¢ (x,y) are
homogeneous functions of degree zero with respect to y.
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The fundamental Finslerian function induces a vector field on the manifold TM \

€ TM \ {0}, define a vector G €

xT

.0
{0}. Namely, for a tangent vector y = yla ;
x

. 0
—2G'(y) 5’7?#

, where G are local functions defined by
y

Ty(TM) by G =y

Ozt v
4 1, 922 oL2
G'(y) = 9 ‘(y) [&/l(%k(y)y’c — azl(y)]

G' can also be expressed by

- 1. 09, 09, ;
6'(0) = 34" 255 ) - T2

Note that G* is positively homogeneous in y € T, M for every x € M, G'(ty) =
t2G(y), (V)t > 0. The vector field G is called Finsler spray.

Let (M, g(z,y)) be a Finslerian manifold with Chern connection V(z,y). The
theory of geodesics (M, g(x,y), V(z,y)) is similar to the one of Riemannian manifolds.

Geodesics are locally minimal and any two points of a geodesically complete Fins-
lerian manifold can be joined by a minimal geodesic.

Recall that the geodesics are characterized by the following differential system:

A2zt . (dx
—+2G = | =
az " ¢ (dt) 0

where v: I C R — M, v(t) = = (z!(t),...,2"(t)) is a geodesic with constant speed
parametrization.

1.3. Definition. Let us consider now a C? function f : M — R. The Hessian of
fisamap Hess f : TM — R defined by

2

Hess f(x’y)(v7v) = @(f 07) 5:0’

d
where v : (—¢,) — M is the geodesic with l(O) =wv € € T, M. In local coordinates,

ds
we have
0? dv', dyd
Hess f(z,y)(v,v) = 8xi8ij (96)(%(0)(%(0)4-
of , d*yt  O%f i j i Of
oz’ (z) ds? (0)= Oz 0w (@)ve” - 2G oz’ ().

1.4. Theorem. Let A be an open totally convex subset of M ([5]), and f : A — R
a C? function. Then f is convex if and only if Hess f is weakly positive semidefinite.
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1.5. Definition. The function f is called linear (convex and concave simultane-
oulsy) if

Hess f(z,y)(y,y) =0, VYxe M, VYyeT,M.

In this paper we use the following

Remark. If (M, g(z)) is a Riemannian manifold and ¢ is a strictly positive C*
function, homogeneous of degree zero, then (M, g(z,y) = ¢(y)g(x)) is a Finslerian
manifold having the same geodesics as the Riemannian manifold (M, g(x)).

2 Finslerian convexity on R! with respect to the
affine Finslerian metric

Let R}, = {z = (2',...,2") € R"| 2' > 0, i = 1,n} denote the positive orthant,
which is considered as a subset of R™ \ {0}.
Let R™\ {0} endowed with the affine Finslerian metric g(x,y) of components

1
g”(fﬂ,y) - d)(y) : (xi)gv = 17

gij(xay):()7 175.%
where ¢(y) is a strictly positive C>° homogeneous function of degree zero.

Theorem 2.1. (R, g(z,y)) is totally convez in (R™\ {0}, g(x,y)).

Proof. We use the formula

) = 10" |22 y) ~ )| gyt

Ok O
2
. (') , 1=17]
g7 (z,y) =3 W)
0, i#j.
o il e 9gj1 L g;r
ence g* # 0 only for [ = ¢. Similary, Dk # 0 only for j =1 =k and 9l # 0 only

for j =1 = k. Similarly

Giy) = %g”(y) zgx (y) — giif | )=
_ l(xZ)Q . —2 2 _ — (v')* i=1n
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The geodesics are described by

2 .1 17 2
%+2Gi (Z) =0 2"i(t) = OF o [ti,to], i=T,n <

o [Z9] —0e 2l 1

& 2i(t) = etthi Vi=T1n.

