A shock wave propagation into a transonic flow

of a compressible fluid
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Abstract. The interaction of weak pressure waves with a transonic flow due to a
small perturbation of a second order compressible fluid is studied. It is first described
the nondimensional problem and a multiscale asymptotic development. In the hy-
pothesis of small variations of the vorticity motion the equation of the shock surface
caused by a pressure discontinuity and shock jumps conditions are presented. The
transonic model equations predict behaviour at the wavefront. The model could be
used to analyse the propagation of the sonic boom shock wave through the turbulent
atmospheric boundary layer.
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1. Introduction

The problem is to explain the propagation phenomena of a weak shock wave into
a fluid with small heterogeneities.

A weak shock wave is defined as a discontinuity surface for the fields that describe
the fluid, the jump of the pressure field being small compared to po, (pressure in the
unperturbed state). Such a problem appears in case of the sonic boom. A supersonic
aircraft creates a variation of the pressure that at the soil level produce two weak
shock weaves (leading and trailing waves).

With a coordinate transformation, the problem fits into a more basic framework
with stationary planar shock wave and uniform flow moving perpendicular to the
wavefront (see Fig.1).
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With the index ” co” for the fields that describe a perturbed atmosphere by an
horizontal motion Vo = Ux€, the sound speed is an, = /YRToo(0) . This at-
mosphere is considered unperturbed according to the transonic motion owed to the
sonic boom (weak jump of the pressure).

We consider that the atmosphere is described by a linear viscous isotrop fluid,
for which the heat flux is obtained by the Fourier law: ¢ = —kgrad T and the state
equation is given by p = pRT ; we have R = ¢, — ¢, where ¢, and ¢, are the specific
heats at constant pressure and volume. We suppose also that initial thermodynamic
state is explained by: poo(2); Poo(2); Too(2); Voo = Uso€a,

poo(2) = poc(0) [1 - Ti?o)z] RE

Too(2) =Tx(0) =Tz (1.1)
L, |™=%
= 1 —
o) =01 7
where poo(2) = Rpoo(2)To(2); too = /7RT50(0) is the sound speed and My, =

% > 1 the Mach number. The motion is supposed transonic with My, > 1, M, €
O(1) and M2 =1+ az% a€ O(1) and e =22, £ = /e << 1.
We shall consider the basic equations of the air flow given by
p+ pdivv = 0,
pv = —gradp + (A + p)grad(divy) + pA¥ + pg, 1.2)
1.2
‘ -1 T, _ y—=1;.T 2(v=1) T 2 -1, T 2
p = pRT.
2. Dimensional analysis of the flow problem
The characteristic fields used to obtain the nondimensional fields and equations
were considered such that the dimension order be that of the receding waves which

appear within an ideal fluid.
With M2 =1+ ae, a € O(1) the nondimensional fields are

—%

V=UsV", p=poop’s p=pocp”s T =ToT*, ¥ = (u",v",07),
e =uafly, y*=y/ly, 2* =z/l.,; L=1,=1., l, = L\/e = Lg, (1.3)
1 = 10, to = (L/Us) - (1/E = (L/Usx) - (1/2).

Nondimensional equations are:

ap* 1 0

o T For

— * ok a * ok 6 ko k koK)
€ (pu)+ay*(pv)+az*(pw)+Ldoo(pw )=0 (1.4)
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_( ,0T* (y—1)T* Op* 1,/ .07 (y—1)T*0p*
elp - + = D -
at* ~y ot* ox* 5y ox*
LOT* —1)T* 9p* oT* —1)T* ap*
o o =DT oty (9T (= DT 0Pt (18)
dy* 5y ay* 0z* 5y 0z*
k(y— O)t* [102T* 82T  &T*] (v — 1)MET*
= 2d5 + dj
uyRe e 0x*2  QOy*2 + 0z*2 Re (2dz +di/p)
p* = p*T*. (1.9)
We have made the notations: Re = M is the Reynolds number (that depends
on z* through pso), doo = Rr"" g dependlng on z* through T, and dj, d} expressing
nondimensional nonlinear terms obtained from tr(D?) and (trD)? in (1.23):

g (Lour v owr?
V7 \edx " oyr T 0z )

ou* 2+1 ov* 2+1 ow*\? +1 ou* 8v*+8u* ow*
or* 2 \ Ox* 2\ 0z* g |OJy* Oz* 0z* Ox*

ou* 2+ ou* 2+ ov* 2+ ow*\ 2 . ov* 2+ ow* 2+8v*.8w*
oy* Oz* Oz* Oy* oy* Oz* 0z*  Oy*’
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We used also that: peo/pocUZ = 1/vMs, necessary for the nondimensionality of
the pressure gradient, and Us,/poc L = YM2 /pRe, which is necessary for the non-
dimensionality of the equation (1.8) of the temperature propagation.

