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Abstract. The interaction of weak pressure waves with a transonic flow due to a
small perturbation of a second order compressible fluid is studied. It is first described
the nondimensional problem and a multiscale asymptotic development. In the hy-
pothesis of small variations of the vorticity motion the equation of the shock surface
caused by a pressure discontinuity and shock jumps conditions are presented. The
transonic model equations predict behaviour at the wavefront. The model could be
used to analyse the propagation of the sonic boom shock wave through the turbulent
atmospheric boundary layer.
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1. Introduction

The problem is to explain the propagation phenomena of a weak shock wave into
a fluid with small heterogeneities.

A weak shock wave is defined as a discontinuity surface for the fields that describe
the fluid, the jump of the pressure field being small compared to p∞ (pressure in the
unperturbed state). Such a problem appears in case of the sonic boom. A supersonic
aircraft creates a variation of the pressure that at the soil level produce two weak
shock weaves (leading and trailing waves).

With a coordinate transformation, the problem fits into a more basic framework
with stationary planar shock wave and uniform flow moving perpendicular to the
wavefront (see Fig.1).

Schematic sonic boom wave system
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With the index ”∞ ” for the fields that describe a perturbed atmosphere by an
horizontal motion ~v∞ = U∞~ex the sound speed is a∞ =

√

γRT∞(0) . This at-
mosphere is considered unperturbed according to the transonic motion owed to the
sonic boom (weak jump of the pressure).

We consider that the atmosphere is described by a linear viscous isotrop fluid,
for which the heat flux is obtained by the Fourier law: ~q = −kgrad T and the state
equation is given by p = ρRT ; we have R = cp − cv, where cp and cv are the specific
heats at constant pressure and volume. We suppose also that initial thermodynamic
state is explained by: ρ∞(z); p∞(z); T∞(z); ~v∞ = U∞ ~ex,

ρ∞(z) = ρ∞(0)
[

1− Γ∞
T∞(0)

z
]( g

Γ∞R−1)

T∞(z) = T∞(0)− Γ∞z

p∞(z) = p∞(0)
[

1− Γ∞
T∞(0)

z
]

g
Γ∞R

(1.1)

where p∞(z) = Rρ∞(z)T∞(z); a∞ =
√

γRT∞(0) is the sound speed and M∞ =
U∞
a∞

> 1 the Mach number. The motion is supposed transonic with M∞ > 1, M∞ ∈
O(1) and M2

∞ = 1 + αε2; α ∈ O(1) and ε = ε2, ε =
√

ε << 1.
We shall consider the basic equations of the air flow given by

ρ̇ + ρdiv~v = 0,

ρ~̇v = −gradp + (λ + µ)grad(div~v) + µ∆~v + ρ~g,

Ṫ − γ−1
γ · T

p ṗ = γ−1
γ k T

p ∆T + 2(γ−1)
γ µT

p tr(D2) + γ−1
γ µT

p (trD)2,

p = ρRT.

(1.2)

2. Dimensional analysis of the flow problem
The characteristic fields used to obtain the nondimensional fields and equations

were considered such that the dimension order be that of the receding waves which
appear within an ideal fluid.

With M2
∞ = 1 + αε, α ∈ O(1) the nondimensional fields are

~v = U∞~v∗, ρ = ρ∞ρ∗, p = p∞p∗, T = T∞T ∗, ~v∗ = (u∗, v∗, w∗),

x∗ = x/lx, y∗ = y/ly, z∗ = z/lz; L = ly = lz, lx = L
√

ε = Lε,

t∗ = t/t0, t0 = (L/U∞) · (1/
√

ε = (L/U∞) · (1/ε).