It follows t; = —o0, t3 = o0, i.e., each geodesic is defined on the whole R. If we
consider two arbitrary points z, z € [Ri, then a geodesic joining them, i.e. v(0) = z,
v(1) = 2, is
’)/(t) _ (xle(ln 2zl —In ml)t’ o ’xne(ln znflnx")t)
= (172t altet), te[0;1]

rn n
and the coordinate functions are positive, so their values are completely included in
R".
Theorem 2.2. The domain S = {x € R, | #* + ...+ 2" < 1} is totally convex
in (R, g(z,y)).

. of
o1 n. =
Proof. We consider f(xz) =z'+...+ 2" B (z) =1, oo B =

we easily infer

Hess 7 (2,4)(5,) = 5ot —(2)y'y’ — 2G(y) 5 (x) =

—~, —()? (y")? (y")? n n
=0-) 2 i 1=t + >0, VzeR}, WyER".
i=1

Hess f is weakly positive semidefinite and hence f is convex. But the sublevel sets of
a convex function are totally convex.

Theorem 2.3. The function [ : [Ri - R, f(z) = Zlnxi is linear on

i=1
(R, g(x,9)). , ;
) R U R TR0 A
Proof. For this function, o 2 @) @)? 0wiond 0, Vi # j, hence
0 i N R
HGSS f(xay)(yay) - 6x18xﬁ (SC)y y = QG (y) axi (JC) -
M s W e+ s ()
(z1)? (z2)? (zm)?
1\2 1 2\2 1 n\2
/0 S S /0 e S ) S S
P 2 2 x? n g
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n—1

Theorem 2.4. The function f : R} — (0;00), f(z) = Hxl is convexr on

i=1
(R%, g(z,9)).
0 0
Proof. For this function —f =TTy ... Tj ... Tp_1,Vi=1,n—1, —f =0,
o ox' oz
FIEIE =0,Vi=1,n—-1,
0? i i _ S,
W@J;j:xl@'“"xz‘ i Vi £ g i€ {1,...,n—1}
Hess f(z,y)(y,y) =2 Z R L N L T T
1<i<j<n—1
132 2\2 n—1y2
+(y1) R (yQ) O O s RT (ynﬂ)
x x T
2
Z 1‘1.132 . 7 77 xnflyly‘]
1<i<j<n—1
1,.2 —2
T ST = P >0,

Vo € [Ri, Vye[Ri.

Theorem 2.5. Let > 0. The logbarrier function

n n
I [Ri — R, f(x) =Zcix’—u21nxl, ClyeeesCk >0, Cla1yeey0n <0
i=1 i=1

is convex with respect to the Finslerian metric §;(x,y) =

) S —— T
,Vi=1,k, ¢g"(z,y) = ——,Vi=k+ 1,n and g7 (x,y) =

o) g (aNy) pYem 9" (x,y)

0, Vi # j. Hence g # 0 only for | = i, 22L £ 0 only for j =1 = p € {1,...,k}.

_ oxP
Thus, Vi = 1, k,

Proof. §'(x,y) =

G = 330 i) ) = 1

and Vi € {k+1,...,n}, G'(y) = 0. For the logbarrier function we obtain % =
x
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po O*f [ *f .
; — — = = — =1 —— — . H
G = @2 (@) Vi =1,n and i Dm 0, Vi # j. Hence
p p B
Hessf(z,y)(y,y) = e (y1)2 + o (y2)2 4+ ...+ (n (y )2+
W omN WP o A
e G R Ch) R S G-
_ K k+1y\2 H ny\2 (y1)2 (yk)Q
_(:ck+1)2(y ) +...+(xn)2<y> +c o1 +.. .tk o >0,

Vze R}, WyeR"

3 Finslerian convexity on R! with respect to other
Finsler metrics

Let R™\ {0} endowed with the Finslerian metric components of

gii(x,y) = (;S(y) i

(x1)*”

1,n

where ¢(y) is also a strictly positive C* homogeneous function of degree zero.

