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Abstract

In §1 we consider a certain weak pseudo-Riemannian Beyl-type metric on a
space-time manifold M and its associated Berwald-type nonlinear connection N
on T'M. For TM endowed with an (h,v)-metric structure, we outline the proce-
dure of obtaining the canonic N-connection, its d-torsions and curvatures. In §2
we apply a Finslerian perturbation of Beil type to the weak metric, which yields
a pseudo-Riemann - Finslerian (h,v)—metric structure on T'M and determine
the Einstein equations of the obtained model. This standpoint can provide the
possibility of producing gravitational waves using two electromagnetic fields. In
83 and §4 are determined the equations of the stationary curves and of their
deviations. Their analytic solutions are derived, and the special cases of h— and
v—paths are emphasized.
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1 Introduction

In a recent work, P.C.Stavrinos [21] introduced the concept of gravitational waves in
a Finsler space. The study was extended by the authors in the framework of vector
bundles endowed with (h,v)—metrics introduced by R.Miron, and M.Anastasiei [14],
[16] and the one of osculator spaces Osc*(M) of higher-order geometries [13], [15] for
the case £ = 1. Thus, an initial deformed gravitational model produced the FWDM
and CWDM models for General Relativity [5] on the tangent bundle (T'M,x, M) of
a given space-time M.
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In this work we study the geometrical structure of an (h,v)—metric produced
by a Beil-type deformation of a weak pseudo-Riemannian metric «;; defined on a
real 4-dimensional differentiable manifold M. The weakness of the gravitational field
is expressed by the decomposition of the metric 7;; into the flat Minkowski metric

n;; = diag(—1,1,1,1) and a small perturbation 5( )( ) [5], [21], [22]

Yi(x) = nij + el (x), (1)

where €;; = 8( ) is a symmetric tensor field with |5£J1)(x)| << 1. Throughout the
paper, the 1nd1ces are raised in the linearized approach via the flat metric n;;, e.g.,
€™ = n"'n%¢;;. This permits to consider the linearized Version of a given model of

General Relativity, in which the symmetric tensor field 6 propagateb in the weak
pseudo-Riemannian gravitational field ;.

In our case, both the weak perturbation and the Finslerian deformation originate
in the Beil Finslerian fundamental function defined on the tangent bundle [9]

F(x,y) = [(nij + Abibj)y'y’]/?, (2)

where A € R, the 1-form {b;(, y)} is 0-homogeneous by y and we denoted by (z*,y®)
the local coordinates in a chart U C T'M. Then F provides the Finsler metric tensor
field

1 .
Eij(w,y) = 5 (0*F2[0y'dy’) = nij + Abibj + M(bay®) (9b:/0y”). 3)
with b; = d(bsy®)/dy". If one considers the case when b; satisfies the relation
Obi /0y’ =0 & (0°bs/0y' Dy’ )y® + Ob; /Oy’ + 9b; /0y’ =0, (4)

i.e., is position-independent, a somewhat tedious but straightforward computation
shows, using the first equality of (3), that in this case the fundamental function (2)
satisfies b; = b;(x) = b;(x). Hence, in case that (4) holds, the Finsler space is pseudo-
Riemannian. Then we may consider the weak Beil-type perturbation of n given by

vij (@) = ng; + bi(x)bj(z). (5)

Then, the canonic non-linear connection on T'M provided by v;;(x) is
N (z,y) =15y (6)

where 7;'1@ are the Christoffel symbols of the metric; this produces on X (U) the local
adapted basis

{6i = 0 — N} Oy, 0u}; o171 = {08} st (7)

with 9; = 815 and 9, = as well as the dual local basis

- aya?

{d' = dz', 6 = 6y* = dy* + Njda'}, ,_15 = {6"} 515 (8)
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Throughout the paper, the Latin indices 4,75, k,...,a,b,c,... run in the range 1,4,
while the Greek ones a, 3,7, ..., in the range 1, 8.

