SOME PROPERTIES OF QUASICONFORMAL
MAPPINGS IN RIEMANNIAN MANIFOLDS

Veronica T. Borcea

Abstract

In this note we give some geometrical and analytical properties which car-
acterise the quasiconformal maps in Riemannian manifolds.
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We denote by M a n-dimensional, connected, paracompact, C°°- differentiable
manifold, with the metric tensor g, the geodesic metric d and Lebesgue measure 7.
If T is a family of curves on M, we define the p- modulus of I', M, (T"), by

inf{/MppdT, peFI)}, for F(I')#0 oo, for F(I')=0

oo, for F(I')=0

where
F(T)={p/p: M — IRy, p is Borel measurable and

/ pds > 1, for every locally rectifiable arc v € I'},
y

/ pds > 1, for every locally rectifiable arc v € I'}.
y

We shall drop the index p if p = n. Clearly, M,(I") = M,(Ty), where T’y C I is the
family of all locally rectifiable curves.

On prove that M), is an outer measure in the space of all curves on M.

We consider the geodesic ball B(z,r) where exp, ! is (1 + ¢)-isometry and W, =
B(z,7)N D, U, = exp; (W), D, D-domains in M.
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For a homeomorphism f : D — D we define the mazimal dilatation of F, =
expjj(lz) of oexp,, by

M(T") M(F.(I"))
oy M(F(T) oy M) [

K(F,) = max {sup , sup

where {I"} is the set of all families of curves I'' C Uy, for which M,,(I"") and M, (F,(I"))
are not simultaneously 0 or co.

A map h: E C IR — M is called absolutely continuous (AC) on E, if for any
e > 0, there exists & > 0 such that, for every sequence of non-overlapping intervals
{[an,bn]} whose end-points a,, b, € E, the inequality Z(b" — ay) < 9§, implies that

S d(f(bn), flan)) <.

Amap f: D C M — M is said to be AC along of v : I C IR — D, ~-rectifiable,
if foyis AC. The map f: D — M is called absolutely continuous on arcs (ACA),
if M(T") = 0, where T is the family of all locally rectifiable arcs in D, which contain
a compact subarc on which f is not AC.

For a homeomorphism f : D — D we define the generalized Jacobian of f, by

n

Jf = lim sup

If f is differentiable at x, then JfG(x) =| Js(x) |.
The function DT f, D~ f : M — [0, oc] defined by

o) — ey A F0) o5(2). 1))
Drie) =1 yﬂaﬁp d(z,y) y—e d(z,y)

are called the scalar derivatives (upper, respectively lower) of f. We have:
DY f(z) = DTF,(0,), D™ f(z) = D™ F,(0,).

If f is differentiable at z, then DT f(z)=||T, f|| and D~ f(z)=inf{||(T. /) X||/| X | =
1}.

Lemma 1. If T : IR" — IR"™ is a selfadjoint positive definite operator, then
detT < ||T||I™.

Theorem 1. Let f : D — D be a homeomorfism. If:

(1) sup K (F;) < oo
z€D

(2) JK >1 such that K(F;) < (1+4+¢)K a. e in D, for every € >0,
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then we have :

(e, (BO)
3) e e, (B(Y. 7))

el (lep BV
@ e e, (B, eanity W)

where Y = exp; ' (y) and m is Lebesgue measure on TyyM.

1
Lemma 2. If f : M — IR"™ is a differentiable C-isometry (i.e. 6d(m,y) <

Jr < C", where Jy(z) =|det DF,(0,) | .
Proof. For F, = foexp, : T, M — IR"™, we have:
1f(@) = F)ll = | Falexpy ! @) — Folexpy ' y)ll, expy'a =0z, d(z,y) = || expy ' yll,

d(z,y) = || exp; ' y|

and so .
U [Fa(exp, " y) — Fu(0s)|

=< Z <cC.
C [| expz "yl

It results

IDE0,)]] = sup { Y59 /Y € T.M — {0} | = D¥Fo(0) =

= lim sup
R YHYlll[?’ 0
zlimsup” a:( )_ x( x)” < C.
Y -0, 1Yl

Let us consider the selfadjoint positive definite operator G = [DF,(0,)]*- DF,(0,),
where [DFy(0,)]* is the adjoint of DF,;(0;). By using Lemma 1, we obtain

det G = (det DF;(0,))* = J7(z) < |G||" = | DF,(0,)*" < C*".
Lemma 3. If f : M — IR" is a differentiable C-isometry, then
(5) C*"M(T) < M(T) < C*"M(T)

for every family of curves T in M, T = f(T).
Proof. Let us consider p € F(T') and p=po f~1.