Theorem 3.1. (R, g(z,y)) is totally convex in (R™\ {0}, g(z,y)).

iy4
Proof. g% (z,y) = (z) i

PR =1,n, g”(z,y) =0, Vi # j. Thus, Vi = 1,n,
iy Lo 99ii e _ 1) —4 e —W)?
G'(y) = 39" @ 9) - 5t W) = 350500 s 0 = —

The geodesic arcs are given by

d*z’ i [ d i 22" (¢)]?
— 20 (dt> =0t - 20

a"(t) a(t) i i 2
o Qxi(t) S Inz"(t) =2Inz'(t) + Inc; &

2 = [t (£)12 _ 2 41 /:Cg
® POl 0l » fri=cte (55) =

1 .
© mp s atthn d=a—d)

= ——— Vi=1,n, t € [t,ta].
a;t +b; ! n [1 2]

It follows that the solution y(t) = (z!(¢),...,2"(t)) is defined on the whole R.
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If we consider two arbitrary points x,z € [Ri, then a geodesic joining them, i.e.
2(0) = 2, 7(1) = 2, is

(t)— 1 1
= (1 1) 1""’(1 1) 1
—— — )t — —— — ) t+—
Z1 X1 T Zn Tn Tn
xr121 TnZn
- ey B te 071
(t;vl—i—(l—t)zl t;vn—i—(l—t)zn) [0:1]

and the coordinate functions are positive, so their values are completely included in
R’ .
+

Theorem 3.2. The domain S : z'+...+2" < 1 is totally convez in (R}, g(z,y)).
of 0% f

. Proof. We consider f(z) = ! + ...+ 2" pp (z) =1, DD (x)=0,Vi,j =1,n
>*f i, TN

—~, —)? (y")? (y")? n n
:0—22.7.1:2 St 20 Ve eR) Wy ER".
i=1

Hence f is convex and the sublevel sets of a convex function are totally convex.

n

Theorem 3.3. The function f : [Ri - R, f(z) = Zlnxi is convexr on

(R™. g(x.1)). -

of 1 &f -1 *f L,
Proof. Bt = FIEIE = @2 9ziow =0, Vi # j, hence
Hess/ (0, 0) (1) = g (0')2 = —o (032 — o — —— (y") 2+
R (z1)? (z2)? T (am)?
1)2 242 ny\2
y)? 1 () (y)* 1
+ 23:1 ;—1—2 x2? g2 T2 T

(y')? (y")? n n
= (212 +...+ DL >0, Ve R, ,vye R".

n—1

Theorem 3.4. The function f : R}, — (0,00), f(z) = Hxl is conver on

(R”. g(x.5)). -
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Proof. Using the result from Theorem 2.4, we obtain

Hess f(x,y)(y,y) = 2 Z (zla? @B YY)
1<i<j<n—1
132 22 n—1\2
+2- W) -x2~...-x"71+2(y ) -xlxg-...-x”71+...+2(y )
21 22 o1
2
Z (xlzz:2 2 73 Inflyzy]
1<i<j<n—1
1,.2 —2
e " ) g1 +
(y')? o, -
+ 1 cx?eo ! po) o2 "% >0,

YV € [Ri, vy e R™.

Now we consider the Finslerian metric of components

o(y)

NECEE R
xt) p

gij($>y):07 VZ#],

where ¢(y) is also a strictly positive C'™ homogeneous function of degree zero and
peR,p>0.

Theorem 3.5. (R}, g(z,y)) is totally convez in (R™\ {0}, g(z,y)).