The Finslerian deformation of the weak metric 7;; considered in the next section
will provide a certain (h,v)—metric on TM. Generally, given a (h,v)—metric on the
tangent bundle (T'M,w, M) [14],

G= Gij (fﬂ, y)dxz & dxj + hab(x7 y)(sya & 5yba (9)
this provides a canonical N —connection D, with the coefficients
{L]k7 ZkV ja’cbc} = {F }
explicitely given by [14]

L}k = %gis@{jgsk} —0sgk), Ly = 0pN{ + %h“6(5kﬁbc — hegaOpy N (10)
Ciy = 39"0agjn Cg. = Lh(Ophaey — Oahue),
which preserves the h—wv splitting produced by IV, is metrical, h— and v— symmetrical,

and depends on N and G only.
Its torsion tensor field T € TH(T'M) has the coefficients

,Tﬁﬁa = F([l Br] + B[ﬁn} T (0as 6,3) = ,Tﬁﬁaam (11)

where we denoted 7o) = Tap —Tga and where the non-holonomy coefficients B, 5 are
defined by [dq,08] = Ba’YB(S’Y' The h,v—splitting of 7 provides the torsion N—tensor
fields [14]

Th = d'T(0k,0;) = Ly, Ry = 0T (81, 0%) = 6u Ny,
Pi, =d'T(9,,0;) = Ci,, Pa =06T (0, 0y) = ON{ — Ly, (12)

Jja’

Sp. =0T (8, O) = C[‘})c],
Similarly, the curvature tensor field R € T3 (T M) of the N —connection D has the
coefficients given by
«@ _ «@ ] «@ « ¢ _ A
Ri've = 00— T sy o0 T —6eBy0  R(0a:95)0y = Rygadn,  (13)
and its h, v—splitting of R provides the curvature N —tensor fields

R}y = d"R(8, 8))8 = 0 L)y, + L L)y +9 R”I (14)
Ry = 6°R(81,6))8) = 51% +guugfu +Cu

)

Pje = d'R(3,5)8 = 9L = (38 + £, 8], - L’lug) - E,8) + &7
)
)

Py = "R, )8 = 9 B — (oy¢p) + Ejel, - 2] e — B eip) + e,
/e = AR H)0 = 5,8, + & 8
Syea = 8“R(G, 8))8) = JCl)y + CL[JCW it
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These geometrical objects are basic for infering the Einstein equations of the linearized
deformed models defined in the following section.

2 The Beil - Finslerian deformed weak model

The Beil-type deformation of the weak metric v;; is produced by a Finslerian pertur-
bation of the pseudo-Riemannian gravitational field ;;, which leads to the generalized
Finslerian metric [21]

fij(x,y) = 7ij (@) + 5(2)ij($vy) = Nij + 5531)(5”) +&ij(z,y), (15)

where the Beil-type Finslerian perturbation 5(2)ij(m, y) coincides with the Finslerian
metric tensor field & in (3), assumed to satisfy the condition |¢(®);;(z,y)| < 1 in order
that f;; be non-degenerate. Moreover, the tensor

ei(z,y) = e (@) + &z, y) (16)

provides a weak Finslerian perturbation of the Minkowski metric n;;, and vanishes
iff ~;; is flat. This point of view permits us to consider (h,v)—metric v—Finslerian
or v—Lagrangian approaches. Note that for £;; one can consider the Finsler metric
tensors provided by different physically significant choices for b;(x,y) in (2) [9], like

Yo  Aysa VUYPSa wY’Sa Yo Avy’ya
ba € b b’ b )2’ ) 02
SpY Spv SpY (spy?) wyb (sey®)

(17)

where A,(x) and s,(x) are vectors to be specified and y, = £,y”. From the physi-
cal point of view, the weak Finslerian gravitational field f;; appears as a Finslerian
perturbation ¢*;; of a Minkowski space-time (M, n;;). A pseudo-Riemannian weak
gravitational field can constitute a first order perturbation of the Minkowski space-
time. Although the Beil metric can be applied for the strong gravity acting at the
hadronic level, here we deal with the Beil-type deformation of the weak metric ;.
This is produced, in the classical point of view, by the interaction of two electromag-
netic potentials b;(z), b;(z). By the predictions of the conventional general relativity,
when an electromagnetic (e.m.) wave passes through an electromagnetic field, it pro-
duces a gravitational wave of the same frequency. This gravitational wave, when
propagating through another electromagnetic field, creates an e.m. wave [20].