Since 5
/Cﬁd§:/0p—sd52/pd521
5 y ds 8!
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it follows that Cp € F(T). For every p € F(T') we have

~ d
MO < [ Cc"pdm = C”/ o ar < 02”/ prdr
Rn M dT M
hence M(T') < C?"M(T).
The first half in (5) follows similarly if we change M(I') and M(T') between them.

Theorem 2. A homeomorphism f : D — D satisfies the conditions (1) and (2)
from Theorem 1, iff

(6) fis ACA in D

(7) KYD"f(x))" < J?(m) < K(D™ f(x))" a.e. in D.

Proof. For the necessity we consider the family I" of all locally rectifiable arcs in D,
which contain a compact subarc on which f is not AC, and the sequence (x,) C D
such that {B(zn,7)}nemw is a covering of D with normal charts. For every v € T,
there exists a compact subarc 8 C v on which f is not AC, hence there exists n € N
such that W, = D N B(z,,r) contains a compact subarc o C  on which f is not
AC. Let I'y be the family of the arcs o with this property. Since I'y < I', we have
that

(8) M(T) < M(T).

If we denote by I';, = {a/a € Ty, a C Wy, }, then Ty = UFn and so M(Ty) <

> M(Ty).

n

Because F,, is ACA in U,, = exp,*(W,,), it follows that M(T}) = 0, where
F;L = exp;l(I‘n).

By Lemma 3 we have that M (T',) = 0 and from (8) it results M(I") = 0, hence f
is ACA in D.

The condition (2) implies that there exists Fy C D with 7(E;) = 0, such that
K(F;) < (1+¢)K for every x € D — Ej.

Let us consider z € D — Ey, Y = exp, 'y and y,y’ € W,.
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We have:
(DT fy)" = lingpd(fé?;’g,()y,)) =
- |im up P (o (V). XD ) (Fe (V) | Fu(Y) = Fu (V)] Y = V| ] <
vy [F=(Y) = Fo (Y] 1Y =Y dly,y | ~
_ [hm Supd(eXPf(w) (Fo (V) exppo) (Fx (V")) || F (V) = F (Y)Y = Y| ] "
vy [F=(Y) — Fo(Y7)] 1Y — Y7 dly.y | ~
< (1+e)™(DHE (V)" < (14> KJE (V)
< (14e)(DHF (V)" < (1+¢€)> 1 KJE (V)
a.e. in U,. By using Theorem 1, we obtain:
JE) = monp ™ AT <
:hmmmm@mﬁéﬂﬂﬂfAﬁﬂﬁﬁD)ﬂﬂamégﬂhﬁ)ﬂmméﬁww»)
r—0 7(f(exp, (B(Y,7)))) T(exp, (B(Y,r)))  m(B(Y,r))
< (L+e)*JF (y) in W,
:hm$lmem@ﬁﬂamABOCﬂ»»Tq@m%@ﬂxm»T@m%aﬂxr»)
ro- 7(flexp,(B(Y, 1)) T(exp,(B(Y.r)))  m(B(Y.r))
<1 +E)2"J]g(y) in W,.
It results
(9) (DY (f(z)" < (1+ E>47L+1KJJQ<.’1?) a.e. in W,.

Because e was arbitrarily and {B(x,,r)} is a countable covering, it follows that
the left side in (7) is true a.e. in D. Analogously we obtain the right side in (7).

For the sufficiency, let TV be the family of all locally rectifiable arcs in U,., which
contain a compact subarc on which F, is not AC, and I' = exp,(I'). We have
M(T) = 0 and by Lemma 3, M(IV) = 0, hence F, is ACA in U,. By using (7) it
results:

DYF,(Y)" < (1+e)*™(D*(f(y))" < (1 +e)*"KJF(y) <
(L+e)""KJZ (Y) ae. in U,.