. 2(p+1)
Proof. g“(z,y) = (x¢<y; ,Vi=T1,n, g (z,y) =0, Vi # j. Thus, Vi = 1,n,
i L i 9gii i
Glly) = 9"@y) 5 7)) =

. 2(pt1
i (P:)

1 . 2+l 1 .(1)2:—(17‘1'1).@
4 ¢(y) Y p (xi)%"'l :

2p xt
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The geodesic arc is given by

d*z’ . (dx ; p+1 [2"(t)?
2Gt [ 22 ) = " 2. . - =
iz G (dt) 0« " (t) 5 () 0
() p+1 2'(t) i p+1 i
S = p g SR O=" () e <
» "t
e dilt) = ari(t)F & —2 =g
[z*()]

. p+1

i(p))- B+ _
S WY 7 e )] = — (a4 b)) &

p+1

-+l

: (=p)¥ 1
< ' (t) =

zt bz p 7 bi P
(ait +bi) <at+ )
- —p
1
= Vi=1 t ety t
(mgt +n;)P’ ! ' € [t to]

It follows that the solution ~(t) = (z!(¢),...,2"(t)) is defined on the whole R.
If we consider two arbitrary points x,z € [Ri, then a geodesic joining them, i.e.
v(0) ==z, y(1) =z, is

) = L 1 -
() ()3 e3P ()P | er(20)F
133 o5 oS
:( GHPENT  @)REn) 1>7t€[0;1]
t(z) P +(1-t)(z1) P t(zm) P +(1—t)(z7) P

and the coordinate functions are positive, so their values are completely included in
R .
+

Theorem 3.6. The domain S : ' +...+a"™ < 1 is totally convex in (R}, g(x,v)).
Proof. By direct computation, for f(x) = z' + ... + 2", we have

>*f i,J iy O —
:0_2._M.w.1_ _Q.M.(yn)zz
2p 2t 2p xn
1y2 n\2
_ptl (yl> ,..+(yn) >0, VzeRY ,vyeR".
P T x

Hence f is convex and the sublevel sets of a convex function are totally convex.
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Theorem 3.7. The function f : R, — R, f(z) = Zlnxi is conver on

i=1
(R%, g(z,9)).
Proof.
Hess f(2,5) (,9) = 71z (1) 4 oy (2 4+ oo (")
(z1)? (x2)? (zm)?
p+1(y')? 1 p+1(y°)? 1 p+1(y")?® 1
9. 2T NI B C4.q2.BT2 =
* 2p xl  xl * 2p x2 22 Tt 2p a™  xm
1(h? (y")? n n
== >0, VxeR, ,ye R".
plnz T ] 20 e
n—1
Theorem 3.8. The function f : R} — (0;00), f(z) = Hml is convex on
i=1
(R, g(z,9)).
Proof.
Hess f(z,y)(y,y) = 2 Z (xra? - @t ey )+
1<i<j<n—1
1 1\2 1 2\2
+2~p7+ W) -x2~...-xn_1+2p7+ ") o AR UURY L S
2p ! 2p  x2
1 n—1\2
.+2P+ (y 1) 212 e
2p  xn
2
Z (1'11}2 2 23 xn—lyiyj
1<i<j<n—1
- JSP) g1 +
1 12 n—1\2
+ ) -x2-...~x"_1+...+(y >x1m2-...-x”_2 >0,
D xl xn—1

Vx € [Ri,ye R", p > 0.

4 Finslerian convexity of separable functions

Let us consider an open totally convex set A C R" and two separable functions

f@) =) fila®), gl@) = gile"),
i=1 i=1

where z € A C R", fi,g; € C%, Vi =1, n.




Finslerian convexity on the positive orthant 19

Theorem 4.1. A separable function f € C? defined on an open totally conver set
A CR" is convex with respect to the Finsler metric g(z,y) of components

gii(z,y) = Bly) - e 290 Vi =Tn,
gij(xay) =0, Vi#j, x € A, ¢ > 0 constant
if and only if the inequalities f!' + cflg: >0, Vi =1,n hold on A.
Proof.
L O

Giy) = 79" @y 5 W) =
B 1 chgi(xi) o i(wi) 1o g N2
_ Z'W'(by)'e 9t [=2cg;(x")|(y")
1

= —5e@))?, Vi=Tn.