We considered in (15) the perturbation &;; within the geometrical framework de-
veloped by R.G.Beil [9]. But valid models seem to provide as well the Kaluza-Klein
ansatz or the one of the Randers-type Yang-Mills theory [7], [8]; in these cases the
Finslerian perturbation of the pseudo-Riemannian metric is provided by the electro-
magnetic field, or by a gauge or spinor extension of the pseudo-Riemannian gravita-
tional field. In each of this models, the original pseudo-Riemannian model appears
as a limiting case. Hence the correspondence principle between the Finslerian and
pseudo-Riemannian structures depends basically on the type of the generalized Finsler
or Lagrange space associated to the deformed metric.
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Note that the deformed metric f;;(z,y) is of Finsler type itself, providing on
TM a particular case of a generalized Lagrange structure GL™ = (M, f;;) in the
sense of R.Miron [14]. Then one might consider the almost Hermitian model of GL™,
given by the N—lift of f;; to TM and by the canonic adapted complex structure

J € End(X(M)) having locally the associated matrix [J] :< 0 h ) This yields
I 0

an almost Kahler structure, which is Kahler in case that 51(1-) = const. and &;;(z,y) =

€ij(y), i.e., when b;(z) = b; = const and the Finsler metric is Minkowski.

As an alternative approach which we follow hereafter, we build on T'M the (h,v)—
metric provided by the two adjusted components n 4 () and ¢®) = %é of the weak
Finslerian metric (15),

G = (nij + bl(x)bj (SU)) dxz & dl'] + 5(2)ab(x, y)éya & 5yba (18)
with
€®) () = =y (2, y) = = (i + Abidy + Absy*) (9b:/ 0y )
ij (s F2(z,y) (AN F2(z,y) ij 1V s i )

where in view of preserving the dimensionality in the directional variables, the Beil
metric &;;(z,y) is scaled by the conformal factor F~2(x,y). We call the metric struc-
ture (M, G), the Beil-Finslerian deformed weak model (B-FDWM).

We note that though the deformation of type

Ful@) = 35(@) + @) + gai—és(@.n)

is nolonger proper Finslerian (due to the lack of 0-homogeneity in the last term), the
adjusted lift G on T'M satisfies this property.

In particular, if ) depends on y only, then G is a pseudo-Riemann - locally
Minkowski (h,v)—metric, and the gravitational field of this space is called weak
Riemannian-locally Minkowski gravitational field. In the linear approach, the Christof-
fel symbols 7;'- i of the weak metric 7;; will take the linearized form "y; & given by ([21],

(5])

~1 1 18 1 is 7

Vik = 5N (Ogjesky — Os€ji) = 3" (bgjnybs + biskibj + bsjibr) ~ ik, (19)
where we denote T{ij} = Tij + Ty and bs; = 0jbs. The nonlinear connection is also
approximated by the weak nonlinear connection

_ 1
N = el = §nac(b{io}bs + brso bi + brsijbo) = N, (20)

where the null index denotes the transvection with y.
We also note that in particular, if b = b;(x)dz’ is a potential 1-form with b; = 9;b,
then
Vi =€k, Nt =e"bjo, (21)
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where ' =1 —248%, i =1,4.
For obtaining the Einstein equations of the deformed model, we set first the fol-
lowing

Lemma 1. a) The coefficients of the canonic linear N—connection D of the
linearized B-FDWM are
. - » . - 1.
Lix = Lk = Vi = Vjk Cia=0; Gy = §€adCdbc, (22)
where Cupe = Ou&pe is the Cartan tensor field associated to €;;.

b) The N—fields of torsion of the linearized B-FDWM are null
T =0 C,=0, P% =0, S =0, (23)
except the curvature d-tensor field of N,
a a c 1 1S
Ry = 1y = 5n (bsafko(bsbj]) n 8[2]-5(b0bk])> . (24)

¢) The N—fields of curvature of the linearized B-FDWM are

Rjikl = Tjiklv Ry = 6% Pjikc =0,
m - d _ ~d

Pbakc = _(6kcgc + ’Y:ilkcbc - ’y{bkCcCch})
Sjlbc = 0, Sfu= sz[d g]s’

where 1}y, is the linearized weak curvature,

. _i 1 18
ik = OV = 2" (0881 + Ofistin) =
1 .
= 51" (b:0f;br) + Oibs - Obiy+ (25)
+0;b, - a[lbk] + b[kaﬁjbs + B[ka(bjbl])).
In the linearized potential case, the horizontal curvature simplifies:
i 1 s
Tik = gh Oubs - ;b