(1.3)

Nondimensional equations are:

ε
∂ρ∗

∂t∗
+

1
ε

∂
∂x∗

(ρ∗u∗) +
∂

∂y∗
(ρ∗v∗) +

∂
∂z∗

(ρ∗w∗) + Ld∞(ρ∗w∗) = 0 (1.4)
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ερ∗
∂u∗

∂t∗
+

1
ε
ρ∗u∗

∂u∗

∂x∗
+ ρ∗v∗

∂u∗

∂y∗
+ ρ∗w∗

∂u∗

∂z∗
= − 1

γM2
∞

1
ε

∂p∗

∂x∗
+

1
Re

{(

λ
µ

+ 1
)[

1
ε

∂2u∗

∂x∗2
+

1
ε

∂2v∗

∂x∗∂y∗
+

1
ε

∂2w∗

∂y∗∂z∗

]

+
1
ε

∂2u∗

∂x∗2
+

∂2u∗

∂y∗2
+

∂2u∗

∂z∗2

} (1.5)

ερ∗
∂v∗

∂t∗
+

1
ε
ρ∗u∗

∂v∗

∂x∗
+ ρ∗v∗

∂v∗

∂y∗
+ ρ∗w∗

∂v∗

∂z∗
= − 1

γM2
∞

∂p∗

∂y∗

+
1

Re

{(

λ
µ

+ 1
)[

1
ε

∂2u∗

∂x∗∂y∗
+

∂2v∗

∂y∗2
+

∂2w∗

∂y∗∂z∗

]

+
1
ε

∂2v∗

∂x∗2
+

∂2v∗

∂y∗2
+

∂2v∗

∂z∗2

} (1.6)

ερ∗
∂w∗

∂t∗
+

1
ε
ρ∗u∗

∂w∗

∂x∗
+ ρ∗v∗

∂w∗

∂y∗
+ ρ∗w∗

∂w∗

∂z∗
=

−1
γM2

∞

∂p∗

∂z∗
+

Lg(p∗ − ρ∗)
U2
∞

+
1

Re

{(

λ
µ

+ 1
)[

1
ε

∂2u∗

∂x∗∂z∗
+

∂2v∗

∂y∗∂z∗
+

∂2w∗

∂z∗2

]

+
1
ε

∂2w∗

∂x∗2
+

∂2w∗

∂y∗2
+

∂2w∗

∂z∗2

} (1.7)

ε
(

p∗
∂T ∗

∂t∗
− (γ − 1)T ∗

γ
∂p∗

∂t∗

)

+
1
ε
u∗

(

p∗
∂T ∗

∂x∗
− (γ − 1)T ∗

γ
∂p∗

∂x∗

)

+v∗
(

p∗
∂T ∗

∂y∗
− (γ − 1)T ∗

γ
∂p∗

∂y∗

)

+ w∗
(

p∗
∂T ∗

∂z∗
− (γ − 1)T ∗

γ
∂p∗

∂z∗

)

=

k(γ − 1)t∗

µγRe

[

1
ε

∂2T ∗

∂x∗2
+

∂2T ∗

∂y∗2
+

∂2T ∗

∂z∗2

]

+
(γ − 1)M2

∞T ∗

Re
(2d∗2 + d∗1/µ)

(1.8)

p∗ = ρ∗T ∗. (1.9)

We have made the notations: Re = ρ∞U∞L
µ is the Reynolds number (that depends

on z∗ through ρ∞), d∞ = RΓ∞−g
RT∞

, depending on z∗ through T∞ and d∗1, d∗2 expressing
nondimensional nonlinear terms obtained from tr(D2) and (trD)2 in (1.23):

d∗1 =
(

1
ε

∂u∗

∂x∗
+

∂v∗

∂y∗
+

∂w∗

∂z∗

)2

,

d∗2 =
1
ε

[

(

∂u∗

∂x∗

)2

+
1
2

(

∂v∗

∂x∗

)2

+
1
2

(

∂w∗

∂z∗

)2
]

+
1
ε

[

∂u∗

∂y∗
· ∂v∗

∂x∗
+

∂u∗

∂z∗
· ∂w∗

∂x∗

]