3. Asymptotic development. Approximation of the solution

The nondimensional system (1.4)-(1.9) is strongly nonlinear. In order to simplify
the equations we use an asymptotic study on a double scale according with parameter
€ << 1 and parameter € = /¢ << 1, with the assumption that the perturbation of
speed in direction x induces an horizontal speed of order one in direction xz and of
order ¢ in the other two directions y and z.

Depending on the parameter ¢, the asymptotic development is:

IS

=14 €U1+E2UQ +...+5kuk+...
* ek 4+

v* = vy + 2vy 4.

w* = cwy + 2wy + ...+ Fwp + ... 1.10
p* =14+ ep1+epy 4.+ eFpp ... (1.10)
p* =14+ epi+epy 4. +efpp 4.,

T =1+ eh+e2Ty, +...+e+...

Taking into account that the receding waves damp slowly in time with fast fluctu-
ations of speed we shall consider the second development comparison with parameter
g:

Uk = Uk,0 + EUL 1
Vg = Vk,0 + EVE,1 (1.11)
Wk = Wk,0 + €Wk 1

where k expresses the order of the development comparison with e, and the index 0

or 1 the development comparison with .
The final development becomes:

u* =1+ Fuio+8ui1 +8'ugo +8u21  +8%u30+Euzy  +
v = 521}170 + 531}171 +g41}270 + 551}271 +g61}370 + 571}371 +
w* = §2w170 -+ gSle +§4’LU270 -+ 5511)271 +§6w3,0 -+ g7U/371 —+ ...
. i . 6 (1.12)
Pt =1+ Ep +E P2 +Ep3 +
pr =1+ &p +E'ps +2%p3 -
T =1+ 2T +&4Ty +85T7, -

We shall obtain the equation system for first four orders according with parameter
g where z,y, z,t represent in fact the transonic coordinates x*, y*, z*, t*.
At order zero in , the equations are

2 2 2 2
0 U1,0 —0 0 1,0 -0 0 w1,0 —0 0 T1 (1.13)

Ox? T 0x2 T Ox2 T Ox?
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At order one in € we shall obtain:

ox

8u1 0 1 (9])1 1 A 621]1 0 8271}1 0 A 62’&1 1
[ 1 5 5 - 2 5
Ox v Oz + Re 1 * 0z Oy + Oy*0z* + i + Ox?
8?]170 1 ()\ 1) 82U170 1 82“1,1

9r  Re\n 920y | Re 02 (1.14)

a'wl’o o 1 A 1 82’(1,1’0 iazwl,l
oz Re 0xdz  Re 0x2

(P10 +u1,0) =0

on  y=19pm _
or v O0r

At order two according with € we find

Ouii  Ovig  Owip
or + oy + 0z
8U1,1 o 1 é +1 821@70 + 821)1’1 8211}171
L Ox? Oxdy 0xdz
+i 82U2,0 + 82’U170 82u170
Re | 0x? Oy? 022
Ovin . 10ps n 1 /A 1 0?uy 1 . 0?vio  O*wip
dor v 0y Re\pu Oz 0y Oy? Oydz
1 821)2,0 82"0170 82’0170
JrRe[ Ox? + 0y? + 0z }
(910171 1 0pq n 1 ()\ L 1> |:62u1,1 821;170 8210170]
]
+

+ Ldoowl,O =0

ox Re

(1.15)

Ox v 0z  Re Oxdz  Oyoz + 022
827111,0 82wl70:| + E

0x? Oy? + 022

k‘(’y — 1) 62T2 82T1 + 82T1
vyuRe | Ox? Oy? 022
v—1 duio\’ o\ Bwi o\ =1 (uip\’
— 2 2 ? 2 ? pr—
* Re l ( or > + ( or + ox * 1Re ox 0

p1=p1+T1.

oz (1= p1)

A similar calculus leads us to the system corresponding to the third and fourth
order according with Z. We shall present here only the first two equations at order g°
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obtained from equations (1.4) and (1.5):

opr 0O Oviy | Owiy
an 2 ; LR % —
ot + oz (,01111,0 + p2 + U270) + ay + By + Ld wi,1 =0
Ou,0 Ouip  Ougo 1 (Opo Op1
ot +(p1+u10) ox + or v\ Oz “ox
+i A +1 6211,271 + (92’0270 8211)270 i 32712,1 6211,171 + 32U1,1
Re Ox? Oxdy 0x0z Re | 0z Oy 022