But f(z!,...,2") = fi(z!) + fa(z?) + ... + fu(2"),

BB PP e
Hence
Hessf(z,y)(y.y) = afng (x)y'y’ —2G"(y) gji (x) =
= oL et e 0 -2 S el e
2 e @MW S = G S

+edi ()P 4+ g ()2 S, =
= (' +egi WP+ ..+ () +egn flW")? >0
S fl'+eflgh>0, Vi=T1,n.

Corollary 4.2. A separable function f € C? defined on an open geodesic convex
set A C R" is convex with respect to the Finsler metric g(z,y) of components

gi(w,y) = d(y) - e 20 vi=Tn
gij(xay) = 07 Vi 7é j7
x € A, ¢ >0 (constant) iff the inequalities f!' + c(f!)? >0, i =1,n hold on A.

Proof. We consider ¢g; = f;, Vi = 1,n in the above theorem.
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Remark. 1) In order to show, e.g., that the Finslerian metric from the Theorem
p+1

3.5 belong to the metric class from Theorem 4.1, set ¢ = and g;(z;) = In(x;),

Vi=1,n.

2) It is worthwhile being careful with the application of Theorem 4.1, because the
Finsler metric from these theorems does not always lead to a complete Finsler con-
nection, i.e., the geodesics are not geodesically complete in every case. For example,
if we take g;(x%) = z*, Vi = 1,n in the Theorem 4.1, then

and the differential equations of geodesic arcs are

d?ax’ . (dx
— +2G"[— | =0, Vi=1
72 +2G (dt) 0, Vi=1,n

or, equivalently,

2" (t) — [ (1)]? =0, t € [t1;t2], Vi=T1,n.

It follows that the solution ~(t) = (2%(t),...,2"(t)), is given by z'(t) =
1 N
—In(a;t + b;), Vi = 1,n, t € R, which means that the definition domain of the
c

geodesics must satisfy the positivity of the values a;t + b;, Vi = 1, n.

5 Finslerian convexity of Rosenbrock banana
function

Let us consider R? endowed with the Finsler metric

Sog) ( S(y)[A(z")? +1] —2¢(y)a? )
’ —26(y)z’ é(y) ’

where ¢(y) is also a strictly positive C* homogeneous function of degree zero.
Theorem 5.1. The Rosenbrock banana function f : R’ — R,
flat,2?) =100[2* — (¢1)?] + (1 — z')?

18 convex with respect to g.
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Proof.

9g L _ Ogjik
u j j
) [2 (936’“ Oz }

_ 1 11 0911 _ 0911 1,2 1 11
=30 (258 - T ) e+ o (2

+

gu ( 0g21 B 3921) Ly
Ozt

0g22 a921
12
e ( dxt

which rewrites

(
1
_ 2$1(y1)2 + fylyQ . 7y1y2 _ Qxl(y1)2 _

('

2

Hence G'(y) = 0. By a similar computation, G?(y) =

0921
2
15)

1

4

L 1 9912 891 2 I 1 0
+4g ( oxl Ox? +4g 2

1

4

0911
Oz?

2

12

2

0
912> y1y2+

ozl
3922

a1)

)%

5'922)

But

f(zh, 2?) = 100(z")* + (2')? — 20022 (2")? — 22 +100(2%)? + 1

and
of 1,3 1 1,2 >*f
ol = 400(x")° + 2z" — 400z 2° — 2, a1
D*f O 142 2

Therefore we have

o*f f 1o

_ 9 e .
HeSSf(.%‘,y)(yaw = a(x1)2 (y ) + 2 8x15$2y Y+

= [1200(21)? + 2 — 40022](y1)? + 2(—400x1)y'y?
+2(y1)?[—200(x1)? + 20022] =

= (y1)?[800(x1)? 4 2] — 80021y y? + 200(y?)? =

= 200[4(x")?(y")? — daly'y? + (47 + 2(y")? =

=200(2z'y! — y2)2 +2(y)2 >0, Va,ye R”.

=1200(z")? + 2 — 40022,
9% f
SR = 200.
Pf o 2,1 Of
5‘(x2)2< ) -2G ( )@
+200(y*)*+

21
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