+
1
2

[

(

∂u∗

∂y∗

)2

+
(

∂u∗

∂z∗

)2

+
(

∂v∗

∂z∗

)2

+
(

∂w∗

∂y∗

)2
]

+
(

∂v∗

∂y∗

)2

+
(

∂w∗

∂z∗

)2

+
∂v∗

∂z∗
· ∂w∗

∂y∗
.
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We used also that: p∞/ρ∞U2
∞ = 1/γM∞, necessary for the nondimensionality of

the pressure gradient, and U∞/p∞L = γM2
∞/µRe, which is necessary for the non-

dimensionality of the equation (1.8) of the temperature propagation.
3. Asymptotic development. Approximation of the solution
The nondimensional system (1.4)-(1.9) is strongly nonlinear. In order to simplify

the equations we use an asymptotic study on a double scale according with parameter
ε << 1 and parameter ε =

√
ε << 1, with the assumption that the perturbation of

speed in direction x induces an horizontal speed of order one in direction x and of
order ε in the other two directions y and z.

Depending on the parameter ε, the asymptotic development is:

u∗ = 1+ εu1 + ε2u2 + . . . + εkuk + . . .
v∗ = εv1 + ε2v2 + . . . + εkvk + . . .
w∗ = εw1 + ε2w2 + . . . + εkwk + . . .
ρ∗ = 1+ ερ1 + ε2ρ2 + . . . + εkρk + . . .
p∗ = 1+ εp1 + ε2p2 + . . . + εkpk + . . .
T ∗ = 1+ εT1 + ε2T2 + . . . + εkTk + . . .

(1.10)

Taking into account that the receding waves damp slowly in time with fast fluctu-
ations of speed we shall consider the second development comparison with parameter
ε:

uk = uk,0 + εuk,1

vk = vk,0 + εvk,1

wk = wk,0 + εwk,1

(1.11)

where k expresses the order of the development comparison with ε, and the index 0
or 1 the development comparison with ε.

The final development becomes:

u∗ = 1+ ε2u1,0 + ε3u1,1 +ε4u2,0 + ε5u2,1 +ε6u3,0 + ε7u3,1 + . . .

v∗ = ε2v1,0 + ε3v1,1 +ε4v2,0 + ε5v2,1 +ε6v3,0 + ε7v3,1 + . . .

w∗ = ε2w1,0 + ε3w1,1 +ε4w2,0 + ε5w2,1 +ε6w3,0 + ε7w3,1 + . . .

ρ∗ = 1+ ε2ρ1 +ε4ρ2 +ε6ρ3 + . . .

p∗ = 1+ ε2p1 +ε4p2 +ε6p3 + . . .

T ∗ = 1+ ε2T1 +ε4T2 +ε6T3 + . . . .

(1.12)

We shall obtain the equation system for first four orders according with parameter
ε where x, y, z, t represent in fact the transonic coordinates x∗, y∗, z∗, t∗.

At order zero in ε, the equations are

∂2u1,0

∂x2 = 0,
∂2v1,0

∂x2 = 0,
∂2w1,0

∂x2 = 0,
∂2T1

∂x2 . (1.13)
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At order one in ε we shall obtain:

∂
∂x

(ρ1,0 + u1,0) = 0

∂u1,0

∂x
= − 1

γ
∂p1

∂x
+

1
Re

{(

λ
µ

+ 1
) (

∂2v1,0

∂x∂y
+

∂2w1,0

∂y∗∂z∗

)

+
(

λ
µ

+ 2
)

∂2u1,1

∂x2

}

∂v1,0

∂x
=

1
Re

(

λ
µ

+ 1
)

∂2u1,0

∂x∂y
+

1
Re

∂2v1,1

∂x2

∂w1,0

∂x
=

1
Re

(

λ
µ

+ 1
)

∂2u1,0

∂x∂z
+

1
Re

∂2w1,1

∂x2

∂T1

∂x
− γ − 1

γ
∂p1

∂x
= 0

(1.14)

