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Abstract. In a system with three components which are independently on test with
exponential life distributions,the failure of one reduces the mean life of the remaining.
This system functions only as long as least one of three identical components func-
tions. We established clasical estimators of maximum likelihood, Bayes with prior
informative and also with noninformative prior.

Also, confidence intervals and credible intervals are established for both situations
with informative prior and noninformative prior and a comparison between them is
made.
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81. Introduction

Let X, Y, Z denote the lifetimes of three components. Initially these three compo-
nents have as their life distribution an exponential one with parameter .

Failure of the first changes the life distribution of the second in Exp(Af;) and this
changes the life distribution of the last component in Exp(\d16-).

We assume that X ~ Exzp(\), Y ~ Exp(61)), Z ~ Exp(6102)).

We define: v = min(X,Y,Z), v = max{min(X,Y), min(X, Z), min(Y, Z)} —
min(X,Y, Z), and w = max(X,Y, Z) — max{min(X,Y), min(X, Z), min(Y, Z)}.

The joint density of u, v, w is:

Jtww,w) (U, v,w) = 6120205 exp{—3\u — 2X010 — M16ow} u,v,w > 0.
For a random sample (z1,y1,21),- -, (Zn,Yn, 2n) size n the likelihood function is:
L\, 61,03) = 3"2"\3"07"0% exp(—3AU — 200,V — M016, W),

where U =Y u;, V=>v;, W=> w,.
1 1 1

The estimators of maximum likelihood are:

A=n/3U),0, = (3U)/(2V),05 (2V)/W.
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Because U, V and W are sums of exponential variables, U is distributed Gamma(3\, n),
V ~ Gamma (201 A\, n) and W ~ Gamma(A6162,n). Then

M) = A", M(01) = 01—, M(0:) = b,—"—.
U A2n? s n(2n—=1)07 . n(2n—1)603
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82. Bayes estimators

One suppsoses that the priors are: for A ~ Exp(ay), for 61|A ~ Exp(Aag) and for
O2|(A, 01) ~ Exp(Af1a3).
In this case the posterior of A, 81,60, given U, V, W is given by:

g\, 01,6020, V, W) = NIRZGRELON (3U + 1) (2V + )" (W + )"

(n1)?

~exp{—=A[BU + 201V + 010:W + a1 + a6 + a36:102]}.

As well, in this case, the Bayes estimators of A, 61, 0> for squared error loss are:
n+1 ~ n+ 13U + oy ~ n+12V 4+ as

A=— " 6= —_ d 6= —n0r———=.
3U+a;y’ ! n 2V 4+ as an 2 n W+asg

83. Bayes estimators with a Jeffreys noninformative prior
given by the Fisher information matrix

We have
I=./|det M|,

02InL ?InL ?InlL

O\2 oNd01  ONOOy
0?InL 0?*InL O*InlL

000 89% 001004
02InL 9?InL 9?InlL

ONOO; 00100, 003
Then the noninformative prior distribution is:

where M is

n3/2
A, 01,05) = .

p( » V1, 2) )\0102

For this case the posterior joint distribution of A, 61, 65 is:

T3 (n) P(\, 0y, 02)u,v,w) = UV W N3 193100~  exp{—\[3U+20,V +0,0, W]},

and the Bayes estimators of squared error loss are:
n 3 n U 2n 'V
300 ' 2p—1v Y R TaTawe

which are very close to estimators of maximum likelihood.
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84. The confidence intervals and credible Bayes intervals
The confidence interval for A is

3 3
(wha/2; wh1—5/2> )

where F\2(ap)(he/2) = €/2, and

hs/2 . h175/2 3
; > A
203U + 1) 203U + ay)

is a Bayesian credible interval in the case of informative prior.
Other better interval is given by: (2n —2 — a;2n — 2 + b) with

2n—2+b
/ G V.IW)A > 1 — &
2

n—=2—a

hejs hi_cjay - : o : . . .
N € (55 —652) is a Bayesian credible interval in the case of noninformative prior.

The lengths of these intervals are respectively:

3 1 1

2U(h1—s/2 — heya), m(hpg/z — heys) and @(thm — heja).
For 0, we have
3U 3U
) P . o
<2Vblg/2, 2Vb€/2> » ¥ Be(n+1,n41) ( 6/2) £/2,

Ge(i(— 1)1 (L
! A b1—5/2 TA bs/2 '

. In the noninformative prior case, the credible interval is

U/ 1 3U [ 1
2Y 1.2 1 .
<2V <b1_€/2 )’2v (bE/Q )) >0

The lengths of these intervals are:

3U<1 1 > 3U+a1<1_ 1 ) o 3U(1_ 1 )
2V \bejo  bicia)’ 2V +as \beja  bi_ep2 2V \bej2  bicpn/)’

The classical confidence interval for 65 is

(v )
w b176/27 w b6/2 .

2V+042
3U+aq

where A =
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In the informative prior case, the interval is

(2V—|—a2< 1 _1)'2V+a2(1 _1)>9§
W +as \bi_c/2 "W+ az \beo .

A better interval in this case is one as (1/2 — a;1/2 + 1) such that

1/24b
/ 9(02|U,V,W)d02 21_57

1/2—a

where the modul of Beta is in this case 1/2. For the noninformative prior, the credible

interval is o1 ) - )
— —1);=— -1 > 605.
(W <b15/2 ) w (bs/z )) 2

The lengths of these intervals are:

2V< 1 1 ) 2V+a2< 1 1 ) d QV( 1 1 )
— — ; —_— — ; and — — .
W \bej2  bicpo W+as \bej2  bicp2 W \beja  beyo
Theorem. The distribution of the variable w =2nABU + o) is a X(22n+2)'

The clasical probability of coverage for st

he hi_c
P (re (s sy ) = PRrAGU +a1) € (nheysinhy_epa)) =

= Fy22n42)(nhej2) — Fyzanga) (nhi_c/2)-

85. Reliability estimations
By definition, R(ug,vo,wo) = P(u > ug,v > vg,w > wp). For noninformative
prior, we have
- U 1% w "
R = .
(UO,UO,U)O) <U+UOV+Uow+w0)

The probability that the system will continue to function through at least time tq is
given by:

R =P(max(X,Y,Z)>t)) =Plut+v+w>ty) =
6(673/\150 _ 67}\9192&)) 6(673>\t0 _ e*2>\91t0)
+ ;
(2 —02)(3 — 0102) (2 —62)(3 —2601)

= 292 673>\t0 —+

if 61 # 3/2 and 6, # 2;
3Atge 3 Mo gm3M02t0/2 _ g=3Xto

R — e—3>\f,g + + )
(1-62/2) (1—6/2)2
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if 4 = 3/2 and 05 #£ 2;

- 6A0; 1 — e 3o
B — ¢—3Mo toe—2M it
¢t gy \f EYEECTRIA

1f01 #3/2 and 92 = 2.
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