By straightforward computation, the hh—Ricci N—tensor field and the horizontal
scalar of curvature are [5]

Rij = Rz ik = rikjk“: Tik = %(DEij + 812]5 — 8«?]'35?})’ (26)

where € = n'e;;, and 0" denotes the d’Alambertian

O =85 + 07 + 05y + 035 = =0}, + 02, + 02, + 02
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In the considered model, we have

Lemma 2. a) The Ricci N—tensor fields of the linearized B-FDWM are

R = %Es[bsaéibﬂ + 8[Sbs : 81bj]+

+0;bs - O1ubj) + b;0%,bs + 7 (biby)];

Aty lis
Py, = Py, =0 Py, = Py = —(0:Cf, — €3, Cd,)

Sab = 8,tg = Cs[dcéi]@a
In the linearized potential case we have
A
Tk = 55 (8Zbl . 8jbk — 6ka . ajbl)

b) The Ricci scalars of curvature of the linearized B-FDWM are

R = %Eléj [blaﬁjbﬂ + 8[1@ . ijj] + ijl . 8[zbj] + b[Jaf]ij + 8[232(bjbz])} R

_ d zb
S = Cg[dcc]es %
and in the linearized potential case we have

gled
r == (bjktebs) + bikbse))
where we denoted bji, = 8%.b; = 97,.b.

Theorem 1. The FEinstein equations of the linearized B-FDWDM are

Ry~ YR+ 8)ny; = 3(Oeqy +0e — 07

(js5y) —nij(R+5) =

= /ﬁ]Ti i

Sap — %(R + S)éab

CaCife — 3€ab(R+8) = KTw

Py

0= —KJij,

Py,

—(6rCt, — €. C) = Ko,

13

(27)

where Ty, Toy, Tjy, Tor are the energy-momentum N—tensor fields, and x is a con-

stant.
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Theorem 2. The conservation laws for the Finstein equations of the linearized
B-FDWM are

)

€ S
5(551‘1' + avizjs - afjsgv:}”i*

~0i;(R + 8)ge(8;Ch, — 74Ch)|, = & <5iTij|i +e%T,; |a) , (30)
e (Cg[dcg]e — z€a(R+ S)) |C = K <8i ibli +€Tep C) ;

where |; and Ia are respectively the h— and the v—covariant derivations of N—tensor
fields induced by the N—connection V.

3 The stationary curves of the linearized B-FDWM

Let ¢ : I = [a,b] CIR — T'M be a smooth curve, such that its image lies in a chart
UcCcTM,

c(t) = (' (1), y"(t)) = (y* (1)), Vt € I,
and let D be a linear N —connection on T M.

Definitions. a) We shall call the covariant velocity field and respectively the
covariant force on the curve ¢, the fields defined on ¢ by

5 «
V= Vs, V=i
31)
D sve
F=2V_ Fa, F*= % + T8V, a=13,

dt

b) We shall say that c is a stationary curve with respect to D iff 7 = 0 along the
curve.

¢) The curve c¢ is called h—-curve, if m,(V) = 0, and v—curve, if 7,(V) = 0, where
by 7, and 7, we denote respectively the h— and v—projectors of the canonic splitting
induced by N. If a h-/v-curve satisfies also the extra condition F = 0, then it is
called h-/v-path, respectively.

In applications, the covariant force determines the non-linear connection. E.g., for
the covariant force F¢ = Egyﬁ , with Ey5 = bjo ) a Beil-type field, the corresponding

non-linear connection is '
Ni =iy’ — Ej. (32)

In the linearized approach, the h—paths project onto geodesics of M, and are solutions
of the Volterra-Hamilton-type second-order differential system

dy® dx?