At order two according with ε we find

∂u1,1

∂x
+

∂v1,0

∂y
+

∂w1,0

∂z
+ Ld∞w1,0 = 0

∂u1,1

∂x
=

1
Re

(

λ
µ

+ 1
)[

∂2u2,0

∂x2 +
∂2v1,1

∂x∂y
+

∂2w1,1

∂x∂z

]

+
1

Re

[

∂2u2,0

∂x2 +
∂2u1,0

∂y2 +
∂2u1,0

∂z2

]

∂v1,1

∂x
= − 1

γ
∂p1

∂y
+

1
Re

(

λ
µ

+ 1
)[

∂2u1,1

∂x∂y
+

∂2v1,0

∂y2 +
∂2w1,0

∂y∂z

]

+
1

Re

[

∂2v2,0

∂x2 +
∂2v1,0

∂y2 +
∂2v1,0

∂z2

]

∂w1,1

∂x
= − 1

γ
∂p1

∂z
+

1
Re

(

λ
µ

+ 1
)[

∂2u1,1

∂x∂z
+

∂2v1,0

∂y∂z
+

∂2w1,0

∂z2

]

+
1

Re

[

∂2w2,0

∂x2 +
∂2w1,0

∂y2 +
∂2w1,0

∂z2

]

+
Lg
U2
∞

(p1 − ρ1)

k(γ − 1)
γµRe

[

∂2T2

∂x2 +
∂2T1

∂y2 +
∂2T1

∂z2

]

+
γ − 1
Re

[

2
(

∂u1,0

∂x

)2

+
(

∂v1,0

∂x

)2

+
(

∂w1,0

∂x

)2
]

+
γ − 1
µRe

(

∂u1,0

∂x

)2

= 0

p1 = ρ1 + T1.

(1.15)

A similar calculus leads us to the system corresponding to the third and fourth
order according with ε. We shall present here only the first two equations at order ε3
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obtained from equations (1.4) and (1.5):

∂ρ1

∂t
+

∂
∂x

(ρ1u1,0 + ρ2 + u2,0) +
∂v1,1

∂y
+

∂w1,1

∂z
+ Ld∞w1,1 = 0

∂u1,0

∂t
+ (ρ1 + u1,0)

∂u1,0

∂x
+

∂u2,0

∂x
= − 1

γ

(

∂p2

∂x
− α

∂p1

∂x

)

+
1

Re

(

λ
µ

+ 1
)[

∂2u2,1

∂x2 +
∂2v2,0

∂x∂y
+

∂2w2,0

∂x∂z

]

+
1

Re

[

∂2u2,1

∂x2 +
∂2u1,1

∂y2 +
∂2u1,1

∂z2

]

A first study of these equations which have unknowns that explain the first ap-
proximation of the solution yields to

ρ1 + u1,0 = F, u1,0 +
1
γ

p1 = G,
∂v1,1

∂y
+

∂w1,1

∂z
+ Ld∞

(

λ
µ

+ 2
)

w1,0 = f, (1.16)

where F, G and f are unknown functions depending on initial and boundary conditions
independently of the direction of the motion x.

Using these equations, we obtain the speed equation

2
∂u1,0

∂t
+ [α + F − γG + (1 + γu1,0]

∂u1,0

∂x
− ∂v1,1

∂y
− ∂w1,1

∂z
− Ld∞w1,1 =

=
1

Re

(

λ
µ
− 2− 2γ

)

∂u1,0

∂x
· ∂u1,1

∂x
− 1

Re

(

∂2v2,0

∂x2 +
∂2w2,0

∂x∂z

)

−

−Ld∞
Re

(

λ
µ

+ 2
)

∂w2,0

∂x
+

1
Re

(

∂2u1,1

∂y2 +
∂2u1,1

∂y2

)

+
γ − 1
µRe

Ld∞w1,0 +
∂G
∂t

.