Analogously, we obtain:

(D= f@)" . JFW) 1
toe 2Ktz 2 Karam e

(D™ F(Y)" =

a.e. in U,. It follows that

sup K(F,) < oo and K(F,) < (1+¢)*K a.e. in D.
z€D
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Theorem 3. A homeomorphism f : D — D satisfies the conditions (1) and (2)
from Theorem 1, iff

(10) K~'M(T) < M(T) < K(M(T))
for every family of curves T € D, T’ = F(@.

Proof. Suppose that (10) holds for every family of arcs I in D. By Lemma 3 and
(7), for € > 0 fixed, we have:

MT)) < (14e)M(I) < K(1+¢)"M(T) < K(14¢)*"™M(Iy),

/ M(T) M(T) M(Ty)
M(Fl) > (1+E)27L Z K(1+5)2” = K(1+<€)4"

for each arc family T'y C U, where T} = F,(T'y).
It follows that F is qc and its maximal dilatation K (F},) satisfies:

sup K (F;) < oo and K(Fy) < (1+¢)K ae. in D.
z€D

Conversely, we suppose that f satisfies the conditions (1) and (2). Let T be the
family of all arcs in D, I'y the family of arcs in I' which are locally rectifiable, and I'y
the family of arcs in I'; such that, on each compact subarc, f is AC. We have:

M(T) = M(Ty) = M(T5).

Let us consider p € F(T), T = f(I') and we define the function p(z) = (po f)(x).
D™ f(x), for all x € D and « € I'y. We prove that p € F(I').

If 8 is any compact subarc of v € I'y, then 3 is rectifiable. Since f is AC along
B, it follows that 8 = f o 0 is rectifiable. We represent § and § by means of their
arc-length s, ¢

B) z=ua(s), 0<s<1; (B) z=ua), 0<t<1

and choose the orientation so that ¢ is an increasing function of s. Since (3 is rectifiable
dt
we have e D(fop)(s) a.e. in D (see Th. 4.9 [3]).
s

In a point of differentiability 2o = (f o 8)(so) and using the normal chart in Zg,
we obtain:

(exp; ' of o B)(s) — (expg,! of o B)(s0)

D(f o B)(s0) = lim p— =
i WS 0 B)(s). (£ 0 B)(50) | d(B(s), B(s0)) i

BT ONEY) el o (C)
_ iy U 0 B)(s), (f 0 B)(s0)) d(B(s), B(s0)) _ D* £(a0)

s—so d(B(s), B(s0))  s—so
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Hence, %(80) < D" f(x0), and
s

pds > [ pds= [ (5o )D* fds > [ (5o f)%as = [ pat.
5 3 8 3 ds ]

Since this inequality holds for all such 3, it follows that

/pdsZsup/ﬁdt:/detZl.
¥ g /B gl

Because p is Borel measurable, we conclude that p € F(I'2). We have:

M(T2) g/

prdr = / (po f)(DTf)ndr < K/ (po f)"Jfdr < K/ pdr
D D D D
for any p € F(T), hence M(I'y) < KM(T).

The same argument applied to f~! yields the right-hand side of (10).

Definition. A homeomorphism f : D — D is said to be K-quasiconformal
(K —qc), 1 < K <oo,in D if

(i) 45 is bounded in D

(ii) 6f(z) < K ae. in D,
where

o sw{d(f(2), f(9)d(y) = )
O7() = sup S (@), () () = )

Theorem 4. A homeomorphism f : D — D is K2/™ — qc in D, iff for every
family of curves I' C D, the inequality (10) holds.

For the proof see [1].

By using Theorems 3 and 4, we obtain

Theorem 5. A homeomorphism f : D — D is K2/™ —qc in D, iff f satisfies the
conditions (1) and (2) of Theorem 1.

From Theorems 2, 3 and 4 it follows

Theorem 6. A homeomorphism f: D — D is K2/™ —qc in D, iff f satisfies the
conditions (6) and (7) of Theorem 2.
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