Y N (1), y(1) S =0

dt dt (33)
dex" ’ dz? dx .
W—FL},C(x(t),y(t))EW:O, a,i=1,n(n=4),




Weak Gravitational Models 15

which in the linearized B-FDWM rewrites as the first-order system

dy’ i j d'
jzti = (@) - o7 ()" (1), ) (34)
& i) P00, =T

The equations of motion described above can physically interpret the gravitational
interaction caused by electromagnetic fields. The system (33) with the unknowns
' =a2'(t),y" = y'(t), 2" = 2*(t),i = 1,n provides for initial conditions

2'(0) =z, ¥'(0) =y, 2'(0) = 2,
a Cauchy problem which is tractable numerically (e.g., using a Runge-Kutta type

algorithm). Note that in the case of Beil type weak non-linear connection by (32),
the above system takes the form

T e’y = Ef(x)y’, a=Tn. (35)

Moreover, in the analytic case of the linearized B-FDWM, the coefficients of the
system (34) decompose in Taylor series

Vik = f[iu]jkmu’ (36)

where we denoted [u] = (u1,...,up) € \Nn, r=(zb, ..., 2"), 2% = (z1)“ - (z?)v2.
(x™)%~, and consequently (34) rewrites

d;; — i) =0,
ngw: + ey’ 2 =0, 87)
% + f[z}jkx“zjzk =0, i=1,n.
We remark that (37) is of the type
% + Aoy’ =0,
a;i +B[u][ ][w]x y'z" =0, (38)
ciiz —I—C' o] [w] & Yy i=1,n,
with the coefficients
A = ~0u00
Bl = Fundle) S (39)
Cheial = Faisdel¥
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where we denoted
[O] = (Oa""0)7 <.7> = 6j7<jk> =e; + ek, Jik 6H7
ande; = (0,...,0,1,0,...,0), with 1 on the j—th position. Then applying the general
theory described in [25], we obtain the following
Theorem 3. The analytic solutions of the system (34) are given by

_t) m ULV W
P o0 @07

) T ulLv w
P00 0ol w) @07 € (40)

)nz

m!

3

H@

I
[M]8
i .

3

I

o
3

~+

@s.

I
NE
) .

3
I
o

oo-

(=

N&
I
M8

Poloj@mpiw e e, i=1n

3
Il
o

where a = 2(0),b = y(0),¢ = 2(0) €R", PRy = diafofdp) ond

d
m+1 _ m m
Paiamipie) = gralisimue) - > Fiupiplw’
DAMAGEN (41)

: (Z s Al (o] (o), [l 18] -1 T
s=1

+ D BBl (o] =181+ (s). -1+
s=1

+ Z%C[Sn][a]du][5]7[V]M+(8>> , meNN.
s=1

Remark that for the linearized case system (34), the recurrence relation above be-
comes

d
m—+1 _ __ pm
Palisimelel = g el
+Z (O‘SP sh LB+ (s), [l [v][w] T
- - (42)
+ > BeSitatik - P e1+G)+ (ol w]w]
[n]eN
+ D Vsl —talar P sl im0l ][v][w])-
[n]eN

Regarding the v—paths of the linearized B-FDWM, these coincide with the v—paths
of the Finsler space (M, F(z,y)), with F2 = @ ;(z,y)y*y®, and any v—path c: I C
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R — TM, c(t) = (zf,y%(t)) is a solution of the second-order differential system

d2ya " dyb dyc
di2 + Cbc(xov y(t))ﬁ dt

~0. (43)

In the analytic case, a similar approach as for h—paths can be applied to this system
as well. Since we have x(t) = 29 = const, the coefficients of the system decompose in
Taylor series

O;k = g[iu]jkyu’ (44)
and hence (43) rewrites
dt (t) = 05 E + g[u]]ky ijk = 07 L= 17”7 (45)
Note that this is of the type
d dz' .
dyt + A’L [v]y Z O d + B[u][v]yuzv = 0, 1= 1777, (46)

with the coefficients

L,

3
—

W

~
S~—

i _ (0] ¢(i) i i k)
el = 00w Blu) = fugad) o 1

Theorem 4. The analytic solutions of the system (43) are given by

- =",

=D Pt
= iy (49

d=3 i Pippmat’s i=Tn,
m=0
n v

where a = y(0),b=2(0) R, P[?x][ﬁ][ o] = (5[&]5[5% and
Bl = g lelBml [l v
[ J.leN
D (@A o 18] BBl fal (a1 M EN.

s=1

It is worthy to note that in the linearized case (34), the recurrence relation (49)
becomes much simpler,

d n
m+1 _
Poiiael = g Pttt T D (O‘SP [l (), 181+ (s).fullo] T (50)