(1.17)

We shall consider the hypothesis of having a second order vorticity. We shall
suppose that the transonic flow produce a vorticity of order two according with ε,
with λ + 2µ 6= 0. We shall use the supplementary relations in the speed equation
(1.17) that becomes

2
∂u1,0

∂t
− ∂v1,1

∂y
− ∂w1,1

∂z
− Ld∞w1,1 =

∂G
∂t
−

−Ld∞
Re

(

λ
µ

+ 2
)

∂u1,1

∂z
+

γ − 1
µRe

Ld∞w1,0.
(1.18)

4. Existence and local unicity of a weak shock wave due to a disconti-
nuity of the pressure

It was supposed that due to a small discontinuity of the pressure, appears a weak
shock wave. The equation of the surface is: S : x∗ = h(y∗, z∗, t∗) or F : x∗ −
h(y∗, z∗, t∗) = 0. The jump on the surface of a function ϕ is [ϕ] = ϕ+ − ϕ− where
ϕ+ = ϕ |(x,y,z)∈S+

t
and ϕ− = ϕ |(x,y,z)∈S−t

.
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We shall write the jump conditions from the equations (1.17) and we shall use the
second order vorticity hypothesis to find:

[F ] = [G] = 0; [v1,0] = [w1,0] = 0; [w1,1] = −[u1,0]h,z ; [v1,1] = −[u1,0]h,y ;

[w1,1]h,y = [v1,1]h,z ; [w2,0] = −[u1,1]h,z ; [v2,0] = −[u1,1]h,y

and from the speed equation (1.18) one could obtain

[u1,0]
(

2h,t +(h,y )2 + (h,z )2
)

=
Ld∞
Re

(

λ
µ

+ 2
)

[u1,1]h,z , (1.19)

where h,t, h,y, h,z are the derivatives of h with respect to t, y and z. We obtain also
[u1,1] = 0 and, as long as [u1,0] 6= 0, we find the equation of propagation of the shock
wave,

2h,t +(h,y )2 + (h,z )2 = 0. (1.20)

With the initial conditions:

h(0, y, z) = g(y, z), g(y0, z0) = x0, x0 > 0, (y, z) ∈ D, x0 > 0,

we determine the solution of problem for the surface wave,

F : x− h(t, r, θ) = 0, t > 0, r > 0, θ ∈ [0, π],

h(t, r, θ) =
r2

4(t + C0)
(1 + cos(2θ + C)) , cosC 6= −1,

(1.21)

uniquely determined by the constant C.
5. Representations of the shock surface
For t = 0, S ≡ S0 will contain the point (x0, y0, 0), with the conditions: x0 > 0,

cosC 6= −1, y0 6= 0 and H(1 − cos C) > 2 sin C y0, where H is the height where
flies the object which creates the pressure discontinuity. The equation of S0 with
C0 = y2

0(1+cos C)
4x0

is

x =
[

y2 + z2 + (y2 − z2) cos C − 2yz sin C
]

/4C0.

Note that S ≡ S1 will contain the point at the time t1, which will be assumed initial
moment,

t1 =
[

H − y0(1 + cos C)
sin C

]2

· 1− cos C
4x0

− C0.
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Discontinuity surface at initial time, H = 50, respectively H = 150

For graphical representations we shall consider the particular case

C0 = π/4, x0 = H, y0 = H(
√

2− 1)/4.

With the notation δ = t1 + C0, the equation of the shock surface at time t is

St : x− 1
4(δ + t)

[

y2(1 +
√

2/2) + z2(1−
√

2/2)− yz
√

2/2
]

= 0. (1.22)

At the moment t1 with H = 50, respectively H = 150 we find the representations
illustrated in Fig.2. At t = 60; H = 50, and H = 250 respectively, we represent the
shock surface in Fig.3. In Fig.4 we shall present the shape of the shock surface at
height H = 250 for initial moment and the evolution of the surface at t = 120.

Discontinuity surface at t = 60, height H = 50, respectively H = 100

Time evolution of the discontinuity surface at height H = 250
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