A first study of these equations which have unknowns that explain the first ap-
proximation of the solution yields to

8’[1171 8w1,1
dy + 0z

1 A
p1+uio=F, uo+ §p1 =G, + Ldw (u + 2) wyo = f, (1.16)

where F, G and f are unknown functions depending on initial and boundary conditions
independently of the direction of the motion .
Using these equations, we obtain the speed equation

8u1,0
ot

6u1,0 . (9’[)1’1 _ (“)wl,l
ox dy 0z

1 ()\ >8u10 8’(1,11 1 (82020 8211)20)
2 -2y — - : d =) —

~ Re uo Oz dr  Re \ 0x2 0x0z

_Ldoo ()\ +2> 6’(11270 1 <82’UJ1,1 (9211,171) n Y —

Re \u Ox Re \_ 0y2 Oy? uR

2

+[a+ F =G+ (14 yu10] — Ldsowr1 =

(1.17)

1 oG
Ld —_—.
c d w10 + ot

We shall consider the hypothesis of having a second order vorticity. We shall
suppose that the transonic flow produce a vorticity of order two according with &,
with A + 2 # 0. We shall use the supplementary relations in the speed equation
(1.17) that becomes

Ouyg Ovi,n  Owpg oG
2 I L s Ldoo _
at By 9z WLL= T
Ld A 0 1 (1.18)
o'} U1,1 Y-
— 2 ’ —Ld )
Re (u + ) 0z + ulRe w0

4. Existence and local unicity of a weak shock wave due to a disconti-
nuity of the pressure

It was supposed that due to a small discontinuity of the pressure, appears a weak
shock wave. The equation of the surface is: S : z* = h(y*,z*,t*) or F : a* —
h(y*,z*,t*) = 0. The jump on the surface of a function ¢ is [¢] = ¢T — ¢~ where
S0+ = |(m,y7,z)€StJr and =9 |(w7y,z)€S;'
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We shall write the jump conditions from the equations (1.17) and we shall use the
second order vorticity hypothesis to find:

[F]=[G]=0; [vio] = [wi0] =0; [wia]=—~[uiolhz; [vi1] = —[u1olhy;

[wiilhy = [vi1]h,2;  [wao] = —[uiilh,z;  [va0] = —[w1,1)hy

and from the speed equation (1.18) one could obtain

[u1,0] (2h,t 4 (hy)? + (b )2) _ L];lzo <2 + 2) [u11)h, (1.19)

where h,:, h,y, h,. are the derivatives of h with respect to ¢,y and z. We obtain also
[u1,1] = 0 and, as long as [ug,0] # 0, we find the equation of propagation of the shock
wave,

2h,s + (hoy )* + (hyz)* = 0. (1.20)
With the initial conditions:

h(05y7z) = g(yvz)7 g(yO,ZO) = Zo, To > 07 (y72) S D7 To > 07
we determine the solution of problem for the surface wave,

F:x—h(tr0)=0,t>0r>00¢]0,n],

2
h(t,r,0) = m (14 cos(20 +C)), cosC # —1, (1.21)

uniquely determined by the constant C.

5. Representations of the shock surface

For t =0, S = Sy will contain the point (zg, yo,0), with the conditions: zy > 0,
cosC # —1, yo # 0 and H(1 — cosC) > 2s8inCyp, where H is the height where

flies the object which creates the pressure discontinuity. The equation of Sy with
2(1 sC) .
Cy = YolltcosC) I;:S ) is

T = [y2 + 224+ (¢ — 2%) cos C — 2yz sinC] /4Cy.

Note that S = S; will contain the point at the time ¢;, which will be assumed initial
moment,

Yo(1 + cos C) > 1—cosC B

t1= |H —
! sin C' 4z

Co.
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Discontinuity surface at initial time, H = 50, respectively H = 150

For graphical representations we shall consider the particular case
C() :71'/4, Tog = I‘I7 Yo = H(\/ﬁ— 1)/4
With the notation § = t; + Cy, the equation of the shock surface at time ¢ is

S — 1 [y2(1+¢§/2)+22(1—ﬂ/Q)—yzﬁm = 0. (1.22)
40 + 1)

At the moment ¢; with H = 50, respectively H = 150 we find the representations

illustrated in Fig.2. At ¢ = 60; H = 50, and H = 250 respectively, we represent the

shock surface in Fig.3. In Fig.4 we shall present the shape of the shock surface at

height H = 250 for initial moment and the evolution of the surface at ¢t = 120.

Time evolution of the discontinuity surface at height H = 250
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