=1
+ D BB ia1— s+ vt <>,[unv])’ m €N

[n]eN
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4 Deviation of stationary curves in the linearized
B-FDWM

2 ~
Let now ¢ : [y x Iy CR — U C TM be a family of stationary curves, having ¢ as
arc-length parameter, and u the deviation parameter [19], [10],

c(t,u) = (2 (t,u), y*(t,u)) = (y*(t,u)) € U, Y(t,u) € I x I.

where U € TM is an open domain. Then let Z = Z%4, be the deviation vector field,
given by 4 4 ,
Z' =0z, Z%=0,y"+ N!0,z",

and let V = V*J,, be the velocity vector field, where
Vi= 0, V* = 0y + N0y’

For any vector field W = W4, defined on the family of curves I'm(c), we can
consider the partial covariant derivatives

W = oW + TG WOVT, W = 9, W* + T3 W Z7. (51)

The equations of deviations of the family with respect to the connection D characterize
the tidal force Z, and have the form ([1], [5], [6])

O2Z% 4 6, T = p® + 0,F*, a=1,2n, (52)

where we denoted 7% = Tﬁawvﬁzv and p* = Rﬁ"w\VﬁZWV)‘. These equations can be
rewritten as

REZ+ X2+ Y2+ L% =0, a=1,2n, (53)
where
o o o 63 o o
XqY = (Tﬁv + 21“75)1/ , LY = —6,F
and

Yy = 6[(Tg + D)V + (T + D, D5, VoV —

—RB",MVﬁV’\ a,v=1,2n.

Then, denoting {€4} , 17 = {2%,8:2°} and {L4} , 1 = {0, 0,F} as 4n—column
vectors, and considering the 2n X 2n—matrices X and Y of entries X% and Y* re-
spectively, the system (53) rewrites in matrix form

HE+PEFL=0 & A+ PHEB + LA =0, A=T 4n, (54)

0 _IZn
Y X
tion column 4n—vector, we define the subsequent vectors

where P = [ ] . Denoting by {¢4(0)} = {Z2(0),9;2”(0)} the initial condi-

QY ={Q1™.Q"), meN
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inductively as follows: Q40 = £4(0), i.e., Q° = Z(0), Q5° = 8,2°(0), and
QAT = 9,4 + PRQP™ + L, A=Tdn, meN,
ie.
P =008 - Q3
QY™ = 9,Q8™ + YWBQY’W + XEQ;”” —0,FP, o, €1,2n, mcN.

Applying the procedure described in [26] for systems of nonhomogeneous PDE in the
special case when the number of variables is 1, we finally obtain

Theorem 5. The analytic solution of the system of PDEs (54) is given by

(o) 7tm
¢f=> (m)' QM A=T/1n
m=0 ’

and as consequence the solution of (52) is

0 (_t)m
ZY = E ' PMoa=1,2n.
m:

m=0
Remark also that the equations (52) split

2N+ 6T = p' + 6, F, P2+ 6T = p* + 6, F°, (55)

and hence for paths these considerably simplify. E.g., if ¢ is an h-path, (55) become

822N 4 6, T = p', 622+ 5, T = 0. (56)

The equations of deviations of paths presented above are particular cases of the ones
in ([4], [1], [5], [6]), of the extended Finslerian case developed in [19]. Alternatively,
the study of deviation of geodesics for the Finslerian case n+¢™) +¢(2) was performed
n [21], [23].

Conclusions. The weak pseudo-Riemannian gravitational model was extended
by considering a Beil-type deformation of the weak pseudo-Riemannian metric -;; of
the 4-dimensional base space M which provides an (h,v)—metric on TM. The con-
sidered model fits in the general theory of (h,v)—metric structures on vector bundles
developed in [14], [16], [17], [5], [4]. In this framework, the explicit Einstein equa-
tions and the equations of stationary curves and of their deviations were determined
for the canonic linear N—connection, with the Berwald-type nonlinear connection N
considered in linearized approach. The ability of revelation of the gravitational waves
in these spaces is possible under the study of the weak field, since the wave vectors
of the weak field theory are intrinsically incorporated in spaces in which the elements
depend on the position and the direction.
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